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PREFACE TO THE FIRST EDITION 


R BESANT’S Treatise on Hydromechanics was first pub- 

lished in one volume in 1859. When a fourth edition was 
called for in 1882 the subject matter had grown sufficiently to 
warrant the sub-division of the book into two volumes. Part I 
on Hydrostatics appeared alone in 1883 and in the preface a hope 
was expressed that Part II on Hydrodynamics would follow 
shortly. Several chapters were written and materials for other 
chapters were collected but laid aside owing to pressure of other 
work. In 1904 Dr Besant kindly invited me to cooperate with 
him in bringing out a new edition—the sixth—of the Hydro- 
statics, and suggested that I should undertake to complete the 
Hydrodynamics. This latter task I was unable to perform until 
the present year. Dr Besant kindly placed all his materials at 
my disposal, but as modes of expression and analysis have altered 
somewhat in the last thirty years, it seemed desirable to write 
a new book ab initio. 7 


This book does not profess to be an exhaustive treatise on 
Hydrodynamics, and does not aim at taking the reader to the 
limits of knowledge in the subject. It is written in the first 
place for beginners, and while it introduces the student to some 
‘of the more advanced parts of Hydrodynamics, the fullest ex- 
planations are given to the more elementary ideas in the hope 
of rendering the subject more easily intelligible to a class of 
students who find it difficult in the initial stages. The range 
‘covered is that ordinarily included in text-books on the subject, 
extending to vortices and wave motion, but omitting viscosity 
as being rather beyond the purpose of the book. For didactic 
purposes it has been thought desirable to include chapters on 
vibrating strings and sound waves, as in the early editions. The 
book ‘contains nearly 400 examples mainly taken from the 
examination papers of the University and Colleges and the 
solutions of a number of them are given in the text. 


In the matter of the sign of the velocity potential I have 


followed the precedent of Professor Lamb and Sir George Green- 
hill. It does not seem a matter of intrinsic importance which 


v1 PREFACE TO THE FIRST EDITION 


sign is used, but uniformity is desirable and as all serious students 
of the subject will ultimately read it in the classic work of 
Professor Lamb, there is good reason why his precedent should 
be followed. 


In the preparation of this book I have made considerable use 
of original memoirs on the subject, especially the writings of Sir 
G. G. Stokes, Lord Kelvin, Lord, Rayleigh, Kirchhoff, von Helm- 
holtz, Sir George Greenhill and Professor Lamb. In addition 
to the subject matter in the Hydrodynamics of the latter, I have 
found the full bibliography contained in the footnotes invaluable. 
I have also made use of the bibliographies contained in Winkel- 
mann’s Handbuch der Physik, Bd. 1; and in Professor Love’s 
articles in Encyclopédie des Sciences Mathématiques, t. tv, and 
I have endeavoured to ascribe results to their authors so far as 
possible. 


I am indebted to Mr W. Welsh for advice and assistance, 
and most of all my thanks are due to Mr J. G. Leathem for 
reading the whole book in proof and making many valuable 
criticisms and suggestions. 


A.S. RB. 


MAGDALENE CoLiecE, 
CAMBRIDGE. 
December 1912. 


PREFACE TO THE SECOND EDITION 


HIS edition will be found not to differ much from the first. 
I am indebted to several friends who have kindly sent me 
notification of mistakes and misprints. 
salted Fh 
March 1920. ; 
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HYDRODYNAMICS 


CHAPTER I 
KINEMATICS 


1. IN the introduction to Part I of this work it was explained 
that all propositions in Hydrostatics are true for all fluids whatever 
their degree of viscosity. A very little consideration will suffice 
to shew that the motion of fluids cannot be independent of such 
properties as viscosity, and the results obtained from a discussion 
of the motion of fluids which ignores their internal friction can only 
be regarded as an approximation to what actually takes place in 
nature. In an elementary treatment of the subject of Hydro- 
dynamics however it is necessary, in order to avoid complication, 
to regard the fluid medium as a ‘perfect fluid,’ incapable of exerting 
shearing stress, and, whether at rest or in motion, such that the 
pressure it exerts on any surface in contact with it 1s always normal 
to the surface and consequently, as was shewn in Hydrostaties, 
Art. 6, the pressure at any point in such a fluid is the same in 
every direction. . ; ae 

In the present chapter we shall limit ourselves to the con- 
sideration of some properties of the motion of fluids which are 
independent of causation, that is with the phoronomy or kinematics 
of fluids, leaving the equations of motion, or equations connecting 
the acting forces with the motions arising therefrom, for a 


subsequent chapter. 


{/ 2. There are two methods of treating the general problem of 
Hydrodynamics or motion of a continuous medium ; in the one, 
any particle of the fluid is selected and observation is made of its 
particular motion—it is pursued throughout its course; in the 
other, any point in the space occupied by the fluid is selected and 
observation is made of whatever changes of velocity, density and 
pressure take place at that point. The two methods are commonly 
called the Lagrangian and the Eulerian methods respectively, 
though both were used by Euler, but the former was used by 


Lagrange in the Mécanique Analytique. The latter is sometimes 
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also called the flux method. Clerk Maxwell suggested the words 
Historical and Statistical as descriptive of the two methods. We 
shall obtain the equations requisite for the determination of fluid 
motions from both these points of view. 


3. In the Lagrangian Method if z, y, z denote the coordi- 
nates of a particle at time ¢, then the components of its velocity 
are &, y, 2 and the components of its acceleration are %, ¥, 2. Also 
a, y, 2 and the velocities and accelerations are functions of ¢ and of 
three independent parameters a, b, c which define the position of 
the chosen particle at a particular instant, thus a, b, c may be the 
coordinates of the chosen particle at the instant of time from 
which ¢t is measured. In using this method it is well to remember 
that it resembles that of Dynamics of a Particle only in so far as 
the coordinates #, y, z of the chosen particle are dependent on the 
time t; but in the case of fluid motion ¢ is not the only independent 
variable, for the particle is any particle in the fluid, and three 
other variables a, 6, ¢ are needed to specify which particle has 
been chosen, so that there are altogether four independent variables 
CRY OR OR IE 


4. In the Bulerian Method velocity at a point is measured 
thus: if a small plane surface be placed at the point at right angles 
to the direction of flow, the velocity at the point is measured, when 
uniform, by the volume of fluid per unit area that flows across the 
surface in unit time; and when variable by the time-rate of flow 
of volume of fluid per unit area across the surface. 


Thus if q be the velocity and p the density of the fluid at any 
point, the mass that in time &¢ flows across a small area A, the 
normal to which makes an angle @ with the velocity, is pgA cos @ &t, 
and the rate at which mass crosses the surface is pgA cos 6. 


As stated in Art. 2, in the Eulerian Method a particular point 
in the space occupied by the fluid is selected ; we shall denote this 
point by (#, y, 2) so that in this case «, y, z and t are independent 
variables. And it is important to remember that in the use of this 
method, unless some further meanings are assigned to the symbols, 
such expressions as da/dt, d?x/dt? do not occur, for the simple 
reason that # and ¢ are independent. 


We shall use uw, v, w to denote the components of the velocity 
q at the point (a, y, z). In general u, v, w are functions of the four 
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independent variables «, y, z and ¢. If we regard (4, y, 2) as a 
fixed point, then the yalues of w, v, w will tell us what happens at 
that point as t changes; and if we regard ¢ as fixed, then since 
(x, y, 2) may be any point of the fluid, w, v, w will tell us what is 
happening at every point of the fluid at the particular instant 
under consideration. 


If we wish to connect the Eulerian and Lagrangian methods 
or combine both notations in any particular problem, we regard 
u,v, w as the components of velocity of the element of fluid at 
(«, y, 2) and the relation between the two sets of symbols is then 
U,V, W= HB, Y, &Z. 


vy 5. Acceleration. In considering the meaning of acceleration 
and how to obtain its value by the flux method, we have to take 
two facts into account. Firstly, if P denote the point (a, y, 2), 
then inasmuch as wu, v, w are functions of t a change of velocity of 
the fluid can_take place at the fixed point P as time progresses 
without a t any variations in #, y, z. Secondly, in order to estimate 
correctly the acceleration of an elementary portion pf the fluid it 
is not sufficient merely to note what change of velocity is taking 
place at the point P, but we must also pursue the element for a 
short space after it passes P, in, order to observe whether as it 
moves onwards it does so with the velocity it had on leaving P or 
acquires any additional velocity. 

Let =f (&, Y,2,). 

The particle which is at (a, y, 2) at time ¢ will after a short 


interval 6 have moved to (vw+uédt, yt+vot, z+wot) so that its 
velocity will become 


utdu=f(e@+udt, yt+vdt, 2+ wot, t+6t) 
of aed. 
=f (4, yet (ul ro% towel + aL: 
+ terms containing higher powers of 6é¢. 


Hence the « component of acceleration, being Lt6du/dt, is 
equal to 


Cin Oe OF of 
EC OLIREAOCHD ETON te if 
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and in this expression the first term is the rate at which the velocity 
increases at the point (x, y, z) regarded as a fixed point in space, 
and the other terms arise from the changing velocity of the element 
of fluid in its onward course. 


We shall denote the operator 


0 0 0 0 
Bi ea Ae ope 


by the symbol i , and speak of it as ‘differentiation following the 
motion of the fluid.’ 


With this notation the components of acceleration are Du/Dt, 
Dv/Dt, Dw/Dt; and if f(a, y, 2, t) be any function of the position 
of a particle of the fluid and the time, the rate of change of this 
function following the motion of the fluid is Df/Dt. 


As an illustration let us consider the flow of water through a pipe, which 
is filled by the water. Firstly, let the pipe be of uniform section, then the 
velocity « is the same at every point, but inasmuch as the water may be 
forced through the pipe at varying speeds there may be an acceleration du/et, 
which, in this case, will at any instant have the same value at all points in 
the pipe. Secondly, let the motion be steady, i.e. the velocity at any particular 
point of the pipe keeps the same value w for all time; also let the pipe be of 
variable section, then the velocity varies from one point to another inasmuch 
as the section is variable, for the total flow across each section must be the 
same. Hence if s denote distance measured along the pipe to the point where 
the velocity is w, the element of fluid which occupies this position at time ¢ 
will at time ¢+ 6¢ have moved to the point indicated by s +a dz, and if w= f(s), 
its velocity in the second position is 


ut du=f (s+wét). 


Therefore ou = udt, 


and the element of fluid has therefore an acceleration 
= Lt du/d&t=ucu/es. 


Thus we see that even in steady motion there may be acceleration ; and in 
the general motion of water through a pipe of variable section the acceleration 
is given by 

ou Oo 

ear’ ae * 

ot 0s 
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The Equation of Continuity. 


6. The motions that we shall have to consider will be, in 
general, continuous motions; that is, we shall assume that wu, v, w 
are finite and continuous functions and that their space derivatives 
du/dx, du/dy, Ou/dz ete. are also finite. 

In continuous motion, if we consider any closed surface drawn 
in the fluid, it is clear that the increase_in the mass_of fluid within 
the surface in any time 6¢ must be equal to the excess of the mass __ 
that flows in over the mass that flows out. 

Let p denote the density of the fluid at (a, y, z), and with this 
point as centre construct a small parallelopiped dzdydz. The mass 
of fluid that flows in across the face dydz nearest the origin in 
time dt is* 

|p —} Fede! dydzst; 
and the mass that flows out across the opposite face is 


{pu ee “Pa! gest 


Therefore the gain in mass due to this pair of faces is 
— PY dodydz8: 
with similar expressions for the other pairs of faces, Whence the 
total gain in mass in time 6¢ 
oe (ee ie Opy . dpw 
Ofa SOY." Oz 
But the original mass within the parallelopiped is pdadydz, and 


+ dady dz6t. 


the gain in time 6¢ is °F dandy dot ; hence we have the equation 


Op , Opu . dpv Fe Opw _ 


Brann eye A LOEe OW agasncate secrets (1). 
This equation is clearly equivalent to 
Dp Ou, ov om) 

ND Ae erence 2), 

So Gr ene : o 


and either of these may be called the equation of continuity. 


* The argument involves the assumption that the mean value of a certain 
function over the area dy dz differs from the value of the function at the centroid 
of the area by a small quantity of higher order than dy or dz—a theorem which is 
capable of simple proof. 
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If the fluid is homogeneous and incompressible, p is constant 
and the equation reduces to 


au, Ov, Ow _ 

On" dy Oz 

If the fluid is heterogeneous and incompressible, p is a function 

of (a, y, 2, t) such that Ht = 0, i.e. the density of an element does 


not alter as that element moves about; hence in this case also (3) 
follows from (2). 


7 We can also obtain the equation of continuity by following 
the motion of a small element pdxdydz of fluid, and expressing 
the fact that its mass remains unchanged during the short 
interval ot. 


If x, y, z are the coordinates of a particle at time ¢, its co- 
ordinates at time t+6¢ are +uédt, y+vét, z+wét. Similarly 
the particle whose coordinates are «+d, y, z, will move in time 
ou 
Ow 
so that dw is changed to ds,, whose projections on the axes are 


ot to e+udt+dx+ — dot, yt vat+e deat e+ wot + des, 


de (1+ 5" 8), dS We oe 
Ox Ox 0x 


with similar expressions for dy and dz. Therefore the new volume 
of the parallelopiped is 


Ou ov ow 
Ow ov ow 
sas i a 
a bt, + By ot, a &t 
ou ov ow 
: : Dp : 
and the density p is changed to p+ Di dt. Equating the product 


of these to the original mass pdadydz, we get 


> +p(s-+5-4+ 


Dp (= ov ow =i 
Dt ? \dz oy 3) 


as before. 
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1/ 


vy 8. We may also obtain the equation of continuity by making 
use of Green’s Theorem— 


[[ar+ mg + nt) as = ie Wy +245) +o) andy de, 


where f, g, h are functions of a, y, z, which with their first deri- 
vatives are finite and continuous throughout a region bounded by 
a closed surface S, and /, m,n” are direction cosines of the outward- 
drawn normal at a point on the surface, the /f being taken over the 
surface and the f/f throughout the space enclosed*. 


For considering any region in the fluid bounded by a closed 

surface S we have 
a) | | i pdx dy de} d¢ = increase in mass inside the surface in time 8¢ 
=excess of flow in over flow out across the 


surface in time 6¢ 


=— i (low + mpv + npw) AS ot 


KG dpu 17+ Cew 
--{]| (his Tr ) dedy deb, 


by Green’s Theorem. 
0 
Therefore (he+% een a +e dadydz= 


for all ranges of integration within the fluid. 


Therefore - 


at every point of the fluid. 


9. The Equation of Continuity in the Lagrangian 
Method. Let a, b, c be the coordinates of a particle P at a given 
epoch, and a, y, z the coordinates of the same particle after the 
lapse of time t. Take a small tetrahedron. PABC in the fluid 
with its edges PA, PB, PC parallel to the coordinate axes of 
lengths 8a, 5b, 6c. 


* This theorem can be proved by simple integration as in Hydrostatics, Art. 23. 
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After time t, the element of fluid that occupied the space 
PABC at the given epoch will form a differently situated tetra- 
hedron P’A’B’C’, and «x, y, z being the coordinates of P’, the 
coordinates of A’ relative to P’ will be 


Ga red da 
; Ox oy 0z 
of B Ab 6b, Ab 6b, Ab ob, 
; Ox oy 0z 
and of C a, oc, Ae 6c, ao oe. 
Hence the volume of the tetrahedron P’A’B’C"’ 
Ox oy Oz 
=3 0a?) da Oa ones 
Ox oy Oz 
ab.” = 0b") 06 | 
Oz Oy 02 | 
dc’ Oc’ 6eé 
: O(a, y, 2) 
= Dee 
and its mass | bP 9 ak da db é&e. 


But if p, be the initial density the mass is {p,éadbéc, and 
therefore 
O(a, Y, 2) _ 
P a(a, b, ayers 


which is the equation of continuity. 


10. We can prove, by a direct transformation, the equivalence of the 
two forms of the equation of continuity. Beginning with the Lagrangian 
form, let 

_O(G % 2), 


~ 6 (a, 6, e)’ 
then p/J is constant, and a (pJ)/dt=0, 
dp adj 
or cd + Pp a = (); 


But these time-rates are variations due to the motion of a particle, or the 
variability of w, y, z; and we can change now from the Lagrangian to the 
Eulerian system of variables by either writing D/Dz instead of d/dt or by 
writing u, v, w for 4, Y, 2. And on this hypothesis we shall write 


Ou for d 0x 


a — —, ete. 
le] dtda’ 
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aT Cu a(y, 2) | way, 2) , Ou dy, 2) 


H = 
ar dt da 0(b, c) cb d(c,a) de d(a, b) 
ov 0 (2, #) 8 dv O(Z, 2) cada(z, x) 
Cd 0105) 6b) G(e, @) V) de 01Gb) 
Owd(a,y) | 0wd(x,y) , Owd (a, y) 
da 0(b, ce) ° ob o(c, a) Ge O(a, b) 
is O(U, Y 2) , O(a", %, 2) O(a, y, w) 
G (a, 6, ¢) O(a, b,c) O(a, b,c)” 
But du <dwdu Oudy du cz 


da ~ de eat. oy a t & ba? 
Ow dwdu  Oudy , bu Oz 
Gb ~ on db t dy 3b * Bz Ob? 
Ou Oude  Oudy . dudz 
6c Ox0c  dyce | Oz cec’ 


; pe ee OU CU 

and by eliminating Tee we get 
Ct O(@, Y, 2) _ O(%y Y 2) 
ox d(a, b,c) O(a, b,c)? 

O(u, Y, 2%) OU” 

CG, b,.6) 2 On 
and from this and similar expressions we get 
a(S ov we) 


or 


dt oe Oy 1% 


and therefore ze +p (< ae @ ~) =0. 

OL Cy 0 
’ 11. Particular cases of the Equation of Continuity. 
The equation of continuity may be transformed to cylindrical 
and to polar coordinates by the ordinary processes of change of 
the independent variable, but it is simpler to obtain it directly 
in each case from the principle 
that the increase in the mass 
contained in an element of 
volume in any short time d¢ is 
equal to the excess of the mass 
that flows in over the mass that 
fiows out. 


7 sin 6da@ ------ 


Thus in polar coordinates 
if u, v, w denote the components 
of velocity in the directions of 
the elements dr, rd6, 7 sin 6da, Fig. 1. 
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the excess of flow in over the flow out arising from the face 
r? sin 6d@dw and the opposite face 1S 


— 2 (purtsin @d6da) drt, 


from the face 7 sin @dwdr and the opposite face 
_ a (pur sin Odwdr) rdé@ &t, 
and from the face rd@dr and the opposite face 
aa ee (pwrdédr)r sin 0d ot, 
and the increase in mass 1s 
- (pr? sin 0dr dédw) dt. 
Therefore 


Op 1 dpw 


if 
Ps 55 (pur 7 sin 600 S (ov Te rsin 6 dw Be: 


Similarly if in cylindrical coordinates wu, v, w denote the 
components of velocity in the directions of the elements dr, rdé, 
dz, we can shew that 


() 
Ueees oe (pur r) +2 Sn +e (pw) =0 222.0000. (2). 


y 12. Still simpler considerations will enable us to write down 
an equation of continuity in certain cases. For example, if liquid 
be moving in such a manner that the motion is symmetrical about 
a given point O, the velocity at every point being directed towards 
(or from) the point O; if w be the velocity at distance r from O, 
since the quantity of liquid that crosses every sphere whose centre 
is O must be the same, we have 47r2u = constant, 


0 Py — 
or an (2a) = 0; 


agreeing with equation (1) of the last article. 


If we consider the same case with the motion confined to two 
dimensions, the quantity of liquid that crosses every circle whose 
centre is O must be the same, so that 27ru = constant, 


or 2 (ru) = (), 


agreeing with equation (2) of the last article. 
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/ 13. Another form of the equation of continuity may also be given. 

Let PQ=4s be an are of the line of motion passing through a point Q; 
and let AB be a small area normal to the arc, 
such that all the particles of fluid crossing it 
may be considered as moving perpendicular 
to it. 

Let AA’, BB’, etc. be small arcs of the lines 
of motion through the bounding points of AB, 
and A’B’ the normal section through @ of the 
surface formed by these lines of motion, 

Take p as the density of the fluid in PQ at the time ¢, « the area of AB, 
and v the velocity at P; then the quantity of fluid which enters at AB 
during the time 6¢ 


=xkpvdt, 
and that which flows out at A’B’ 
=Kpvot fe (kpvét) ds. 


The excess of the former over the latter of these two expressions is the 
whole increase of the fluid in PQ during the time 64, and is 


~ 2 (cp) ots: 


but the mass of fluid at the time ¢ being xp ds, the increase in the time 6¢ is 
also expressed by 


© 6s) d¢, or £ («p) 6s 8t, 


0 0 
and therefore a (kp) +z (kpv) =0. 


From the way in which this equation has been obtained, it will be seen 
that allowance is made for the expansion of the element which may in certain 
icases take place, and it is only in this way that « can be an explicit function 
of the time. The small section AB may be taken arbitrarily, but the section 
A’B’ will depend, not only on, the are PQ, but also on the directions of the 
lines of motion passing through the bounding curve of AB; the variation of 
« may therefore depend on the time explicitly, since these lines of motion 
may vary with the time. 


14. The Boundary Surface. 
At any fixed boundary the velocity of the fluid normal to the 
surface must vanish, that is 
lu+mvu+nw=0 
at every point of the boundary; J, m, n denoting the direction 
cosines of the normal. 


At the surface of a solid moving in the fluid the normal 
velocity of the fluid must be equal to that of the solid. Also for 
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any surface in the fluid composed of a given sheet of particles or, 
what is the same thing, for any surface which always contains the 
same fluid matter within it, we must have the normal velocity of 
the surface equal to the velocity in the same direction of a neigh- 
bouring particle of fluid. Thus if dv is an element PP’ of a normal 
to the surface 


EP (ty Ys BO Bl batt ss cao teat (1), 
and 2, y, z are the coordinates of P, those of P’ are x + lév, y+mér», 
z+név; where 1, m,n are direction cosines of PP’ and therefore 
proportional to dF/dx, 0F /dy, 0F/oz. But P’ lies on the surface at 
time ¢ + ot, therefore 

F(a+lov, y+mérv, z+ nébv, t+ 8t)=0 ......... (2)a 
and from (1) and (2) we get 
(i oF or oF 


oF 
An eas +n | ute 0. 


Again, 
lu + mv + nw = normal velocity of particle of fluid 
= normal velocity of surface 
=p 


Ge oF OF | 


Ob, Cae) ba eee 
OE Mg eee SPL 
OF\? | (OF), (eF\)? 
(ze) Gy, +()} 
therefore OF: OF 1) Ol week 


a ») 
at Teg ae PEA Ot A SS ae (3), 


and this is the differential equation of the boundary surface. 


15. If we assume that a boundary surface always consists 
of the same particles of fluid, we may conclude at once that if 


F(x, y, 2,t)=0 be such a surface, then following the motion of 
the fluid 
DF OP.) Gh nO he Olin 


Dae. ot med Ga ae ast? 


Though this hypothesis is generally true for continuous motion 
it may cease to hold in some cases of discontinuous or turbulent 
motion. Some examples have been given by Lord Kelvin*. 


* Camb. and Dub. Math. Journal, mt. p. 89, or Math. and Phys. Papers, 1. p. 88. 
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“16. Stream Lines. A stream line or line of flow is a curve 
such that at any instant of time the tangent at any point of it 
is the direction of motion of the fluid at that point. A tubular 
space in the fluid bounded by lines of flow is called a tube of flow. 


The direction of motion of the fluid particle at the point 

(z, y, 2) is defined by the quantities u, v, w and therefore the 
differential equations of the stream lines are 
“ dx dy dz 

He Soo Sa i ee i ar (is 

“Except in the case of steady motion, wu, v, ware always functions 
of the time and therefore the stream lines are continually changing 
with the time, and the actual path of any particle of the fluid will 
not in general coincide with a stream line. For if P, Q, R are 
consecutive points on a stream line at time ¢, a particle moving 
through P at this instant will move along PQ but when it arrives 
at Q at time t+ 6¢, QR is no longer the direction of the velocity at 
@ and the particle will therefore cease to move along QR and 
move instead in the direction of the new velocity at Q. But if 
the motion be steady the stream lines remain unchanged as time 
progresses and they are also the paths of the particles of fluid. 

The differential equations for the paths of the particles are 
Pit eM Ze WU) ae ios ea stae an eral (2), 

for when wu, v, w are known functions of «, y, z, t these equations 
will determine , y, z in terms of ¢t and three arbitrary constants 
which might be taken to be a, b, ¢ the initial values of the co- 


ordinates of a particle, and hence the paths of the particles would 
be obtained. 


17. The stream lines da/u=dy/v=dz/w are cut at right 
angles by the surfaces given by the differential equation 
WADA VOY BR WO2 A), o. cctscseerencetues Cis 
and the condition for the existence of such orthogonal surfaces is 
the condition that the last equation may admit of a solution of the 
form 


OU Gxis = Oe eaten herhco (2), 


the analytical condition being 
ow av Ou i ow (= ee ow) e 3 
u E -*) +U & 7) evar, i) an cata (3). 


e 
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18. Velocity Potential. When the expression 
udxa +vudy+wdz 
is an exact differential — dq, so that 
u,v, w=—28, = = So anast ert (Ey 
then ¢ is called the velocity potential or velocity function. 
It is clear that in this case 
ow ov Cu Ow ov du 
dy dz’ dz ou’ Om dy 
so that condition (3) of the last article is satisfied and surfaces 
exist which cut the stream lines orthogonally. 


19. As an example consider the case in which 
wea Gylr, vaCafr, w=0, 
where r denotes distance from the z-axis, so that the velocity is 
wholly transversal and everywhere equal to c?/r. These values 
satisfy the equation of continuity and therefore represent a 
possible motion. 
The lines of flow are given by 


dz _dy_ dz 
=y GeO 
or “’+y*?=const., z2=const. 


In this case 
ov _ C(f—2)- du 
Ox ie ~ oy 
so that conditions (2) of the last article are satisfied. 


> 


In fact uda +udy+ wdz=cd (tan 4 . 
so that there is a velocity potential 
Sete eh 
¢ =—c? tan oe 
and the planes y = «a cut the stream lines orthogonally. 


20. It is possible however for the orthogonal surfaces to exist 
without a velocity potential. Take for instance the case 
u=—-owyY, V=0x, w=), 
where again the velocity is transversal and varies as the distance 
from the z-axis, so that the whole mass rotates as if solid. 
In this case we have the same lines of flow as in the last 
article, but wd« +vdy+wdz is not an exact differential, so there 
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is no velocity potential though condition (8) of Art. 17 is satisfied 
and 
uda +vdy+wdz=0 


leads to the family of planes y=«w#, which cut the stream lines 
orthogonally. 
21. Irrotational and Rotational Motion. 
When the expressions 
ow ov dw dw dv du 
Oy 02 — 02> ox On oY 
all vanish, the motion is said to be wrrotational. When they do 
not all vanish the motion is said to be rotational. 


The reason for this nomenclature will be given hereafter. 


It will be noticed that, when a velocity potential exists, the 
motion is irrotational. Thus the motion of Art. 19 is irrotational, 
and that of Art. 20 is rotational. 


EXAMPLES. 


’ 1. A mass of fluid moves in such a way that each particle describes a 
circle in one plane about a fixed axis; shew that the equation of continuity is 
dp 0 (po) _ 
Ct 06 
where » is the angular velocity of a particle whose azimuthal angle is 6 at 
time ¢. 


+ 2. A mass of fluid is in motion so that the lines of motion lie on the 
surface of coaxial cylinders ; shew that the equation of continuity is 


Op , 10(pv) | 0 (pw) _ 
ON cee tee 


where v, w are the velocities perpendicular and parallel to z. 


3. The particles of a fluid move symmetrically in space with regard to 


a fixed centre; prove that the equation of continuity is 
Op. Op 
a + ap 


where w is the velocity at distance 7. 


p 0 
ot oe (7? w)=0, 


4. Each particle of a mass of liquid moves in a plane through the axis 
of z; find the equation of continuity. 


5. If the lines of motion are curves on the surfaces of cones having their 
vertices at the origin and the axis of z for common axis, prove that the 
equation of continuity is 
dp , 0(pu 

Py (pw) 


2 do 
e 4 20 cosec (p2) _ 9, 


or iP ij 0p 
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6. If the lines of motion are curves on the surfaces of spheres all touching 
the plane of zy at the origin O, the equation of continuity is 
ee : AP?) 4 sin 6 oT OE sg ee cos 6)=0, 
op 06 
where 7 is the radius e of one of the spheres, 6 the angle PCO, u the velocity 


in the plane PCO, v the perpendicular velocity, and @¢ the inclination of the 
plane PCO to a fixed plane through the axis of z. 


ry sin 6 


7. If every particle moves on the surface of a sphere, prove that the 
equation of continuity is 
Op 
Ot 
p being the density, 6, @ the latitude and longitude of any element, and 
» and w’ the angular velocities of the element in latitude and longitude 
respectively. (M.T. 1877 
8. Shew that, if £, 7, ¢ be orthogonal coordinates and if U, V, W be the 
corresponding ¢omponent velocities, the equation of eae 1S 


P cos d+ (pw cos ) +2 (po cos 6)=0, 


0 0 G 
<P + p (Us, + V2+ Ws.) + ha 53 (PU) + ha (pV) +hs = (p W)=0, 


ot 2a 


Iie fey? , (oz\? 
where jam (=) ae (3) of (3) S OUCMer ance 


and 8), s2, 83 are respectively the sums of the principal curvatures of the 
three orthogonal surfaces. (Coll. Exam. 1896.) 


2 2 
9. Shew that tan2¢+ a cot?¢=1 


is a possible form for the bounding surface of a liquid, and find an expression 
for the normal velocity. (Coll. Exam. 1899.) 


10. In the steady motion of homogeneous liquid if the surfaces f7=ay, 
fo=4, define the stream lines, prove that the most general values of the 
velocity components wu, v, w are 

0 (Sis Sa) (fs fo) OCF OC Fis fa) 
F * 1/2 ly /2 13/2 
(Ay A) Oy, 2) Ff; fi) = 0 (2, ay? J iON GD) oe 0 (a, Y) 
where /’ is any arbitrary function. (Coll. Exam. 1892.) 


11. Shew that all necessary conditions can be satisfied by a velocity 
potential of the form 
p= ax” +By?+y2, 
and a bounding surface of the form 
P= ax' + byt +cz4— x (t)= 
where y (¢) is a given function of the time, and a, 8, y, a, b, ¢ suitable functions 
of the time. (Trinity Coll. 1895.) 


CHAPTER II 


EQUATIONS OF MOTION 


22. LET wu, v, w°be the components of velocity, p the density 
and p the pressure at the point (z, y, z) in a mass of fluid, and let 
X, Y, Z be the components of external force per unit mass at the 
same point. 


Considering a small rectangular parallelopiped dxdydz with 
its centre at (a, y, z), and resolving parallel to the z-axis, we have 


Du _ 


pdxdy dz Di pX dadydz— P dndyde, 


the last term representing the difference of the pressures on the 
two ends of area dydz. 


Hence Hnt- Ge 
or eeuse tos tw aX— pon Line chy, 
Similarly s +u y + a + we = ae s atveccaee (2), 
at ue + Fs ae ; o eters ees (3). 


These are Euler’s Dynamical Equations. 


23. If the fluid be elastic we have to make use of the physical 
laws connecting pressure and density. Thus, if the temperature 
be constant, we have 

B= Ep 
where « isa constant. And if the changes that take place occur 
with such rapidity that there is not time for heat to enter or leave 
the fluid element, as is the case in the expansions and contractions 


Re He 2, 
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of air that result in the propagation of sound waves, then the 
relation is the ‘adiabatic’ one, 
pare 
where ¥ is a definite constant*, 
24. In the case of a liquid, if II be the external pressure upon 
its surface and p the pressure of the liquid at the surface, we shall 
have (neglecting surface tension) 


p= HU, 
and therefore at all points of the free surface 
ieee” 
Dt— Dre 
or if we suppose that IT depends only on the time 
op Op. op op _ oll 
Oh eat Byte oe ee 


25. Integration of the equations of motion. When a 
velocity potential exists and the external forces are derivable 
from a potential function, the equations of motion can always be 
integrated. 

In this case u, v, w= — 06/dx, — 06/dy, — 06/02 ; 
and X, Y, Z=—0V/dx,—odV /oy, —oV/ez; 

Du __ Fh | WOH | I HH | 06 HH 
tek es: 
PRCTCITe hy, amen pe eat Oy Ope eee are 
Dv __ &4 Hs op Oh eS Oph 0b Hd 
Dt oyot Ox Oxdy Oy dy? dz Oydz’ 
Dw __ Bb dp Hh , oh HH , Op Hh 
Dt Ozot Om d@dz dy dydz dz Oz" 


And from the equations of motion 


Du Do 1 
(=-*) de + (5 ui v) ay +(e - 2) de + dp =0. 
Therefore 

od Od 0\? \? i 

a oP OP Ly ee 
ee 1a (Es y f ee zi (SB) fra + ap =o, 

or, if g denote the velocity, 
-d Ps tdg4aV + = dp Osa, (1). 


* Hydrostatics, Art. 119. 


23-27 | BERNOULLI'S THEOREM 19 


Whence, assuming the existence of a functional relation 
between the pressure and the density, we get by integration 
dp o 
[P-Brie+v- ie doa (2), 
where C’ is in general an arbitrary function of the time. It is 
possible, however, to regard this function of the time as contained 
in the term 0¢/0t. 


If the fluid be Eas and inelastic, the equation (2) 
becomes 


eee * Fiac all EK ORM ae ret (3). 
If the motion be steady 0¢/0t = 0, and therefore 
aie: ea St NE Renee (4), 
where C is an absolute constant. 


26. Bernoulli’s Theorem. Case of no Velocity Poten- 
tial. We may obtain a similar equation when a velocity potential 
does not exist. Thus by considering the motion of a small cylinder 
of section « with its axis of length és along a stream line, if g be 
the velocity and S the component of external force per unit mass 
in direction of the stream line, 


pros a = pKosS — “e as P83, 


: De. 2a 0 
and in this case Rea tiae 
: OF Odiaace 2 Op 
SO that ay edges p ae AVaisiatarelkis wievelew a aveceers a @ (1) 


If the motion be steady dq/ot=0, and if the external forces 
have a potential function such that S=—0V/ds, then by integrat- 
ing along a stream line, 


[Prices gs OE Gee Reali th Oa (2), 


where C is a constant, whose value depends on the particular 
stream line chosen. This is Bernoulli's Theorem. 


27. In general, when no velocity potential exists, we make use 
of equations (1), (2), (3) of Art. 22 in order to find the pressure at 


any point. 
a, 


20 EQUATIONS OF MOTION [CHAP. II 


For instance, if a mass of liquid revolve uniformly without 
change of form or relative displacement, about a fixed axis, there 
is no velocity potential, but taking the fixed axis as axis of 2, 


Uu=—-oy, v=or, w=0; 
hence from equations (1), (2), (3), Art. 22, 
ie OP ee 
ea oy = p oy’ p oz’ 


and therefore 
! p= Xda+ Vdy+ Zde+ o (edn + ydy), 
p 


as in Hydrostatics, Art. 32. 
For homogeneous liquid and conservative forces this becomes 


se $a? (#2 + y?)+ V=constant. 
p 


At first sight this equation may appear to contradict (2) of 
Art. 26, but this is not so, for in that equation the constant C 
depends on the particular stream line; and in this particular case 
the velocity q is constant along a stream line, so that all the 
information we get from (2) of Art. 26 is that in this case 

ce + V is constant along a stream line. 

28. When a velocity potential exists and the forces are conser- 
vative, the pressure is given by equation (2) or (3) of Art. 25. 

Take, for instance, the case given in Art. 19 in which there is 
a velocity potential —c?@, while the velocity at distance r from 
the axis of z is c/r. Let z be measured vertically upwards and 
gravity be the only external force, then equation (3) of Art. 25 
becomes 


If we take the pressure at the surface to be constant and 
assume that a is the value of z when 7 is infinite, we have for the 
equation of the surface 


29 (22+ 9?) (a—z)=c4 
29. Equations of motion by the Flux Method. 


The equations of Art. 22 can also be obtained by considering 
the changes of momentum that take place within a definite region 
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of space due to the external forces acting throughout this region 
and to the fluid pressures on the boundary. 


Thus if J, m, n are direction cosines of the outward-drawn 
normal to the element dS of any closed surface S drawn in the 
fluid and fixed in space, with the same notation the time-rate of 
increase of momentum parallel to the z-axis of the fluid inside S 


is : | | pudadydz, and this is composed of three parts: 


(1) the rate of increase of. v-momentum inside S due to the 
flow of momentum across the boundary, viz. 


- | pu (lu + mo + nw) dS; 
(2) the rate of increase of z-momentum due to the pressures 
on the boundary, viz. — i | lp ds ; 
(3) the rate of increase of z-momentum due to the external 


forces acting throughout the region S, viz. | i i pX dxedy dz. 


Hence 
{ee dady dz == |[ pu lu + mo + mw) as — || ipas 


all pX daedydz ; 


and by transforming the surface integrals into volume integrals by 
Green’s Theorem, we get 


F) F) 0 0 Gey ae = 
ill . (ou) +3, (put) +5, (one) + 5, (puw)+ 3? px} dedy dz = 0, 


and since this must hold for all ranges of integration within the 
fluid, we must have at every point 


a a a a er 
apie) + a, (rut a (pur) + = (puw) = pX—- 


ap, 2(ou) , 2(o2) , (pw) _ 5 


eo sat Se eae Leary 

and if we multiply this by wu and subtract, we obtain 
Ou Ot, Ot Ou 1 dp 
Aiea Oeil Oy 2. 62 Gh pon? 


as before. 
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30. Lagrange’s Equations. 


Let a, b,c be the initial coordinates of a particle and z, y, z 
the coordinates of the same particle at time ¢, then a, J, ¢, t are 
the independent variables and our object 1s to determine «@, y, z in 
terms of a, b,c, t and so investigate completely the motion. At 
time ¢ the component accelerations of the fluid element dxédy6z 
are 0'a/ot?, o’y/ot, O’z/ot?, and if we assume the existence of a 
potential V for the external forces, we get as in Art. 22 

On OV ldap 
of 42 Ow =p oa’ 
Oy ag OV Peep 
of = Oy pay’ 
of OV 1 0p 
of? = z~Ssop Oz 

To deduce equations containing only differentiations with regard 
to the independent variables a, b, c, t, we multiply these by dx/0a, 
dy/da, dz/da and add, 


Onda yoy Ozdz— OV ldp 


therefore 


df 0a Oda | oda oa pda” a): 
eae xox yoy zdz dV lop ; 
Similarly ae abt aR abt aR Db = Ob T TU ee (2), 

Oadx  Pydy Ozdz OV  ldp 
and a8 00+ Pac + DBQO Oo bo ae (3). 
These equations, together with the equation of continuity 
0 (a, ¥, 2) ns 
a (a, b,c) P” 


constitute Lagrange’s Hydrodynamical Equations. 
31. Cauchy’s Integrals. 


Assuming that p is a function of p, differentiate equations (2) 
and (3) of the last article with regard to c and b respectively and 
subtract, and we obtain after writing u, v, w for dx/dt, dy/dt, dz/dt, 

Oude Oude dv dy dv dy dwdz Aw dz 
atdbde dtc ab * Stabac — Btdcdb * Bob Ge dtacdb~ ° 
Integrate this equation with regard to t, and take uw, %, wy as 
initial values; then 
dude  dudx ad dvdy _dvoy ie dwdz dwdz dw, dr% 
dbdc dc0b 0bdc dcdb' dbdc dcdb db Oc’ 
for initially d«/da =1, 0x/db = d2/dc = 0, etc., ete. 
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ae Ou _ dwdax a Owdy | dwdz 

Oa dada dyda dzda’ 

and making these substitutions, the equation becomes 


( 4 ) 0(y, 2) & | 0(Z, x) @ O(a, y) OW, AU 
0z 


etC., CUC., 


dy 02) 0(b, c) ~ 02/0(b,c)' \dw dy/0(b,c) 0b dc 
Writing 
Ow Ov ou ow ov = Ou 
Oy 02 Or On Oe = Oy” me 
we obtain the equations 
0 (y, 2) 0 (2, £) 0 (4, 
eo Oe eG B= by, 


0(Y, lt Ne £) O(a ¥) 
aK a)? "36, a) oa ay 


pee ON ed) 
O(a, b)T Votas) Sota, b) =" 
Multiply these equations by 0«/da, dx/db, da/dc respectively and 
add and take account of the equation of continuity 


pd (a, y, 2)/0(a, d, 0) =po, 


and we get 

CAPE OP Nay OL, Gow 
oe ae : 

P po0d pdb “a Po Oc 

inet 0 oy oO 
emia MEO Hoey 0 OY 
Imuarly . TT pada py BB py 00" 
aad Cpebe 02 Pele f, 02 


P po 0a py, db Fd 

We notice that when a velocity potential exists = =C=0, 
and from the foregoing equations it is evident that these quantities 
are always zero if their initial values are zero. 

As we have already stated, when a velocity potential exists 
the motion is said to be irrotational and we therefore have the 
theorem that the motion of a fluid under conservative forces, of 
once trrotational, is always trrotational. This constitutes Cauchy’s 
proof of this important theorem first enunciated by Lagrange. 

When a velocity potential does not exist, the motion is called 
rotational. The reason for the phraseology employed to distinguish 
the two kinds of motion is given in the following article taken 


from a paper by Stokes*. 


* Trans. Camb. Phil. Soc. viu1. p. 287, or Math. and Phys. Papers, i. p. 112. 


24 PHYSICAL INTERPRETATION [CHAP. II 


32. Physical Interpretation. 

Conceive an indefinitely small element of a fluid in motion 
to become solidified suddenly, and the fluid about it to be destroyed 
suddenly; let the form of the element be so taken that the 
resulting solid shall be that which is the simplest with respect 
to rotatory motion, namely, that which has its three principal 
moments about axes passing through the centre of gravity equal 
to each other, and therefore every axis passing through that point 
a principal axis, and consider the linear and angular motions of 
the element immediately after solidification. 


By the instantaneous solidification velocities will be suddenly 
generated or destroyed in the different portions of the element, 
and a set of impulsive forces will be called into action. Let 2, y, z 
be the coordinates of the centre of gravity G of the element at 
the instant of solidification, c+’, y+y',z+7 those of any other 
point in it. 

Let u,v, w be the velocities of G along the three axes just 
before solidification, w’, v’, w’ the relative velocities of the point 
whose relative coordinates are 2’, y’, 2’. 

Let u,v, W be the velocities of G, wu, v,, w, the relative velocities 
of the point (2’, y’, 2’), and & », € the angular velocities just after 
solidification. 


Since all the impulsive forces are internal, 


U=U, V=V, W=w. 
Also, by the conservation of angular momentum, 
mal , ’ 7 
=m {y' (w, —w')— z (vw, — Vv) = 0, ete., 
m denoting an element of the mass considered. 


But u =z — by’, 
5 OU LG OU Oh ‘ 
u= ape + oy y + as z’, ultimately, 


and similar expressions hold good for the other quantities. 
Substituting in the above equations, and observing that 
=(my'2')=0, = (mz'a')=0, YJ (mz'y’) =0, 


and me? = Smy" = Sme", 
Cw av du ow Ov Ou 
“4 h ) SSS St =>-—_—--_— SS 
we have 2€ Se 2 AGT 2o= a. ay 


We see then that an indefinitely small element of the fluid of 
which the three principal moments about the centre of gravity 
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are equal, if suddenly solidified and detached from the rest of the 
fluid, will begin to move with a motion of translation only if 
uda+vdy+wdz is an exact differential, but if this expression 
is not an exact differential the motion of the element will be 
rotational as well as translational ; and this constitutes the reason 
for the nomenclature of Art. 21. 

The quantities & 7, Care called the components of spin. The 
term molecular rotation has been used in this sense, but there is 
no connection between the rotations and the molecules. 


33. Assuming that the forces are conservative and p a function 
of p, we may write the equations of motion 
Du OV lop 2Q 
Dt 0% pdx  o« 
Dora eV sy Lop 00 
Die by = poy "dy 
Dak Ve ope Vel)’ 
I cy a 
0 Du 0? 0 Dw 
sone Dee = a c oy Dt’ 
Pete tare D ( & ay dudw , dv dw , dwow 
Dt\oy dz/ ody dx dy dy by Oz 
du dv dvdv dwov_ 
02 Om «Oz dy Oz Oz 


2 


or by adding and subtracting - ae this equation may be written 


ae du ov ow 
pote bow E(t oy =) 
oL)) Ou ov ow 
or DE 4 4! 1a 


where gat but by the equation of continuity 
te + A=0. Hence we get 
é D eye cu on om 6 ee 
Teka pox pda’ 
5 (2) =e nov gow 
Dt\p/ poy poy p dy’ 
mc _ & du nov | Sow 
Dt eee poz poz 
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Also observing that 


ov ow an ou _ Ou du 
nga t San aa (2e+ 5) +6(52— Bn) ana tba 
the equations take the form 

D (& _ Edu , nou , Cou 
Ti nae ae 
D (n\ _£ 00 nd , £00 
TA ee cere shee a cccvvcsveee ( ). 
ww) g) Foe now dw 
ml 9 On poy poz 


These equations for the case of p constant were given by 
Stokes* and Helmholtz+ and were extended to the form given 
above by Nanson}. 


From these equations Helmholtz concludes that if in a fluid 
element &, , € are simultaneously zero, we also have 


Dé/Dt = Dn/ Dt = Dé/ Dt = 0. 
Hence those elements of fluid which at any instant have no rotation 
remain during the whole motion without rotation. The justification 
for this conclusion is found in Stokes’s paper already cited§. Thus 
in equations (1) we may assume that du/dzx, dv/dx, etc., are finite, 
and let Z denote their superior limit, then &/p, /p, &/p cannot 
increase faster than if they satisfied the equations 


nC) HR (2)-7 E)-ne +94 Ob 
and if we put pA =&+7+4 &, we have 
DQO/Dt= 8LO, 
so that if Q be not zero, by dividing by © and integrating we get 
O= Ce 


and no value of C other than zero will allow Q to vanish when 

t=0; but by hypothesis &, », ¢ and therefore also, are zero 

when t=0, therefore Q is always zero. But Q is the sum of three 

quantities which evidently cannot be negative, therefore each of 
& EOS, Clis 95 PRY 


+ Crelle’s Journal, 1858 ; Phil. Mag. xxxu1. Fourth Series, 1867, p. 485. 
{ Messenger of Math. 1878, 111. p. 12. 


§ Also in Math. and Phys. Papers, 11. p. 36, or Camb. and Dub. Math. Journal, 
ur. p. 215. 
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_ them must be zero. And as &, 7, € remain zero when they satisfy 
(2), still more will they do so when they satisfy (1). 


34. Impulsive Action. 


If impulsive forces be made to act on a fluid, or if impulsive 
pressures be excited by a sudden change of motion of one of-the 
boundaries, it can be shewn as in Hydrostatics, Arts. 6 and 8, 
that the impulsive pressure at any point is the same in every 
direction and in the case of a liquid that the impulsive pressure is 
transmitted equally throughout the liquid. The incompressibility 
of the liquid implies infinitely rapid propagation of pressural 
effect, so that an impulsive pressure can be produced instan- 
taneously throughout the liquid. 


To find the relation between impulsive pressure and change of 
velocity. 


Let @ denote the impulsive pressure and X’, Y’, Z’ the 
extraneous impulses per unit mass of fluid at the point (a, y, 2). 
Let u, v, w and w’, v', wv’ denote the velocity components at this 
point just before and just after the impulsive action. Since 
impulses are measured by the change of momentum they produce, 
by considering a small parallelopiped éedydz with centre at 
(a, y, 2), we get 

p(w —u) dadyd2= pX’ dady dz — = 60 by 8z, 


the last term representing the difference between the impulsive 
pressures on the two ends of area dy6éz. 


‘ Aes 
Therefore p(w —u)=pX are 
Ow 
AN = fe eS BA ONES OTC 1 
p(v'.—v)=pV ay (1) 
» Ow 
p(w’ —w)= ph — x 


If there are no extraneous impulses the equations are 
equivalent to 


da =—p(u —u)dx—p(v' —v)dy—p(w' —w) dz, 
or if d, ¢’ denote the velocity potential just before and just after 
the impulsive action, 
das =p (d$’ — dd); 
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hence, by integration, when p is constant 


a= ph —ph+C. 


The constant C may be omitted, as an extra pressure, constant 
throughout the fluid, would not affect the motion. 


35. Physical meaning of velocity potential. 


From the last article we see that any actual motion of a liquid, 
for which a single-valued velocity potential exists, could be pro- 
duced instantaneously from rest by a set of impulses properly 
applied, and if the liquid be regarded as of unit density the 
velocity potential is the impulsive pressure at any point. 


We also conclude that when a state of rotational motion exists 
in a liquid, the motion could neither be created nor destroyed by 
impulsive pressures. 


36. When there are no extraneous impulses and p is constant, 
by differentiating equations (1) of Art. 34, and making use of the 
equation of continuity, we obtain 

Cao Oo Ca _ 


Ox? 3 oy? “i 02? 


and the general problem of impulsive motion consists in ob- 
taining a solution of this equation to satisfy the given boundary 
conditions. . 


37. It was pointed out by Stokes* that in selecting a solution to satisfy 
the given boundary conditions it is necessary also to note that the value of 
the fluid pressure, whether finite or impulsive pressure, cannot change 
abruptly from point to point in the fluid. He considers the following 
example :—Suppose a mass of fluid to be at rest in a finite cylinder, whose 
axis coincides with the axis of z, the cylinder being entirely filled and closed 
at both ends. Suppose the cylinder to be moved by impact with initial 
velocity C in the direction of x, then the velocities are given by 

UC V— On p=! 

For these make wdv+vdy+wdz an exact differential —df, where } 
satisfies (1) of Art. 36; they also make the normal velocity equal to that 
of the cylinder over the boundary, and give a value for the impulsive 
pressure, namely C’— Cpa, which does not alter abruptly. But if we had 
supposed that @ was equal to —Cx-C’tan-y/z all the conditions would 
still have been satisfied, except that we should have obtained for the im- 
pulsive pressure a value @=C” — p (Cv+ 0’ tan“! y/z), in which the last term 


* Trans. Camb. Phil. Soc. vit. p. 105, or Math. and Phys. Papers, t. p. 23. 
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alters abruptly as tan~!y/z passes through the value 27. Hence the former 
was the correct solution of the problem. 


This is also an illustration of a theorem we shall have to discuss later: 
namely that cyclic irrotational motion cannot exist in simply connected 
space. 


38. The following examples will serve to illustrate the application to 
particular cases of the principles of hydrodynamics. 


(1) A quantity of liquid occupies a length 21 of a straight tube of uniform 
smalt bore, under the action of a force to a point in the tube varying as the 
distance from that point. It is required to determine the motion and the 
pressure. 


Let p be the pressure and u the velocity at a distance « from the fixed 
point O; and let z be the distance of the nearer free surface from 0. 


The equation of continuity is 
du/oxz=0. 


The equation of motion is therefore 
wae Sane 
Integrate this equation with regard to z, 
therefore L ow C—1 ux? — p/p, 


and p=0 when #=z and when z=z+2)/, 


0 
therefore me =—yp (z+/). 
But clearly u=2Z, 
therefore Z+p(z+l)=0, 


hence z+1=A cos (/pt+a), the constants being determined by the initial 
position and velocity. je 
ou 
Also plp= — yu (28 2)= (#2) 5 
= - hy (2-2) +p (e-2) (e+), 
and thus the pressure at any point is determined. 

(2) A vertical tube AB of small section has two apertures close to its 
base B in which horizontal tubes are fitted, and the apertures are closed by 
valves; a given height a of the tube AB is filled with water and the valves are 
then opened. The areal section of each horizontal tube being half that of the 
vertical tube, and the length of each greater than AB, it is required to determine 
the motion. 

Let z be the height above B of the free surface in AB at the time ¢, and 
Z the distance from B of the free surface in each horizontal tube. 


Then the volume of liquid being constant 


e+2=a. 
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If p be the pressure and u the velocity measured upwards at a height win 
AB, the equation of continuity is 0u/év=0; and the equation of motion is 
therefore 


and by integrating with regard to 2, 


wt =f (t)—go—plp. 
But p=0 when «=z, 
therefore plp=(g + du/ct) (z— x), 
and if p’ is the pressure at B, 
p |p=(g + 0u/ct) z. 


Similarly if w’ be the velocity in either lower tube p’/p=2dw'/ct, 


therefore Zz dw /ot=(g +0u/Ct) z. 
But w=é and w’=7 = —Z, 
therefore ai+gz=0, 


and z= cos (t Vg/a+a)=a cos t /g/a, by taking the initial values of z and é. 


The motion is therefore of simple harmonic type until the vertical tube is 
emptied, which will take place after time 7/2 /g/a. 


(3) A mass of liquid surrounds a solid sphere of radius a and its outer 
surface, which is a concentric sphere of radius b, is subject to a given constant 
pressure II, no other forces being in action on the liquid. The solid sphere 
suddenly shrinks into a concentric sphere; it is required to determine the subse- 
quent motion, and the impulsive action on the sphere. 


At time ¢, let p be the pressure and 2’ the velocity at distance 7” from the 
centre; then the equation of motion is 


ov’, ov’ lop. 
at” Gr por? 
and the equation of continuity is 
(ys 
IRIGY) G0 1 op 
therefore Tae en Bae cen Crea a (1). 


Let 2, r be the radii of the external and internal boundaries at time ¢, and 
V, v their velocities ; these quantities are functions of ¢ only, and 


V=R, v=i. 


Integrating equation (1) with regard to 7 from 7'=r to 7’=R, we get 


— Ff" (t) & z) +4 (v?— V2)=M/p. 
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But FB ()=70 = R2V, 
therefore F" (¢)=2ror +r? oF 
=2rv? + rvdo/dr. 
=, de 1\ 
Hence - (2 ve + pry - (¢- R) +50? (1- n)= II/p. 


Putting v? =2,and multiplying by 27, and observing that 23 — 73 = 63 — a3 =c3, 
this becomes 


arta|p=— {1} © et) tant {E- _t 
(73- pS o3y8 iy (73 +.03)8 
Integrating we obtain 
PAN ERT es eee Ua 
Ap eae 


Take 7 for the radius of the solid sphere, and let a denote the impulsive 
pressure at distance 7’; then 


rv dr’ 


12 > 
ys 


da = —pv'dr’=—p 
therefore, since @=0 when 7’= hk, 
alp=rs (1-2) 
gives the impulsive pressure when 7’ =r. 
The whole impulse on the sphere 
=4rr?a=4rprv (k—-r)/R, 
and the whole momentum destroyed 
-{* Ar’? pv’ dr’ = 4rpr*v (h=1). 


The velocity may also be obtained at once by help of the principle of 
energy. 


For, the kinetic energy 


R , 
=} | Anr?pv? dr 
1G 


and the work done by the outer pressure 
Rk 
=|; 4 RT (— dh) 
=4rIl (3 — RB) =4nIl (a3 — 7°). 


Hence the equation of energy gives us at once the expression for the 


velocity. 
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EXAMPLES. 


1. If a bombshell explode at a great depth beneath the surface of the 
sea, prove that the impulsive pressure at any point varies inversely as the 
distance from the centre of the shell. 


2. <A straight tube of small bore, ABC, is bent so as to make the angle 
ABC a right angle, and AB equal to BC. The end C'is closed; and the tube 
is placed with the end A upwards and AB vertical, and is filled with liquid. 
If the end C be opened, prove that the pressure at any point of the vertical 
tube is instantaneously diminished one-half; and find the instantaneous 
change of pressure at any point of the horizontal tube, the pressure of the 
atmosphere being neglected. 


3. Steam is rushing from a boiler through a conical pipe, the diameters 
of the ends of which are D and d; if V and v be the corresponding velocities 
of the steam, and if the motion be supposed to be that of divergence from the 
vertex of the cone, prove that 

OPT 
Vig 
where & is the pressure divided by the density, and supposed constant. 


y?— V2 
Bee 


? 


4. An elastic fluid, the weight of which is neglected, obeying Boyle’s law, 
is in motion in a uniform straight tube; shew that on the hypothesis of 
parallel sections the velocity at any time ¢ at a distance 7 from a fixed point 
in the tube is defined by the equation 


Oy oO ov ov Ov 
ot? +5 (205 +0 5)= om 


5. Air, obeying Boyle’s law, is in motion in a uniform tube of small 
section ; prove that if p be the density and v the velocity at a distance x from 
a fixed point at the time ¢, 


0? 
“pe 0n2 {2 +k) p}. 


6. Two equal closed cylinders, of height c, with their bases in the same 
horizontal plane, are filled, one with water, and the other with air of such a 
density as to support a column / of water, h being less than ¢c. If a com- 
munication be opened between them at their bases, the height x, to which 
the water rises, is given by the equation . 


c-2 
cx — «*+ch log —— =0. 
c 


7. Water flows steadily along a pipe of variable cross section. If the 
pressure be 700 millimetres of mercury at a place where the velocity is 
150 cms. per second, find the pressure at a place where the cross section of 
the pipe is twice as large. [Take the specific gravity of mercury 13° 6.] 

(Univ. of London, 1907.) 
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8. In the case of a steady motion of an elastic fluid under no forces the 
velocities parallel to the axes at the point (, y, 2) are proportional to y+<, 
z+x, x+y; prove that the surfaces of equal pressure are oblate spheroids, 
the eccentricity of the generating ellipse being ,/3/2. (M.T. 1879.) 


9. A spherical shell of homogeneous gravitating liquid, having no initial 
motion, is left to itself; find the pressure at any point during the collapse. 


10. A mass of homogeneous liquid is moving so that the velocity at any 
point is proportional to the time, and that the pressure is given by 


Do Maye he (yr2+2ar+ wry ; 


prove that this motion may have been generated from rest by finite natural 
forces independent of the time; and shew that, if the direction of motion at 
every point coincide with the direction of the acting force, each particle of the 
liquid describes a curve which is the intersection of two hyperbolic cylinders. 
(M.T. 1877.) 

li. A given quantity of liquid moves, under no forces, in a smooth conical 


tube having a small vertical angle, and the distances of its nearer and farther 
extremities from the vertex at the time ¢ are 7 and 7’; shew that 


ar WING pe Fa ZS 
#) dt? = (=) {3 Pa rah me 


the pressures at the two surfaces being equal. 

Shew also that the preceding equation results from supposing the vis viva 
of the mass of liquid to be constant ; and that the velocity of the inner surface 
is given by the equations 

P=CHP Gi =7),-t° =P =, 


C and ¢ being constants. 


12. A portion of homogeneous fluid is confined between two concentric 
spheres radii A and a, and is attracted towards their centre by a force varying 
inversely as the square of the distance, the inner spherical surface is suddenly 
annihilated, and when the radii of the inner and outer surfaces of the fluid 
are r and &, the fluid impinges on a solid ball concentric with their surfaces, 
prove that the impulsive pressure at any point of the ball for different values 


of R and 7 varies as 
s Taal 
Pee Oh ME) my fe = 
ie rAd +R) (7 le 


13. <A fine tube whose section / is a function of its length s, in the form 
of a closed plane curve of area A, filled with ice, is moved in any manner. 
When the component angular velocity of the tube about a normal to its plane 
is 2 the ice melts without change of volume. Prove that the velocity of the 
fluid relatively to the tube at a point where the section is AX at any subsequent 
time when @ is the angular velocity is 


24 (o-0)+K [4% 


the integral being taken once round the tube. (M.T. 1873.) 
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14. A centre of force attracting inversely as the square of the distance 
is at the centre of a spherical cavity within an infinite mass of incompressible 
fluid, the pressure on which at an infinite distance is a, and is such that the 
work done by this pressure on a unit of area through a unit of length is one- 
half the work done by the attractive force on a unit of volume of the fluid 
from infinity to the initial boundary of the cavity; prove that the time of 
filling up the cavity will be 


ra.) & (2 -(h; 


a being the initial radius of the cavity, and p the density of the fluid. 
(M.T. 1874.) 


15. A homogeneous liquid is contained between two concentric spherical 
surfaces, the radius of the inner being a and that of the outer indefinitely 
great. The fluid is attracted to the centre of these surfaces by a force (7), 
and a constant pressure II is exerted at the outer surface. 


Suppose {¢ (7) dr=p (r), and that (7) vanishes when 7 is infinite. Shew 
that if the inner surface is suddenly removed, the pressure at the distance 7 
is suddenly diminished by 

a _ ap 
eer wv (a). 

Find ¢(r) so that the pressure immediately after the inner surface is 

removed may be the same as it would be if no attractive force existed. Also 


with this value of ¢ (7), find the velocity of the inner boundary of the fluid at 
any period of the motion. 


16. A stream in a horizontal pipe, after passing a contraction in the pipe 
at which its sectional area is A, is delivered at atmospheric pressure at a place 
where the sectional area is B. Shew that if a side tube is connected with the 
pipe at the former place, water will be sucked up through it into the pipe 

1 l : 3 
from a reservoir at a depth 5 = Ge = B) below the pipe; s being the delivery 


per second. (St John’s Coll. 1896.) 
17. A homogeneous incompressible fluid, enclosed in a boundary which can 


change both in shape and area, but not in volume enclosed, is acted on bya 
force whose components are 


ks k k 
+2 DE nef means Ne pmo 
JY eat 3 Toy epee OtYT yy be? 
peg ; when the time ¢=0, the fluid is at rest, and the pressure 
=kp log = - Tyre ; afterwards the pressure at the boundary is always 


L+Y+2 2 
kp log i = pt! (P+y+e+aytyz+enr) —pF(t): 


prove that the components of the velocity will always be 


ty+2), t@+x), tity), 
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and that the curve described by the particle, whose coordinates, when ¢=0, 
were (2%, Yo, 2%), has for its equations 


aot) = Y-2\? _ B+>Yo+% 
1) —% ie atyte ~ 


18. An infinite mass of liquid acted upon by no forces is at rest, and a 
spherical portion of radius ¢ is suddenly annihilated; the pressure @ at an 
infinite distance being supposed to remain constant, prove that the pressure 
at the distance r from the centre of the sphere is instantaneously diminished 
in the ratio r—c : 7, and that the cavity will be filled up in the time 


Je 2 
6a “T(4) 


19. Shew that the rate per unit of time at which work is done by the 
internal pressures between the parts of a compressible fluid is 


¢ 
[fe (e+ Ow oo st op) dvdy de, 


where p is the pressure, and (w, 2, ae i velocity at any point, and the inte- 
gration extends through the volume of the fluid. (St John’s Coll. 1898.) 


(M.T. 1865.) 


20. A sphere is at rest in an infinite mass of homogeneous liquid of 
density p, the pressure at infinity being a. Shew that, if the radius # of the 
sphere varies in any manner, the pressure at the surface of the sphere at any 
time is 


a+4 bP \aa (BR?) + (a) * (Coll. Exam. 1900.) 


21. An infinite mass of homogeneous incompressible fluid is at rest subject 
to a uniform pressure II, and contains a spherical cavity of radius a, filled with 
gas at a pressure mII; prove that, if the inertia of the gas be neglected, and 
Boyle’s law be supposed to hold throughout the ensuing motion, the radius of 
the sphere will oscillate between the values a and na, where 7 is determined 


by the equation 
143m log n-—7?=0. 


a2 p 
If m be nearly equal to 1, the time of an oscillation will be 2m xh Ae : 
p being the density of the fluid. (M.T. 1869.) 


22. A mass of liquid, of density p and volume $7c?, is in the form of a 
spherical shell; a constant pressure II is exerted on the external surface of 
the shell, there is no pressure on the internal surface, and no other forces act 
on the liquid ; initially the liquid is at rest and the internal radius of the shell 
is 2c, prove that the velocity of the internal surface, when its radius is ¢, is 


(Coll. Exam. 1904.) 


3—2 
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' 23. Investigate an expression for the change in an indefinitely short time 
in the mass of fluid contained within a spherical surface of small radius. 


Prove that the momentum of the mass in the direction of the axis of w is 
greater than it would be if the whole were moving with the velocity at the 
centre by 


1 Ma? (dpdu . dp ou # dp du 1 (5 ou sa) 
5 p e On dyoy 0202 2 P\ G2 * Gy? * 02 /J ° 
(M.T. 1876.) 


24. An infinite fluid in which is a spherical hollow of radius a is initially 
at rest under the action of no forces. If a constant pressure II is applied at 
infinity, shew that the time of filling up the cavity is 


1 


wa (p/I1)2 2° {r (4)}-%. (Trinity Coll. 1900.) 


25. A solid sphere of radius a is surrounded by a mass of liquid whose 
volume is 47c3/3, and its centre is a centre of attracting force varying directly 
as the square of the distance. If the solid sphere be suddenly annibilated, 
shew that the velocity of the inner surface, when its radius is 2, is given by 


ita {(08 + &)8 — 2} = (211/3p + 2pc®/9) (a? — 28) (8+ 08), 


where p is the density, II the external pressure and yp the absolute force. 
(M.T. 1881.) 


26. A mass of gravitating fluid is at rest under its own attraction only ; 
the free surface being a sphere of radius } and the inner surface a rigid con- 
centric shell of radius a. Shew that if this shell suddenly disappear, the 
initial pressure at any point of the fluid at distance 7 from the centre is 


pt (BLAH) (= i 1) | (Trinity Coll. 1902.) 


27. Aspherical hollow of radius a initially exists in an infinite fluid, subject 
to constant pressure at infinity. Shew that the pressure at distance 7 from the 
centre when the radius of the cavity is w is to the pressure at infinity as 


32274 + (a8 — 423) 73 — (a3 — 3) a : Bart. 
(Trinity Coll. 1903.) 


28. A spherical mass of liquid of radius b has a concentric spherical cavity 
of radius a, which contains gas at pressure p whose mass may be neglected : 
at every point of the external boundary of the liquid an impulsive pressure @ 
per unit area is applied. Assuming that the gas obeys Boyle’s law, shew that 
when the liquid first comes to rest, the radius of the internal spherical surface 
will be 


a exp {— w*b/2ppa? (b—a)!, 
where p is the density of the liquid. (M.T. 1900.) 
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29. A mass of homogeneous liquid, whose bounding surfaces are concentric 
spheres, is at rest under the action of no forces in a gas of uniform pressure. 
If the pressure of the external gas be suddenly increased, determine the in- 
stantaneous pressure in the liquid, and investigate the differential equation 
for the subsequent motion of the liquid and the pressure inside the shell at 
any time. (Coll. Exam. 1895.) 


30. A volume 4c? of gravitating liquid, of density p, is initially in the 
form of a spherical shell of infinitely great radius. If the liquid shell contract 
under the influence of its own attraction, there being no external or internal 
pressure, shew that when the radius of the inner spherical surface is 2, its 


velocity will be given by 
\ 


A4rypz 

x “SLs ye — Ove: 

iba (224 + 228 w + 22? x? — 324° — 344), 

where y is the constant of gravitation, and 2=23+c?. (M.T. 1899.) 


31. A mass of uniform liquid is in the form of a thick spherical shell 
bounded by concentric spheres of radii a and b(a<b). The cavity is filled 
with gas the pressure of which varies according to Boyle’s law, and is initially 
equal to the atmospheric pressure I, and the mass of which may be neglected. 
The outer surface of the shell is exposed to atmospheric pressure. Prove that 
if the system is symmetrically disturbed, so that each particle moves along 
the line joining it to the centre the time of a small oscillation is 


Dera {p (b— a) [B11D}®, 
where p is the density of the liquid. (Coll. Exam. 1896.) 


32. A mass of perfect incompressible fluid, of density p, is bounded by 
concentric spherical surfaces. The outer surface is contained by a flexible 
envelope which exerts continuously a uniform pressure II and contracts from 
radius R, to radius R,. The hollow is filled with a gas obeying Boyle’s law, 
its radius contracts from c, to ¢,, and the pressure of the gas is initially py. 
Initially the whole mass is at rest. Prove that, neglecting the mass of the 
gas, the velocity (v) of the inner surface when the configuration (fg, cg) is 
reached is given by : A 


iI Q cy? il Cx II Py ‘| ( ) 
ed ie ca ayy 
wy is C98 3 I ad Pp Pp log C9 Ry 


(Trinity Coll. 1908.) 


33. An infinite mass of fluid is acted on by a force re per unit mass 
directed to the origin. If initially the fluid is at rest and there is a cavity in 
the form of the sphere 7=c in it, shew that the cavity will be filled up after 


1 
an interval of time (=) of, (Trinity Coll. 1905.) 
i 
34, Explain on general grounds why two pulsating spheres in a liquid 
attract each other, if they are always in the same phase. (Coll. Exam, 1905.) 
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35. A spherical hollow of radius a exists in an infinite mass of fluid, which 
is at rest, the pressure at infinity being zero; and a force per unit mass to the 
centre equal to pr~” at distance 7, where n >1, begins to act. Shew that the 
time of filling up the cavity is 


ipl ee 
vim i) ee ntl\ /, (_5 ) 
yay P In—8 In—8)? 
Ra wey ICES NICE ew aa: +1 
Tage n— =n 7 
oo Pe ef" 5 t (555) / ? (Ge) 


as a> <4. (Trinity Coll. 1897.) 


36. A mass of liquid of density p whose external surface is a long circular 
cylinder of radius a, which is subject to a constant pressure II, surrounds a 
coaxial long circular cylinder of radius 6. The internal cylinder is suddenly 
destroyed, shew that if v is the velocity at the internal surface when the radius 
is 7, then ; 

3 211 (0? — 7?) 


v =FFlog (+a Be (Coll. Exam. 1894.) 


37. Liquid is contained between two parallel planes; the free surface is 
a circular cylinder of radius a whose axis is perpendicular to the planes. All 
the liquid within a concentric circular cylinder of radius } is suddenly 
annihilated ; prove that if @ be the pressure at the outer surface, the initial 
pressure at any point of the liquid distant 7 from the centre is 
Ne Sate (Coll. Exam. 1896.) 
loga—logb 
38. If the motion be in two dimensions and be referred to polar coordinates 
vy and 6, shew that the equations of motion are 


Ow, du ou v? 1 dp 
MO Re 3 Oe 
ov - dv ov ww 1b 
d ae = oa ey ee Ps 
- op or 2 erry ; , 3 p 706’ 


where w and v are the component velocities along and perpendicular to the 
radius vector, and #, © are the components per unit mass of the external 
forces in these directions. (Coll. Exam. 1901.) 


39. Prove that the differential equations of motion fora frictionless fluid 
are 
ou du 


On, 
Ox oy ae 


5 oh 
— (@2? + @3”) @ — (a oer) y+ (G2+es01) z=0, 


and two similar equations ; w, v, w being the components of the velocity at the 
time ¢ at the point @, y, z relative to moving axes having component angular 
velocities @,, @:, @3. (M.T. 1881.) 


1 0p Ou 
i ap A ta, ~ Breast Qway tu 
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40. The motion of an incompressible fluid is referred to rectangular axes 
which are rotating with constant angular velocities 6,, 62, 63: prove that the 


: Parte OU OV OW . 
equation of continuity is aah ay EE =0, and that the equations of motion 


are 
0 U V W, i) p 


and two similar equations, where U, V, W are the velocities relative to the 
axes, and 
Q?= U2 + V2+ W?— (6? +0:? +63") (w+ y+) +(O10+ Oy + O52). 
(Trinity Coll. 1898.) 


41. Ifthe motion is irrotational and the axes to which the motion is referred 
rotate with angular velocities 6), 02, 43, shew that 


oe V+tdq? +4, (v—yw)t 62 (ww — zu) +03 (yu- xr) oe 


is a function of the time. (M.T..1898.) 


CHAPTER III 


PARTICULAR METHODS AND APPLICATIONS 


39. Motion in Two Dimensions. The Current Function. 


When the motion is the same in all planes parallel to that of 
ay, and there is no velocity parallel to the z-axis, i.e. when wu, v are 
functions of 2, y only, and w=0, we may regard the motion as two- 
dimensional and consider only the circumstances in the plane zy; 
and when we speak of the flow across a curve in this plane we shall 
mean the flow across unit length of a cylinder whose trace on the 
plane wy is the curve in question, the generators of the cylinder 
being parallel to the z-axis. 


The differential equation of the lines of flow in this case is 


Med Whe a Orn nnonhaes ce ee (1). 
and the equation of continuity is 
Ou Ov _ ou» O(a), 
aoe Teas : On oy ° 


which shews that the left-hand member of (1) is an exact differ- 
ential. 


Let =C be the integral, that is, let 
ov 


a and yv=—. 
oy dx 

This function yf is called the stream function or the current 
function, and it is clear that the lines of flow are given by the 
equation 


u=—- 


ares ©, 
where C is an arbitrary constant. 
A property of the current function is that the difference of its 


values at two points represents the flow across any line joining the 
points. 
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For if ds be an element of a curve and @ the inclination of the 
tangent to the x-axis, the flow across the curve from right to left 


= [(v.cos @ = wsin 6) ds = |(¥ ade af dy) 


= |dp=W.— Wn; 


where by ‘from right to left’ we mean in relation to an observer 
placed on the curve and looking in the direction in which s in- 
creases, the axes being so placed that rotation from « towards y is 
counterclockwise. 


We might also define the value of the current function y at 
any point P as the amount of flow across a curve AP where A is 
some fixed point in the plane, for this makes 


P 
4=| (v cos d— usin @) ds 
vA 


P 
= [ (vdx — udy). 
JA 


And by varying the position of P, we get 

v=O0w/ox and uw=—dvw/oy, 
in agreement with our former definition. Also it is easily seen that 
the velocity from right to left across any arc ds is 0v/ds. 


40. It is to be observed that the existence of the current 
function does not depend on whether the motion is irrotational or 
rotational. For the components of spin as defined in Art. 32 we 


ow ov : _1/ou dw 
= aay ae) Pea sae i)! 


yea c=) 5 (2-5) =5 eee ae) 


have 


da oy 0a? = oy? 
Hence in irrotational motion the current function has to satisfy 
een ONS & 0 VN. 
CE LOU 


41. Irrotational motion in two dimensions. 


When there is a velocity potential ¢ we have 


Cy, Gt gy Nine ie oe (1). 


db, a on OF ay aa 
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The equation of continuity is 


and as we saw in the last article, y must satisfy the same 
equation. 
The equations (1) shew that 


Op OW Of OW _ 
0x Ox + oy ae 


so that the families of curves 
go =const., v= const. 


cut orthogonally at all their points of intersection. 


These conditions are satisfied by taking ¢ +7 to be a function 
of the complex variable x + zy. 


Thus if we write $+ i =f (a# +7iy), we have 


Obs GOW Ae , 
Rae Grete (a + 2y), 

Op! on OW > sox nh ueee® ave 
and ay eye eae On” 
Op _ oy Bt 
so that te and an Oe 


Such functions are called conjugate functions; and we see that 
if $, W are two conjugate functions, a possible form of irrotational 
motion is obtained by taking the curves ¢ = const. to be curves of 
equi-velocity potential, and the curves  =const. to be stream lines. 


42. In the theory of functions of a complex variable, if z 
denote the complex variable x+y, and w the function b +i, 
the relation w= f(z) implies that w has a definite differential 


coefficient with respect to z or that the limit of he as 

—Z 
2 tends to z is independent of the path by which the point 2’ 
approaches z. 


abe Oar ace 


dz O(a +ry) dx + 1dy ‘ 
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and if this is to approach a definite limit as 8x and 8y tend to zero, 
independently of the ratio 6a: dy, we must have . 


oy oy ie 
Hence, as before, 
Op _ ow Op _ OW 
ox oy on oy = Oa’ 
and we have for the value of the differential coefficient 


dw AS cae =@ ,o¢ 
dz du du ~ da “Oy” 


It follows that any relation of the form w=/(z), or 
o+iwp=f («+ ty), represents a two-dimensional irrotational 
motion, in ei, the magnitude of the velocity at_any point is 


given by | de) on 


|-{) (pf-ee 


= velocity. 


Also, if the curves ¢@=const., y=const. are drawn, and 
6s, denotes the arc of the 
curve intercepted between 
g and ¢+68¢, the velocity at 
P where ¢ and w intersect 
being normal to the curve ¢ 
is = Similarly if 5s, be 

Sy 
the are of the curve ¢ inter- 
cepted between y and y+ dy, 
the velocity at P as measured 
by the rate of flow across 6s, 1s 


ow j Fig. 3. 


43. Since the conditions 


dp df df dy pe 
as cis =. are also satisfied 


by the relation 
—ptip=f(a try), 


it follows that from any given two-dimensional form of.irrotational 


\ 
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motion another may be deduced by interchanging the lines of 
equi-velocity potential and the stream lines. 


If the motion be referred to polar coordinates, we have 


0p _ 0g ov _ op 
oe cos 0 + 2° sin 0= SH cos 6 Ap Sn 
=i(= oy me Ov ae) = On 
dy 00 Ox 0@/ =rde’ 


ap _ _ op _ oO" ey Ce cy 
and = oe sin 0-+59 e050 = Pree ce cos@ ar 


44. As an example of the foregoing theory we might take . 


w= Az’, 
or gtip=A (otiy)'; 
giving b= A (a —y) =const., 
and = 2Acxy =const., 


for the lines of equi-velocity potential and the stream lines. These 
are two families of rectangular hyperbolas. Inasmuch as the axes 
x=0, y=0 are parts of the 
same stream line y=0, we Z 
may take the positive parts of Z 
the axes to be rigid boundaries Ze 
and thus obtain a full repre- 
sentation of the steady motion 2 
of liquid in the angle made by 7 


gs 
two perpendicular walls. Z 
EE 


The velocity at any point 
=| dw/dz|=|2Az|=2Ar, 
and varies directly as the 


distance from the intersection 
of the walls. 


\ 


Fig. 4. 


Before considering further examples we shall discuss some 
cases of liquid motion arising from what are known as ‘sources’ 
and ‘sinks, taking first the general case of motion in three 
dimensions. 
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45. Sources and Sinks. 


If the motion of a liquid consists of symmetrical radial flow in 
all directions proceeding from a point, the point is called a simple 
source. If the total flow across a small surface surrounding the 
point is 47m, m is called the strength of the source*. 


If ¢ be the velocity potential due to a simple source of strength 
m in liquid at rest at infinity, the velocity at distance r is —0¢/dr, 
and the flow across a sphere of radius r is — 47r°0¢/dr, 


z 
therefore — Arr fe = 4arm, 


leading on integration to ¢ = m/r. 

A source of negative strength, or inward radial flow, is called 
a sunk, 

A source or sink implies the creation or annihilation of fluid 
at a point. Both are points at which the velocity potential and 
stream function become infinite, and they are to be regarded as 
due to the exigencies of analysis rather than as physical realities. 


46. Doublets. A combination of a source of strength m and 
a sink of strength — m at a small distance 6s apart, where in the 
limit *m is taken infinitely great 
and és infinitely small but so that 
the product m 6s remains finite and 
equal to yw, is called a doublet of 
strength «4; and the line $s taken 
in the sense from —m to +m is mor 
called the axis of the doublet. 

To find the velocity potential B os A | 
due to a doublet. cies i Fig. 5. 

Let A, B denote the positions of the source and sink and P be 
any point. Let BP=7, AP=r-+d6r, and suppose AP to make an 
angle 6 with the axis of the doublet. Then by superposition, which 
is justified by the linearity of all equations that have to be satisfied, 


P 


m mM mor 
g=- + Sg tia 
r r+or re 
méscos@ ycosé 0 . 
= =e One =). 
r r? os \r 


* Some writers define the strength of the source to be the quantity of liquid 
produced in unit time, thus making the unit source 47 times as large as the one 
we have defined and introducing a symbol m/4m instead of the m used in the text. 
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The components of velocity are 
0p _2ucos0 
or or 
md 28 Hind 


r00 r 


sense of @ increasing. 


along the radius vector, 


perpendicular to the radius vector, in the 


47. Sources and Sinks in Two Dimensions. 
In two dimensions a source of strength m is such that the flow 
across any small curve surrounding it is 2arm™*. 


If ¢ be the velocity potential due to such a source the flow 
across a circle of radius 7 is — 27rd¢@/dr, so that 


— re = 2am, 
or 
therefore Bs Sy NOS 1 sass cas Bie aster ee (1). 
The curves of SSeS Soe obviously are concentric 
circles. We may obtain the stream function from the considera- 
tion that ¢+7 is a function of w+7y, or of re’, and since 
¢=—mlogr, we must have 
Ap = IO ond sista los Soe (2), 
and the stream lines are (as is otherwise obvious) straight lines 
radiating from the origin. 
The relation between w and z for a single source is therefore 
w=—m logz, 
and for sources of strengths m,, m2, m;, ... situated at the points 
2 = On On Gs, 
w= — m, log (2 — d,) — m, log (¢ — az) — m; log (2 — as) ... 
leading to p=—-Xmlogr and ~p=— Tm, 
where r denotes the length of the radius vector drawn from the 


source of strength m, and 6 denotes the inclination of this radius 
vector to any fixed direction. 


48. To take a simple case, let there be a source of strength m 
at the point (a,0) and a sink of strength —m at the point (—a, 0). 


Then =—m log a 
and v= —m(0—6’); 


* See footnote on p. 45. 
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so that the stream lines are circles passing from source to sink, 


and the lines of equi-velocity potential are the orthogonal family 
of circles. 


a 


Since in this case 


loo 2 
w=—m log eae 
therefore 
dw _ 2ma 
ea tay 
; (dw|. 2ma 
and the velocity = | Pl wear Fig. 6. 


49. Doublets in Two Dimensions, 
Referring to the figure of Art. 46, and with the same notation, 
we have 
g =m log r — m log (r + Sr) 
=— m log (14 6r/r) 
=—m or/r 
= m6s cos 8/r = HOE? 


a 


where yw is the strength of the doublet. 

The curves ¢ =const. in this case are clearly circles touching 
the y-axis at the origin. 

We may obtain the stream function from the consideration 
that @+% is a function of «+zy, or re’, and the form of ¢ 
suggests that 

pti = pre 
= pr (cos 6 —7s1n 8), 
so that y= = 

Hence the stream lines are circles touching the a-axis at the 
origin. 

The relation between w and z for a single doublet of strength 
pw at the origin directed along the #-axis is therefore 


ee 
a 


and if the doublet makes an angle a with the a-axis, we have 
) aft i _ pre Oral 
pe'* 


or W= . 
z 
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If the doublet be at the pomt z=a, the relation becomes 


pei 
eae 
and for any number of doublets of strengths py, ps, uz, .-. Situated 
at Z= 4), My, a3, ... and making angles a,, m%, a, ... With the w-axis 
w= cee 
z—a 


50. Images. If in a liquid a surface S can be drawn across 
which there is no flow, then any systems of sources; sinks and 
doublets on opposite sides of this surface may be said to be 
images of one another with regard to the surface. And if the 
surface S be regarded as a rigid boundary and the liquid removed 
from one side of it, the motion on the other side will remain 
unaltered. 


51. To find the mage of—a_simple source with regard to a 
plane. 


If there are two equal 


sources of strength m at A a 
and B on opposite sides of and Pao 


equidistant from the plane 


OP, the normal velocity at P - (e) A 
V ; 
=— ae cos OA P 
Peeks OBP=0; Fig. 7 
BP: COS =U; 23 ip 


that is, there is no flow across the plane. Therefore the image of 
a simple source with regard to a plane is an equal source equi- 
distant from the plane. 

Cor. The image of a doublet with regard to a plane is an 
equal doublet symmetrically placed. 


52. To find the vmage of a source with regard to a sphere. 

Let a be the radius of the sphere, (>a) the distance of the 
source A from the centre 0, m the strength of the source and B 
the inverse point of A. We may regard the velocity potential as 
composed of two parts, viz. a part ¢, due to the source alone when 
the sphere is not present, and a part ¢, due to the presence of 
the sphere ; this latter part will be the velocity potential of the 
required image system. 
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Taking O as origin and OA as axis, we have at any point 

ue; @) 
go, = m/AP =m (r? +f? — 2rf cos 0)~ 2 
m eee 
=3 {1 +85 Pah, 

where «=cos 6, and P,, is Legendre’s coefficient of order x. This 
expression holds for all values of r less than f. 

Since the motion is symmetrical about OA and the velocity 
potential has to satisfy Laplace’s equation we may assume for ¢, a 
series of the form 


2A Lid. 


ue pnt 
We then have the condition that the velocity normal to the 
sphere is zero, Le. - PAGa +d.) =0, when r= a. 


3 nap ES A ite 
Therefore far eS as rie Vig = > (n ae 1) Gt ams 0, 


for all values of @, so that 
A,=0 and A, =nma")/(n + 1) 7". 


o 7 qt 
28 Fig oe ene oe ean 
Therefore py. =m eerie yee pm 
= qt P $ qr sige 
=m = pn fa n= m - pty fat n+1’ 


or if OB =c =a’/f, and we add and subtract a term, 
ma 2 c” (0, Oe Pye 
Pig > ate (i Aol 


The first term = - a -,, and is therefore the 


S(r?+e—2re cos 086)? 
velocity potential due to a source of strength ma/f at B. 


Now for a source of unit strength at any pomt on OB at 
distance X from Q, we have a velocity potential 


Swit wo nr” 
X= (7? + — 2rd cos 0)” ? = pari Pn 
oo Net ee 
so that b xan = 2 a at 
Therefore the second term in ¢,, viz. 
_ ma c™ _ ma 
Ss ee | a xan ==" | xan, 
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and this is the velocity potential due to a continuous line distribution 
of sinks of strength — m/a per unit length extending from O to B. 

Hence the required image consists of a source of strength ma/f 
at the inverse point B, and a line sink of strength — m/a per unit 
length extending from the centre to the inverse point*. 


53. To shew that the image with regard to a sphere of a 
doublet whose axis passes through the centre is a doublet at the 
unverse point. 


Regard the doublet as a source m at A and sink —m at A’, 
where OA=f, AA’=6f and 
m of = pm. 

The image of m at A is 


ma/f at B and a line sink of : fe 
strength — m/a per unit length Shai Pea F 
from O to B. 

The image of — m at A’ is Fig. 8. 


—ma/(f+of) at B’, that is 
—ma/f+masf/f at B’; and a line source of strength m/a per 
unit length from O to B’. Compounding these we get a doublet 


| BB, a source ma of and a sink —— BB, all 


ultimately at the inverse point. But OB=a?/f, therefore 


of strength 


OOP : 
BE = a) so that the source and sink cancel one another and 


ee 


3 
there remains only the doublet of strength = of or pae/f , at 


the inverse point in the opposite direction to the given doublet. 


We might also obtain this result without assuming that of 
Art. 52, by supposing the image to be a doublet of strength m’ at 
B and then determining the ratio of m’ to m in order that the 
velocity normal to the sphere should be zero. 


54. Images in Two Dimensions. 


It is easy to see that the image of a simple source with regard 
to a line in the plane of motion is an equal source equidistant 
from the line, and that the image of a doublet is an equal doublet 
symmetrically placed with regard to the line. But we must 


* W. M. Hicks, Phil. Trans. 1880. 


52-54] IMAGES 51 


remember that as our two-dimensional motion is the motion of a 
liquid occupying three dimensions, what we call a simple source is 
a line source perpendicular to the plane of motion, and by the 
image of the simple source with regard to a line we mean the 
image of the line source with regard toa plane parallel to itself, 
the image being an equal line 
source equidistant from and 
parallel to the same plane. 

With regard to a circle, if we 
have a simple source m at A and 
place an equal source m at the 
inyerse point B the velocity at P 
normal to the circle 


Fig. 9. 


—— cos OPA + == cos OPB. 


ap RP 

But cosOPB=cosOAP=(AP+O0P cos PBA)/OA 
As oF A, OPB swilon 
= Oe ~ a cos PBA. 
SOP TeAe 
Therefore 
: m 

normal velocity = A AB cos OPA + a pt ri ap cos PBA = OP” 


Hence if we place a sink —m at O the normal velocity will be 
zero, so that the image system consists of an equal source at B 
and an equal sink at O*. 


If we place sources of strength m at A and B and an equal 
sink at O, the equations of the stream lines are 
mé+m’ — m6” = constant, 
where 6, 6’, 0” are vectorial angles at A, B, 0. 
For any point P on the circle we have 
64+0'—-0’=PAX+PBA—POA 
=O0PA+PO0A+PBA—-—POA 
=, 
so that the circle is a stream line and this verifies that for this 


arrangement of sources and sink there will be no flow across the 


boundary. 
* Kirchhoff, Ann. Phys. Chem. 1845. 
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Cor. In like manner the image of a two-dimensional doublet 
at A with regard to a circle is another doublet at the inverse 
point B, the axes of the doublets making supplementary angles 
with the radius OBA. This is clear from the figure and it is also 
seen that the moments of the doublets at B and A are in the 


B' 
me (ies m 
oO Bm A 
Fig. 10. 


ratio BB’: AA’, or a?:f*, if ‘a is the radius of the circle and 
OA =f. 
55. Conjugate Functions. 


As a further example of the use of conjugate functions let us 
consider the relation 


=—mlo aed eS 
w= =e 
8 P+e 


Fig. 11. 
This may also be written 
be Ceol 
ke i °8 (=a) (2+1a)’ 
so that =—mlog as 
1304 
and v=—m(O,+ O,—0,—6,), 


where the symbols are used as in the figure and A, A’, B, B' are 
the points (a, 0), (—a, 0), (0, a), (0, — a). 
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The circle ABA’B’ is the stream line = — m7/2, as can be 
seen by taking P on the circle, and the axes are the stream line 
ar = 0, 

From Art. 47 we see that the motion could be produced by 
equal sources at A, A’ and equal sinks at B, B’ all of strength m. 
And it is clear that the axes or the circle or both might be taken 
as fixed boundaries, and we have thus solved the sar es of the 


The Paci at any ere may ve foand ave compounding the 
components due to each source and sink, or more simply as the 


dw 
value of el 
Thus we have after a little reduction 
dw _ 4mze? 
ete) ge 


4ma?r (cos 8 +7sin 8), 
~ cos 40 — at + ir sin age 


4mer 


so that the velocity = | ale (aucar 1 2r4qgtaes 408 . 


We may also observe that 
dw _ 4mza? 
dz (z—a)(z+4a)(z—-1a) (¢+1a)’ 
so that we also have the velocity 


dw % 4ma0P- wd 
dz| PA.PA’.PB.PB'’ 


56. It is sometimes convenient to use relations of the form 


If $+ is a function of #+zy it follows that «+z 1s a 
function of ¢ +a. 

Thus if d+ip=f(2) =f (e+ ty), then by differentiating with 
regard to @ and y in turn we get 


pad inp’) (5 + 634). 
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Therefore 


Again if w=f (2), then 1 =] (2) oe 


dz dw 
therefore dy = aC 5 
But if g denote the velocity 
dw 1 a 
-|5 , SO that — oiler 


Also, from above, 
dz 1 On” . OY 


dw 7G) ob te" 


Therefore 


LL eo ie ee, Ox oy 
ae Gy + a , similarly = ee +(5 ak 
_ 0" Oy _ 0a Oy 
© OP OY Op OG’ 
_ O(2, 9) 
ICE Dy 
We also notice that 
dz_ 1 teas Le Lea 208, 
dw dw a6, ov ,ov ~Sutw wee 
dz’ 0x On 


so that = is a vector in the direction of the velocity whose 


or 


modulus is the reciprocal of the velocity *. 


57. Now consider 
z=c cosh w, 


or x+y =c cosh (d + ip), 
so that x=ccoshd@cosy, y=csinh¢ sinw. 
By eliminating and ¢ in turn we get 
ae y fz on 
cosh? @ 3 sinh? @ a 
and Se eee 


cos? sin? = 
equations which define ¢ and w respectively as functions of # and 
y, and by giving different values to @ and to in these equations 
we get the curves of equi-velocity potential and the stream lines. 
* Kirchhoff, Mechanik, p. 291. 
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These are confocal ellipses and hyperbolas. The foci (+c, 0) 
correspond to the values ¢ = 0, = nz, and the velocity qg is given by 
1 |dz : ; ; 
Gal iy =csinh w =csinh(¢ + iW), 
and at the foci this is zero, so that the velocity in the correspond- 
ing motion would be infinite at the foci. 


If we take the hyperbolas w= const. as the stream lines, the 
stream line y= will be the part of the «-axis outside the foci 
and this might be made a rigid boundary, so that we should then 
have the case of liquid streaming through a slit of breadth 2c in 
an infinite plane, but the results of the theory could not be realized 
in practice because the theory makes the velocity infinite at the 
edges of the slit. j 


Steady motion—Efflux of Liquid. 


58. We shall now consider some further application of the 
equations of motion, particularly cases of 
steady motion, that is motion in which the 
velocity components at any point are inde- 
pendent of the time. As we have seen in 
Art. 26, in this case, for a liquid, we have 
the equation 


ptigtV=6 


where C may be an absolute constant, or 
a constant depending on a particular stream 
line. This equation shews that neglecting 
the external forces the smaller the pressure 
the greater the velocity and vice versa. Thus 
in the case of water flowing through a pipe 
if the pipe is narrowed the velocity is 
increased and the pressure is consequently 
diminished. This is an important principle. 
A practical application of it is seen in jet 
exhaust pumps, one of which is shewn in 
fig. 12, the air being sucked in at the narrow 
portion of the jet. 


59. Consider the case of a vessel kept 
constantly full of water and having a 


Fig. 12. 
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horizontal orifice in its base from which the water issues at a 
uniform rate. Let A, a be the areas of the free surface and the 
orifice, U, wu the velocities at the free surface and the orifice, and h 
the depth of the orifice below the free surface. 


If z be measured downwards from the free surface V =— gz, so 
that . 
Peig—ye=C. 
p 
And if II denote the atmospheric pressure, at the free surface 
II 
—+3U=0, 
p 
: II 
and at the orifice —+4uw-—gh=C, 
Pp 
so that w= U2 + 29h. 
But the condition of continuity of the water requires that 
AU=au, 
therefore u? = 2ghA?/(A? — a’), 


and if the orifice be very small, the ratio a/A may be neglected, 
and uw? =2gh approximately. 


This is Torricelli’s Theorem. 


If the vessel be not kept constantly full, the motion will not 
be steady, but when the orifice is very small compared to the area 
of the free surface of water the motion may be taken as being 
approximately steady, and the expression /(2gh) may be employed 
as the velocity of the issuing liquid. 


60. The Clepsydra. 


On this hypothesis we can find the form of a vessel of revolution 
with a small aperture at its lowest point so that the surface of the 
water in 1t may descend uniformly. 


At time ¢ let « be the height of the free surface above the 
orifice, wy? its area, and o the area of the orifice. Then, approxi- 
mately, 

velocity at the orifice = /(2ga) ; 
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but if U is the uniform velocity at the free surface 
ryUac V 29a, 

therefore yore or y= ax 

gives the form of the vessel required. 


This is the theory of the Clepsydra or ancient water clock. 


61. The Contracted Vein. 


When liquid issues through a small orifice in the thin base of 
a vessel, it is observed that the issuing stream is not cylindrical, 
but, near the orifice, is contracted so that its sectional area is less 
than the area of the orifice; and afterwards the stream expands. 
The ratio of the area of the section of the ‘contracted vein’ to the 
area of the orifice is called the coefficient of contraction and it can 
be shewn that this coefficient is greater than °5 and less than 
unity. 

Neglecting external forces suppose liquid of density p to be 
escaping through an orifice of section o in the bottom of a vessel 
in which the pressure is p, to a region in which the pressure is pp. 
Theoretically the velocity acquired in passing from pressure p, to 
pressure p, is given by 

SPQ? — Os Doravausascns a costeoneasaeae €L). 

At the edge of the orifice o the pressure is p,, but in the 
interior of the area of the orifice the pressure is somewhat higher. 
The actual velocity of the liquid in the plane of the orifice is 
therefore qat the edge, but falls off somewhat towards the interior. 
It follows that the actual rate of discharge is less than oq and this 
for two reasons. First because the velocity at the edge is not 
perpendicular to the plane of the orifice, and it is the resolved 
velocity that determines the discharge, and secondly because the 
mean actual velocity itself falls short of gq. 


If o’ be the area of the section of the jet at a place where the 
velocity at every point of the section is parallel and uniform, and 
therefore by equation (1) equal to q, the discharge is o’q; and 
since this is less than cq it follows that o’ is less than o, or the 
coefficient of contraction is less than unity. 

The quantity of momentum carried away by the jet in unit 
time is po’g? and the force generating this momentum is the force 
necessary to hold the vessel at rest. If the whole interior surface 
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of the vessel were subject to the pressure p; — Po this force would 
have no existence. 


But on account of the orifice the equilibrium of pressures 1s 
disturbed and a force (p,—p))o is uncompensated. But this 
assumes that the internal pressure would be uniform and equal to 
p: over the whole of the bottom of the vessel, whereas at the edge 
of the orifice itself it is p, and for a sensible distance will vary 
between p, and p,, we may therefore call the force that produces 
momentum (p,—p.)(o+dc), where do is a small positive 
quantity. 


Hence po ¢ =(p~pi— Po) (¢ + do), 
but $PY = Pi — Pos 
therefore oc =4t(c+do), 


or the coefficient of contraction is greater than ‘5. 


This discussion is based on that given by Lord Rayleigh*. If 
the hole in the vessel be replaced by a thin tube projecting into 
the interior of the vessel and the tube be long enough for the 
sides of the vessel to be sufficiently removed from the region 
of rapid flow to allow the pressure on them to be treated as 
constant, do is evanescent and c' =}o0. This form of opening is 
known as Borda’s mouthpiecet. 


An exact method of treating the problem regarded as a problem 
in two dimensions was developed by Kirchhofft and discussed in 
detail with numerical results by Lord Rayleigh§. We shall have 
more to say on this subject in Chapter V1. 


62. Efflux of Gases. 


For a gas the steady motion equation is — 
d 
| s +$97+V=C. 


Consider the efflux of gas from a vessel in which the pressure 
is p, and density p, to an atmosphere of density p) at pressure py. 
In practice the adiabatic law will hold true approximately, so that 


* Phil. Mag. u. p. 441, 1876, or Scientific Papers, 1. p. 297, and a letter to 
Engineering, Apl. 10, 1876. 

+ Mémoires de V Acad. des Sciences, 1766. 

* Mechantk, c. xxi. 

§ Loc. cit. 
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p=xp’. Neglecting external forces the velocity acquired is given 


by 
Po 0 
ig=-| Pag” yp’ dp 
p. P pi 
K 
“eat (py? = py) 
” Ps _ Pe) 
y—-1 1 Po : 
et 
or = eli (BI, 
y-1p, : 1 


which is the usual formula for the efflux of gases. 


It follows that a diminution of pressure p, accompanies an 
increase of velocity and vice versa, and this is the explanation of 
a common experiment which is performed as follows: One end of 
a tube is fitted into a hole in a disc of cardboard, the end of the 
tube being flush with the surface of the cardboard; if a piece of 
paper is placed over this end of the tube, blowing through the 
tube will cause the paper to remain in contact with the card: but 
as soon as the current of air ceases the paper falls off. 


63. We shall conclude this chapter with an application of the hypothesis 
of ‘parallel sections,’ which is that when liquid is flowing out from a hori- 
zontal aperture in the base of a vessel, the velocities of all particles in the 
same horizontal plane are the same. We suppose that the vessel is being 
emptied by the flow and it is required to determine the motion. 

At time ¢ let w be the vertical space through which the surface of the 
liquid has descended from its original level AB, 
X the area of the section at the surface, Z the 
area of the section at a depth z below 4B, o that 
of the orifice K; U, u, v the velocities at the 
surface, the orifice and the level of z The 
equation of motion is 


Also from considerations of continuity 
c=XU—D; 
and_Y is a function of 2, Z of z, v of z and ¢, x of t and uw of t, and U=dx/0t; 
therefore 


and Zot a9 pds’ 
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du [ad 
whence oe ss Zt 4y2= C-+9z—— 
242 
i onl Gt aoe 


At time ¢, when z=z, p= and Z=X;; also, h being the depth of the 
orifice below AB, when z=, p= and Z=<, therefore 


h dz 1 
oi thew (a x3) =9 (ha), 


du Oudxr  7,0u_ ou Ou 
MOY Ct «0x Ot nace ke one 
a? Ou [hdz oY hes oe es 
therefore "a ib FZ + 3 (1 p= =g9(h-2), 


an equation of the form 


ww 
Go tat? =B (ha), 


which determines w and therefore U in terms of x, and, from the equation 
Gx/dt= U, we can obtain x in terms of ¢t. The quantity of fluid which has 


x t 
escaped in time ¢ from the beginning of the motion is | A Zdz, or | P cudt; so 


x t 
that | Zdemo | udt, 
0 0 


If o is very small compared with the values of Z we may neglect 
: q h dz 
oc AE an x2 vf, Z ; 


and as a rough approximation, we have 


ur2=29 (h— x). 


EXAMPLES. 

1. Liquid is streaming steadily and irrotationally in two dimensions in 
the region bounded by one branch of a hyperbola and its minor axis: determine 
the stream lines. (St John’s Coll. 1901.) 

2. Within a rigid circular boundary of radius a there is a source of 
strength m at a point P distant b from the centre; at XY, Y, the extremities 
of the diameter through P, are equal sinks. Find the velocity potential and 
stream function of the (two-dimensional) fluid motion. 

(St John’s Coll. 1900.) 

3. In the case of two-dimensional fluid motion due to a simple source A 
outside a circular disc prove that the asymptotes of the stream lines all pass 
through the same point and are parallel to the tangents to them at the 
point A. (Coll. Exam, 1905.) 

14, Find the Cartesian equation of the lines of plane flow, when fluid is 
streaming from three equal sources situated at the corners of an equilateral 
triangle; and make a rough sketch of their configuration. 


(St John’s Coll. 1896.) 
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‘ §. Find the stream function of the two-dimensional motion due to two 
equal sources and an equal sink midway between them; sketch the stream 
lines and find the velocity at any point. 


In a region bounded by a fixed quadrantal are and its radii, deduce the 
motion due to a source and an equal sink situated at the ends of one of 
the bounding radii. Shew that the stream line leaving either end at an 
angle a with the radius is 


7? 3in (a+ 6)=a? sin (a—6). (M.T. 1911.) 


6. Find the lines of flow in the two-dimensional fluid motion given by 
ptip=sn (w+ ty)? em, 
Prove or verify that the paths of the particles of the fluid (in polar 
coordinates) may be obtained by eliminating ¢ from the equations 


7? COS (Nt+0) — Hy=P sin (Nt +O) — y= nt (Ly — Yo). 
(Coll. Exam. 1908.) 


7. 2% denoting a variable parameter, and f a given function, find the 
condition that f(z, y, })=0 should be a possible system of stream lines 
for steady irrotational motion in two dimensions. (Coll. Exam. 1893.) 


8. If a homogeneous liquid is acted on by a repulsive force from the 
origin, the magnitude of which at distance 7 from the origin is pr per unit 
rhass, shew that it is possible for the liquid to move steadily, without being 
constrained by any boundaries, in the space between one branch of the 
hyperbola 2? ~y?=a? and the asymptotes; and find the velocity potential. 

(Coll. Exam. 1902.) 


¥ 9. In the case of the two-dimensional fluid motion produced by a source 
of strength m placed at a point S outside a rigid circular disc of radius a 
whose centre is Q, shew that the velocity of slip of the fluid in contact with 
the disc is greatest at the points where the lines joining S to the ends of the 
diameter at right angles to OS cut the circle; and prove that its magnitude 


at these points is 
2m . OS/(OS? — a). (Coll. Exam. 1908.) 


10. A source of fluid situated in space of two dimensions, is of such 
strength that 27pp represents the quantity of fluid of density p emitted per 
unit of time. Shew that the force necessary to hold a circular disc at rest in 
the plane of the source is 2apyu?a?/r (r? — a”), where @ is the radius of the disc 
and 7 the distance of the source from its centre. In what direction is the disc 
urged by the pressure? (M.T. 1893.) 


11. Between the fixed boundaries 6=j7 and 6=—4m there is a two- 
dimensional liquid motion due to a source of strength m at the point 
(r=a, 6=0), and an equal sink at the point (r=), 6=0). Shew that the 
stream function is 


—mtan—! 
r 


8— 4 (at + b*) cos 40+ ab! 
(Coll. Exam. 1901.) 


7* (a4 — b*) sin 46 i 
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12. A two-dimensional liquid motion is due to a source of strength m at 
the point whose polar coordinates are (a, 0) and a sink of equal strength at 
the point (0, 0), between the fixed boundaries 6=h}nr and 6=—j7. Shew that 
the velocity at (7, 8) is 

4in (a3 — b) r? 
(78 — 2a4 cos 40+ as)? (78 — 2b474 cos 46 + 0°) 
(Trinity Coll. 1905.) 


1° 
2 


13. Prove that for liquid circulating irrotationally in the part of the 
plane between two non-intersecting circles the curves of constant velocity 
are Cassini’s ovals. (St John’s Coll. 1898.) 


14. Between the fixed boundaries 6=12 and 6= —4m there is a two- 
dimensional liquid motion due to a source at the point (r=c, 6=a), and a 
sink at the origin, absorbing water at the same rate as the source produces it. 
Find the stream function, and shew that one of the stream lines is a part 


of the curve 
r> sin 3a=c? sin 36. (M.T. 1901.) 


15. What arrangement of sources and sinks will give rise to the function 
w=log (z—a?/z) ? 
Draw a rough sketch of the stream lines in this case, and prove that two 


of them subdivide into the circle r=a, and the axis of y. 
(St John’s Coll. 1911.) 


16. An area A is bounded by that part of the w-axis for which >a and 
by that branch of #?—y?=a? which is in the positive quadrant. There is 
a two-dimensional unit source at (a, 0) which sends out liquid uniformly 
in all directions. Shew by means of the transformation w=log (z?— a?) that 
in steady motion the stream lines of the liquid within the area A are 
portions of rectangular hyperbolas. Draw the stream lines corresponding 
to p=0, gr and $m. If p, and pp are the distances of a point P within 
the fluid from the points (+a, 0), shew that the velocity of the fluid at 
P is measured by 20P/p;p2, O being the origin. (M.T. 1904.) 


17. Find the velocity potential when there is a source and an equal sink 
inside a circular cavity and shew that one of the stream lines is an are of the 
circle which passes through the source and sink and cuts orthogonally the 
boundary of the cavity. (Coll. Exam. 1894.) 


18. Prove that, in the two-dimensional liquid motion due to any number 
of sources at points on a circle, the circle is a stream line provided that 
there is no boundary and that the algebraic sum of the strengths of the 
sources is zero. 


Shew that the same is true if the region of flow is bounded by a circle 
which cuts orthogonally the circle in question. (St John’s Coll. 1908.) 


19. In the part of an infinite plane bounded by a circular quadrant 
AB and the productions of the radii OA, OB, there is a two-dimensional 
motion due to the production of liquid at A, and its absorption at Beau 
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the uniform rate m. Find the velocity potential of the motion; and shew 
that the fluid which issues from A in the direction making an Aieis pe with 
OA follows the path whose polar equation is 


r=asin? 26 [cot u+.4/(cot? w+cosec? 26)]2, 
the positive sign being taken for all the square roots. (M.T. 1902.) 


20. In the case of the motion of liquid in a part of a plane bounded by a 
straight line due to a source in the plane, prove that if mp is the mass of fluid 
(of density p) generated at the source per unit of time the pressure on the 
length 2/ of the boundary immediately opposite to the source is less than that 
on an equal length at a great distance by 


1 mp {1 eae l 
3 tl F ton o—Reep 


where ¢ is the distance of the source from the boundary. 
(St John’s Coll. 1898.) 


21. Within a circular boundary of radius a there is a two-dimensional 
liquid motion due to a source producing liquid at the rate m, at a distance f 
from the centre, and an equal sink at the centre. Find the velocity potential, 
and shew that the resultant of the pressure on the boundary is 

pm® f2]{2a% (a? — f%)}, 
where p is the density. 
Deduce, as a limit, the velocity potential due to a doublet at the centre. 
(St John’s Coll. 1905.) 


22. Use the method of images to prove that if there be a source m at the 
point (Z)) in a fluid bounded by the lines 6=0 and 6=7/3, the solution is 


$+ip= —mlog (8-49) (8—2'9)} 
where %=2%+%Y and 4 =2X)— ty. (Coll. Exam. 1906.) 


23. A source S§ and a sink 7’ of equal strengths m are situated within 
the space bounded by a circle whose centre is O. If S and 7’ are at equal 
distances from O on opposite sides of it and on the same diameter AOD, shew 
that the velocity of the liquid at any point P is 
OS? + OA? JPA IP I6 

OS TE PSP SAP IE eT 


where S’ and 7” are the inverse points of S and 7’ with respect to the circle. 
(Coll. Exam. 1901.) 


Qn 


24. Within a rigid boundary in the form of the circle 
(w@+a)?+(y- 4a)?= 8a? 


there is liquid motion due to a doublet of strength p at the point (0, 3a), with 
its axis along the axis of y. Shew that the velocity potential is 


“—3a ee Y—d3a ] 
as nies Bay?+y? w+ (y—3a)* |" 


(Coll, Exam. 1903.) 
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25. The internal boundary of a liquid is composed of the two orthogonal 
circles #4+7?+2y=1 and #?+y?—2y=1. A source producing liquid at the 
rate m is placed at one of the points of intersection (¢=1); shew that the 


complex of the fluid motion is = log {z (22+1)/(z—1)"}, and that the two circles 


are the only stream line possessing double points. (Coll. Exam. 1910.) 


26. In two-dimensional irrotational fluid motion shew that, if the stream 
lines are confocal ellipses : 
| 2((a2-+d)+y'|(V+2)=1, 
| ————_ ———————_— 
\ =A log (Va? +0402 +A) + B, 
and the velocity at any point is inversely proportional to the square root of 
the regtangle under the focal radii of the point. (Coll. Exam. 1894.) 


27. Liquid flows steadily and irrotationally in two dimensions in a space 
with fixed boundaries the cross section of which consists of the two lines 
6= +7 and the curve 7° cos56=x*; prove that, if V is the velocity of the 
liquid in contact with one of the plane boundaries at unit distance from their 
intersection, the volume of liquid which passes per unit time through a circular 
ring in the plane 0=0 is 4m Va? (a*+12a?c? + 8c*), where a@ is the radius of the 
ring, and ¢ the distance of its centre from the intersection of the plane 
boundaries. (Coll. Exam. 1896.) 


28. Shew that any two-dimensional irrotational motion of a liquid may 
be transformed into any other by multiplying the velocity of each particle 
of the fluid by e” and turning its direction round through an angle Q, where 
P, —@ are suitably chosen conjugate functions of z, y. “ (Coll. Exam. 1906.) 


29. In a two-dimensional liquid motion @ and yw are the velocity 
potential and current function; shew that a second fluid motion exists in 
which y is the velocity potential and —@ the current function; and prove 
that if the first motion be due to sources and sinks, the second motion 
can be built up by replacing a source and an equal sink by a line of 
doublets uniformly distributed along any curve joining them, 

(Coll. Exam. 1899.) 


30. A line source is in the presence of an infinite plane on which is 
placed a semi-circular cylindrical boss; the direction of the source is parallel 
to the axis of the boss, the source is at distance ¢ from the plane and the axis 
of the boss, whose radius is a. Shew that the radius to the point on the boss 
at which the velocity is a maximum makes an angle 6 with the radius to the 


source, where 
a+ c 
6=cos=! — : Coll. E . 1907. 
2a te (Co xam. 1907.) 


31. A source and a sink, each of strength p, exist in an infinite liquid on 
opposite sides of, and at equal distances c from, the centre of a rigid sphere 
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of radius a. Shew that the velocity potential V may be expressed in the 


form 
Qu N=0o p\ 2n+1 QW+1 e a 2n+2 
vee 2 {(2) ate Sao: (5) } Pon +1 (C08 8), 


6 being the vectorial angle measured from the diameter of the sphere on 
which the source and sink lie, and r<c; and find an expression for V when 
r>e. (M.T. 1900.) 


32. If a fluid be in motion with a velocity potential @ =z log 7, and if the 
density at a point fixed in space be independent of the time, shew that the 
surfaces of equal density are of the form 7? (log r—4) — 22=f (6, p); where p is 
the density and z, 7, @ the cylindrical coordinates. (Coll. Exam. 1897.) 


33. A single source is placed in an infinite perfectly elastic fluid, which 
is also a perfect conductor of heat; shew that if the motion be steady, the 
velocity V at a distance 7 from the source satisfies the equation 


; K\OV %X& 
(v-4) or or” 
y2 


and hence that raaaek. (Coll. Exam. 1905.) 


34. If fluid fill the region of space on the positive side of the z-axis, which 
is a rigid boundary, and if there be a source m at the point (0, a) and an equal 
sink at (0, 5), and if the pressure on the negative side of the boundary be the 
same as the pressure of the fluid at infinity, shew that the resultant pressure 
on the boundary is mpm? (a—b)?/ab (a+), where p is the density of the fluid. 

(Coll. Exam. 1906.) 


, : ' Beer ee) % 
35. Prove that in the steady irrotational motion of a liquid “a = i , Where 


q is the velocity at any point of a stream line, 7 is the radius of curvature of 
the stream line and dz is an element of the principal normal drawn towards 
the centre of curvature. 


Hence shew that, when a river passes round a bend, the velocity is greatest 
on the inner side of the bend and that the surface slopes up from the inner to 
the outer side. (Coll. Exam. 1911.) 


36. -An infinite mass of liquid is moving irrotationally and steadily under 
the influence of a source of strength » and an equal sink at a distance 2a from 
it. Prove that the kinetic energy of the liquid which passes in unit time across 
the plane which bisects at right angles the line joining the source and sink is 
8 mpp3/a4, p being the density of the liquid. i(Col]l. Exam. 1896.) 


Beaks 5 
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37. Draw the stream lines ~=0, y= and some of the intermediate 
stream lines for the motion given by the equation 
z=w+e”. (Trinity Coll. 1895.) 


38. Trace the stream lines along which y=0 and ¢ diminishes from + 
to —o in the two cases 


(1) e+iy=2(p+ip)?, 


(2) wtiy=(otip—1F + +ip+yh, 
and indicate roughly the form of the stream lines for which w has a positive 


value. (Univ. of London, 1909.) 


CHAPTER IV 
GENERAL THEORY OF IRROTATIONAL MOTION 


64. In this chapter we shall examine in general terms the 
nature of irrotational motion and the circumstances under which 
it is produced. In the first place let us analyse the most general 
type of displacement of an element of fluid. 


Let u, v, w be the components of velocity of the particle at the 
point P whose coordinates are «, y, z. Then the relative velocities 
of the particle at P’ whose coordinates are «+x, y+y, 2+z at 
the instant considered will be 


Ou oan ee ou, 
= ay dz 


ou ov ov 
x+ By b Rates Ae ere Ore (1), 


0z 


ae ow woe cee 
7 ay ¥ 0zZ 


ox 
neglecting squares and products of x, y, z. 
If we put 


RO pene 3 ee 
Oe cee OYs oe OF 


Ow . ov vil ou ow 
t= ae +m) 973 (3; + a) 
ow ov ou ow _l/ov ow 
f= 5 lee op Be. ler - a)? $= 5 es a) 
the last equations may be written 
u=ax+hy + 9Z+ Zz aH 


v =hx+ by + fat fx — EE wee (ay 
ee i eee 
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Thus the relative motion in the most general case consists of 

two parts: a motion in the direction of the normal to the surface 
ax? + by? + cz? + 2fyz + 2qzx + 2hxy = const. ...... (4), 
and a rotation of which the component angular velocities are 
£, n, ¢. The former motion is called a pure strain*, it is such that 
lines drawn parallel to any one of three mutually perpendicular 
directions (the axes of the quadric (4)) undergo elongation at a 
uniform rate. Thus if the equation of the quadric referred to its 
principal axes be 
ax? +b'y?+cz? = const., 

the velocities due to the pure strain, parallel to the axes, are 

u=ax, v=dy, w=cz, 
so that a’, b’, c’ are the time-rates of elongation of lines parallel to 
the axes of a’, y’, 2’. If there is no change of volume, as in the 
case of a liquid, it is clear that a’, b’, c’ cannot be independent; in 
fact we have 

a’ +b'+c=at+bt+e 
a 
Oz 

Hence the most general displacement of a fluid element 
consists of a pure strain compounded with a rotation; and this 
analysis of the motion is unique, for if we were to compound 
together a pure strain and a rotation both arbitrarily assumed and 
endeavour to adapt them so as to result in a given displacement 
of a fluid element, the equations to determine the axes of the 
strain-quadric and the components of spin would be exactly those 
we have used above. 

In accordance with Art. 32, & 7, § are the components of spin, 
and if they are all zero the motion is irrotational, and in this case 
the relative displacement of a fluid element consists of a pure 
strain only. 


65. Flow and Circulation. If A, P be any two points in a 
fluid the value of the integral 


P 
if (udax + vdy + wdz), 


Meee dz 
or Uu mie SEY = ) ds 
| y ( ds ds? ae).°@ 
* For a fuller discussion of this subject see Kelvin and Tait, Natural Philosophy, 
Arts. 155—185, or Love, Mathematical Theory of Elasticity, Chap. 1. 
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taken along any path from A to P is called the flow along that 
path from A to P, 


When a velocity potential exists, the flow from A to P is 
equal to | 
P 
[an Baye) 
=o4—$p. 

The flow round a closed curve is called the circulation round 
the curve. If a single-valued velocity potential exists the circula- 
tion_round_ any closed curve is clearly..zero;.and we shall see 
presently that if the velocity potential is many-valued there are 
closed curves for which the circulation is zero, though it is not 
zero for all such paths, 


66. Stokes’s Theorem. 


We shall now shew that the circulation round any closed curve 
drawn in a fluid is equal to twice the surface integral of the 
normal component of spin taken over any surface having the 
curve for boundary, provided the surface lies wholly in the fluid: 
Le. we shall prove that 


[ude +vdy + wade = 2 [[(ce + mn + nf) d8, 


where J, m,n are direction cosines of the normal to the element dS 
of the surface and the other symbols 
have the usual meanings; and 
throughout this theorem _sense_of 


circulation on the surface is to be 
associated with the positive direction 
of the normal to the surface by Way 


the right-handed or the left-handed 

screw convention according as the 

axes of coordinates are right-handed Fig. 14. 
or left-handed. 


In the first place we observe that any_surface can be divided 
up into small areas by drawing a net-work of lines across it as 
in the figure; and if we take the sum of the circulations round 
each mesh of the surface, the flow along all lines common to two 
meshes will be taken twice in opposite directions, .so_that_the 
result will be the circulation round the boundary. 
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Now with the notation of Art. 64, let the point (a, y, z) be 
a point P within a mesh and let (2+x, y+yY, 2+2) and 
(©+x+dx,...... ) be points P’, P” on its boundary. The circu- 
lation round the mesh is then 


{\(w+u) dx +(v +v) dy + (w +w) dz}, 
and substituting from (3), Art. 64, this becomes 
M(u+ax+hy +9z+z—by)dx+...+...5 
or fdluxtovy+uz+t(abheofgh)(% y, 2} 
+ f{E(ydz —zdy) + » (zdx — xdz) + €(xdy —ydx)}. 


The former of these integrals taken round the mesh is clearly 
zero, and in the latter £7, € are constants for the mesh, being 
values at a definite point P, and their coefficients are twice the 
projections on the coordinate planes of the area PP’P”, hence if 
dS denotes the area of the mesh the circulation round it is 


2(lE+ mn+nE) dS. 


By summation we get the circulation round any closed curve 


=2 || (E+mm +nb)d8. 
Hence the theorem follows as stated. 


The proof that we have given above is stated in terms of 
hydrodynamical ideas, but the theorem is one of pure analysis 
and is true for any functions uw, v, w which are continuous and 
differentiable throughout a region including the ranges of in- 
tegration *. 


In the language of vectors the theorem is expressed by saying 
that 2&, 2, 2¢ are components of a vector 2@ which is the ‘curl’ 
of the vector g whose components are u, v, w. Thus 2@ is the 
curl of q, when the surface integral of the normal component of 
2m over any surface is equal to the line integral of the component 
of q round the boundary. And the result may be written 


2 (&, n, €)=curl (u, v, w). 


* This theorem, generally known as Stokes’s Theorem, first appeared in print as 
a question set by Stokes in the Smith’s Prize Examination in 1854, but it occurs 
in a letter from Kelvin to Stokes dated July 2, 1850. See Stokes, Math. and Phys. 
Papers, v. p. 321 footnote. Stokes however appears to have priority in the use of 
the vector which is the subject of the surface integral. 
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67. The foregoing theorem will still be true for” a _ Surface 
which is bounded by more than el : 
one ne closed curve; as for example 
the shaded area in the accom- Cc 
panying figure, provided the 
circulations round the boundary 
curves are taken with proper 
signs. We can see this by re- 
garding the boundary as a con- 
tinuous curve ABCADEFDA 
and observing that the total 
flow along AD and DA is zero. 


68. Irrotational Motion. 


If &, », € are all zero, that is, in the case of irrotational motion, 
the circulation round any closed curve is zero, provided that the 
closed curve can be regarded as the boundary of a surface every 
part of which lies within the fluid. When this is the case the 
curve or circuit is said to be reducible; that is,it can be contracted 
to a point without passing out of the fluid. Jf the circuit be 
erreducible we cannot.conclude that the circulation is zero. Thus 
if the last figure represents fluid filling the space between two 
infinite cylinders, the circuit ABC is irreducible, but it will still 
be true, as in the last article, that the circulations round ABC 
and DEF are together zero if the motion is irrotational,.so that. 
the circulations in—the-same-sense_round..the circuits..4.BC_and 
DFE _ are equal, whence it follows that. the circulation_in_all_ 
circuits going once round the inner cylinder in the same sense is 
constant and the same for all. We shall have more to say on this 
point later under the heading of multiply-connected space. 


69. Constancy of Circulation. 

Let AB be any line of particles in the fluid and moving 
with it. 

Let P, Q be two consecutive points on the line; (a, y, 2), 
(a+8e, y+éy, z+ 8z) their coordinates; wu, v, w the velocity 
components at P and u+ du, v + 6v, w+ dw those at Y. Then 
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But eee must be the #-component of the relative velocity of 
the points P, Q; that is Ddx/Dt = du. 
D 1 ep 
= —--~) da#4--udu; 
Hence Di (udx) = ( ae ae 


and similar equations in 2, w. 


If the external forces have a single-valued potential 2 we get 
by addition 


5 (ude + vdy + wee) = —80 -P + 495 


where q?=w+v? + w’. 


And by integration along the line from A to B 


D ee aeae 
mal, (ude + vdy + wde)| = E DQ | aslo 


This gives the rate of change of flow along any line moving 
with the fluid. 


If there be any integrable functional relation between the 
pressure and density and we make the line a closed circuit the 
right-hand side of the last equation vanishes. Whence it follows 
that the circulation in any closed path moving with the fluid is 
constant for all time. This is true whether the motion be 
rotational or irrotational, the only assumptions being that the 
external forces are conservative and that there is a relation 
between the pressure and the density. 


The foregoing proof is due to Kelvin*. 


70. From the theorem of the last article it is easy to deduce 
the theorem of the Permanence of Irrotational Motion proved 
in Art. 31. For at any instant at which the motion of a fluid is 
urotational the circulation in all reducible circuits in the fluid 
vanishes, but the circulation in any such circuit is constant for all 


time and therefore remains zero. Hence, at any subsequent time, 
by Art. 66, 


| (E+mn+nt) dS = 0, 


* <On Vortex Motion,’ Trans. Roy. Soc. Edin. xxv. 1869; also Math. and Phys. 
Papers, iv. p. 49. 
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when the integration may be taken over any surface lying wholly 
in the fluid, and this requires that 


f= a, = 


at every point in the fluid, so that the motion is always irrotational. 


71. Classification of regions of space. A region in which 
every closed curve can be contracted to a point without passing 
out of the region is called a simply-connected regron. Otherwise 


Fig. 18. Fig. 19. 


the space is multiply-connected. In any multiply-connected space 
it is possible to draw at least one section of the region, or insert 
one barrier, having a closed curve for boundary, without breaking 
up the space into disconnected regions. A region of space for 
which one such barrier can be drawn is said to be doubly- 
connected. Ifn—1 such barriers can be drawn, that is, if z such 
barriers must be drawn in order to break up the region into 
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disconnected parts, the region is n-ply connected or of con- 
nectivity n. 

A region bounded by a single surface such as a sphere or 
ellipsoid or the space between two closed surfaces one within the 
other such as concentric spheres is singly-connected, for every 
closed curve within it is reducible and no barrier can be drawn 
across it without dividing it into two disconnected regions as is 
seen in fig. 16. But the space inside an anchor ring is doubly- 
connected, for one barrier can be drawn without dividing the space 
into disconnected regions (fig. 17). 


Fig. 18 represents an anchor ring and another tubular region 
communicating with it, forming a triply-connected region; and in 
like manner fig. 19 shews a quadruply-connected region. It will 
be seen that in each of figs. 17—19 the maximum number of 
barriers have been inserted without dividing the region into 
disconnected parts. 


In the same way the space outside the regions shewn in 
figs. 17, 18, 19 are respectively doubly-, triply- and quadruply- 
connected, thus for the space outside the anchor ring a barrier 
might be drawn filling the opening of the ring, for such a barrier 
would be bounded by a closed curve and would not divide the 


external space into disconnected portions; and similarly for the 
other figures. 


When in a multiply-connected region all barriers have been 
inserted that can be inserted without dividing the region into 
disconnected parts, if these barriers are regarded as temporary 
boundaries the region will have been reduced to a simply-con- 
nected one. This will be obvious from a study of the figures. 


72. Circuits in a given region may be called reconcilable or 
erreconcilable, according as they can or cannot be deformed so as 
to coincide with one another without going out of the region. In 
simply-connected space all circuits are reconcilable and reducible. 


We can shew that in n-ply connected space n — 1 independent 
irreconcilable and irreducible circuits can be drawn. For in a 
doubly-connected space such as an anchor ring (fig. 17) one such 
circuit can be drawn and it cuts the one barrier. And it is clear 
from figs. 18, 19 that for every region added to a multiply- 
connected space, which adds unity to the degree of connectivity 
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and therefore increases the number of possible barriers by unity, 
one new circuit can be drawn passing through the new barrier 
and not reconcilable with any existing circuit. Thus in fig. 18, 
which represents a triply-connected region, two such circuits can 
be drawn, and so on for any degree of connectivity. 


73. Cyclic Constants. ‘The circulation in a circuit which 
crosses only one barrier in a multiply-connected region and crosses 
that barrier once only is constant. For in fig. 20, which represents 
part of a multiply-connected region, X Y being the barrier, the cir- 
cuit ABECDFA is a reducible one 
and the circulation in it is there- 
fore zero, and as the flow along AB 
and that along CD are ultimately 
equal and opposite when A coin- 
cides with D and B with OC, 
therefore the circulations in closed 
circuits BECB, DFAD are equal 
and opposite; or the circulations 
in any two such circuits taken in 
the same sense are equal to a 
constant «, and if the circuit 
crosses the barrier p times in the 
same sense the circulation will be 
pe. «1s called the cyclic constant of the circuit. 


In the same way if 1, Kk, ...4n_, be the cyclic constants of 
the n — 1 irreducible circuits of an n-ply connected space, the cir- 
culation in any compound circuit will be p,«, + pot, +... + Pr—akn—=3 
where p, denotes the excess of the number of crossings of the rth 
barrier in the positive sense over the number of crossings in the 
negative sense. Motion in which the circulation in every circuit 
does not vanish is called cyclic motion. 


74. Nature of the Problems to be discussed. The types of 
irrotational fluid motion that we shall be concerned with chiefly, in 
what follows, may be classified thus: 


(i) A finite mass of liquid is enclosed within a given boundary 
and possibly limited internally by other boundaries, Liquid motion 
is set up by giving a definite motion to one or more of the 
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boundaries, or by applying given impulses to one or more of the 
boundaries. 


(ii) An infinite mass of liquid is limited internally by the 
surfaces of one or more bodies, and either 


(a) the liquid is at rest at infinity and the bodies are in 
motion; or 


(8) the liquid has a uniform constant velocity at infinity, 
and the bodies are at rest or in motion. 


We propose to prove the determinateness of these problems; 
Le. that a definite liquid motion will result from definite motions 
of the boundaries, or from the application of definite impulses to 
the boundaries. 


As we have seen already, irrotational motion implies the exist- 
ence of a velocity potential ¢ which satisfies Laplace’s equation 
rp edb & 
d i g 


oa t aye t Be2 


=0, or V’*>=0; 


and the solution of any problem in irrotational motion depends on 
finding a solution of the equation V2 = 0 that will give the correct 
values to the normal velocity 0¢/0n, or to @ which may be taken 
as a measure of the impulse, over the boundaries. In this respect 
the problem is akin to the general problem of electrostatics. 


We do not propose to prove the existence of a potential 
function that will satisfy given boundary conditions, but we shall 
prove that if the problem has a solution it is a definite one ; so 
that, in any particular case in which we have found a solution 
that fits the circumstances of the case, we shall know that since 
only one solution is possible our solution is the right one, 


We shall begin by proving a theorem of Green’s which is of 
fundamental importance in physical investigations. 


75. Green’s Theorem*. Let ¢, ’ be two functions of L,Y, Z 
which with their first and second derivatives are finite and single- 
valued throughout the region considered ; and let S denote a closed 
surface bounding any singly-connected region .of space and dn an 


* G. Green, Essay on Electricity and Magnetism, 1828; or Mathematical Papers 
(ed. Ferrers), p. 23. 
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element of the normal at a point on this boundary drawn into the 
region considered, then 


Op Of’ ee Od 0p O' 
[HK (Fs On + By oy Sige +) peu ye 


= pfas-[forvanie 
--||¢ oe dS — [| [6 V°pdedyde eee (1); 


where the surface integrals are taken over the closed surface S and 
the volume integrals throughout the space enclosed. 


g 
Fig. 21. 


To prove this, integrate [ [ [ oe oe dady dz by parts, integrating 


along a prism of section dydz which intersects the surface in 
elements dS,, dS, where the inward-drawn normals have «#-direction 
cosines 1,, J,. 


The result is 


[Ilo eee [lo Gi asaves 


wuere E <| nee te Led S,— $y © 1.a8, 


=— ee Tals 


where in this expression dS is men to include the two elements of 
area at the end of the prism. 


78 GREEN'S THEOREM [CHAP. IV 


Hence 
e Od og’ =-{| Op a fod ad’ 
[| [22 & dvdyde =— || ore as [[]o5& dedyde, 
and by similar treatment of the remaining terms of the first ex- 
pression in (1), and remembering that 


op’ 0g’ od’ _ ag’ 
one ay 7” dz On’ 


we prove the first expression equal to the second ; and by inter- 
changing ¢ and ¢’ it becomes equal to the third. 


76. The statement of the theorem needs modification if the 
given region includes discontinuities in the values of ¢, ¢’ or their 
first derivatives. But the theorem is still true if we surround the 
point or surface of discontinuity by a closed surface and exclude 
the enclosed space from the region of integration, provided that the 
remaining space is singly-connected and we include in the surface 
integrals integration over the extra surface or surfaces that we have 


introduced. 


77. Deductions from Green’s Theorem. 

We shall now make some deductions from Green’s Theorem, 
but we remark at the outset that many of these are capable of very 
simple independent proof. 

(a) Put ¢’=constant. Then 


[FP as=|||veparayae; 


and if ¢ satisfies Laplace’s equation, we also have 


[[Pas=o. 


If @ denote a velocity potential this result means that the total 
flow of liquid into any closed region at any instant is zero. 


(1) If ¢, ¢’ are both velocity potentials, 
og’ fae 
[ls on as=|{¢ = aS: 
a reciprocal theorem which has a physical meaning if we bear in 
mind that, if p denotes density, pd, pd’ denote impulsive pressures 
that would produce the motions instantaneously and 0/dn, a’/an 


are the velocities of the boundaries at which these pressures may 
be supposed to be applied. 
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(ii) Put ¢’=¢. Then, if ¢ is a velocity potential, 


Wee +(e) + + (SY | dedyde =—[[ 6? ds. 


Hence if q be the velocity and p the density of the liquid, we 
have for the kinetic energy of the liquid within 8 


Since p¢ is the impulsive pressure that would set up the motion 
instantaneously from rest, and — d@/dn is the inward normal velocity 
at the surface, therefore the last result is an example of the 
theorem that the kinetic energy set up by impulses, in a system 
starting from rest, is the sum of the products of each impulse and 
half the velocity of its point of application. The result also shews 
that the kinetic energy of a given mass of liquid moving irrota- 
tionally in simply-connected space depends only on the motion of 
its boundaries. 


78. For the present we shall consider that ¢ is the velocity 
potential of a liquid in singly-connected space. From (iii) of the 
last article we see that, if the boundaries are at rest or if 6=0 
over the boundary, we must have 


|[[eaeayae = 0, 


so that g=0 at every point. Hence irrotational motion is impossible 
in a closed singly-connected region with fixed boundaries. Also if 
a closed vessel full of liquid which moves irrotationally is suddenly 
brought to rest the liquid is also brought to rest. 


79. There cannot be two different forms of irrotational motion 
for a given confined mass of liquid whose boundaries have prescribed 
velocities or are subject to given impulses. For if two such motions 
are possible let ¢,, ¢, denote their velocity potentials, then at all 
points of the boundaries either 0¢,/dn = 0¢,/dn, or else fd; = f.. But 
$: — ¢ will also satisfy Laplace’s equation and represent an irrota- 
tional motion in which either the boundary velocity 0 (¢, — .)/on 
is zero or $, — ¢, is zero over the boundary. Hence in this case, by 
the last article, the liquid is at rest, or ¢,—¢, 18 constant every- 
where. Therefore the two motions are the same. 
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80. Mean Potential over Spherical Surface. 

If a region lying wholly in the liquid be bounded by a spherical 
surface the mean value of the velocity potential over the surface is 
equal to its value at the centre of the sphere. 


For if ¢, denote the mean value of ¢ over a sphere of radius 7, 


$= ha[[oes~z. [ae 


where dw is the solid angle which the element dS subtends at the 
centre of the sphere. 


Therefore . hie aallS dS; 
or =;-| 


and the last integral is zero E Art. i (1), so that , is independent 
of the radius 7; consequently the mean value of ¢ is the same over 
all spheres having the same centre, and by continually diminishing 
the radius we get that this mean value is the same as the value of 
¢ at the centre. This theorem is due to Gauss. 


we have 


81. We shall now extend the last theorem to the case in which 
the region in which the motion takes place is periphractic, that is 
bounded internally by one or more surfaces. 


Suppose that a sphere of radius r in the liquid encloses one or 
more closed surfaces and that the total flow across these surfaces 
into the given region is 47M. There must be accordingly an equal 
flow outwards across the sphere so that 


{zt dS =— 47M, 
or 


| 0d 4or M 
or a da =— 
or ey 


where dw has the same meaning as before. 


This may also be written 


IG M 
ine ||Pdo=-3. 


and by integrating with respect to 7, we get 
Loge M 
in| |$do=7 +6, 
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where C’ is constant with respect to 7, but has yet to be proved 
independent of the position of the sphere. 


Supposing the liquid to extend to infinity and to be at rest 
there, let the sphere be displaced a small distance 8x in any 
direction without altering its radius, then the consequent change 


In ¢; is 
Cpr I Ce Le: 

Hence 0C/dx is equal to the mean value of 0¢/dx taken over 
the sphere. But 0/0x vanishes at infinity and so does its mean 
value over an infinite sphere; therefore dC/dx is zero when the 
sphere has a very large radius. But C is the same for all spheres 
having the same centre, therefore C is not altered by displacing 
the sphere, and the result (1) is true for all spheres provided they 
lie within the liquid and enclose the same internal boundaries*. 


82. From the last two articles it follows that the velocity 
potential ¢ cannot have a maximum value at a point within the 
liquid, for if there were such a point and a sphere be described 
with this point as centre the mean velocity potential over this 
sphere would be less than at its centre. Similarly there cannot 
be a point at which ¢.has a minimum value. 


By the same argument the velocity cannot have a maximum 
value within the liquid. For we may take the axis of « in the 
direction of the resultant velocity so that it is represented by 
dd/dz. Since 0¢/d” satisfies Laplace’s equation the foregoing 
theorems will also be true when we write 06/0” for ¢, hence the 
velocity cannot be a maximum or minimum within the hquid. It 
may however have a minimum numerical value, for as we shall see 
later the value may be zero at some point or points of the fluid. 


83. Liquid extending to Infinity. 


When the liquid extends to infinity the arguments of Arts. 
78, 79 cannot be applied directly without examining the value of 


i | oo as over an infinite boundary surface; for, though the 


velocity may vanish at infinity, it does not necessarily follow that 
this integral vanishes when taken over an infinite area. 


* Kirchhoff, Mechanik, p. 191. 


82 INFINITE MASS OF LIQUID [ CHAP. IV 


As a first step in this discussion we shall make a further 
deduction from Green’s Theorem. 


If ¢, ¢’ both satisfy Laplace’s equation, within a region bounded 
by a surface S, we have 


[let  as= [oe OS Ae ees (1). 


Let P be any point within the region, and put ¢’=1/r, where 
r is the distance from P. Since ¢’ becomes infinite at P we must 
exclude P from the region to which the theorem (1) is applied by 
surrounding it by a surface, say a sphere of small radius e and 
surface &. This surface must be added to the range of integration, 
and we get 


1 
|fozz ass [[ 6(—2)az— [[2%ass [/ 2 as 


Since d= dw, where dw is the solid angle subtended at P by 
d=, therefore the second integral tends to —47@p as e tends to 
zero, where dp denotes the value of ¢ at P. For the same reason 
the fourth integral tends to zero with e. Hence we have 
gl! 
ite 1 /plop, 
br= 4, [|b ads - e I; BE dS oocssese (2). 

Now consider an infinite mass of liquid bounded internally by 
certain finite surfaces S and let us apply the last result, taking 
for external boundary a sphere = of large radius R with its 
centre at P. We have for any point P in the liquid 


GPs Ar. es s—— ries 
“b[lea cas itt 
at 
an} oe 8— a [fron 8+ gape || 088 gop [|G ee 


Assuming that the total flow of liquid across the internal boundaries 
is zero and that the velocity vanishes at infinity, by Art. 81 the 
third integral is a definite constant C. And the total flow across 


83, 84] INFINITE MASS OF LIQUID 83 


the sphere = is also zero, so that the fourth integral is zero. 
Therefore 


op=C+5- Nips {a3 as ee (3). 


Now let P move to an infinite distance from the inner boundaries 
S, the integrands then tend to zero and the range of integration 
is finite, so that the integrals vanish and we see that the velocity 
potential ¢ tends to a definite constant limit at infinity, when the 
velocity vanishes at infinity *. 


Now apply Art. 77 (aii) to the space between the inner 
boundaries S and a sphere > of large radius R and we get 


[|] eacayde=— |[ pF as—|[g Pas. 


Also because of the constancy of the whole mass of liquid 


[[Sas+ [[eas=o; 


and on the sphere & as its radius increases ¢ tends to a constant 
limit C, therefore 


ll q°dady dz = - |/@- ON ds, 


where the surface integral extends to the inner boundaries only. 


Hence if the inner boundaries are at rest, or if ¢ — C=0 over 
the boundaries, we get 


Iif qdxdy dz =0, 


so that g=0 everywhere. That is, irrotational motion is impossible 
in a liquid at rest at infinity unless its inner boundaries are in 
motion. 


84. Further, if the value of 0¢/0n, or of ¢, is prescribed over 
the inner boundaries there is only one motion possible. For if 
two different motions of the liquid were possible having equal 
values of 0¢/dn or of ¢ at each point of the boundaries, let ¢,, ¢. 


* It cannot be assumed that ¢ must be constant at infinity if its space-derivatives 
all vanish there. For example, if ¢=logr then d¢/ér=1/r and vanishes as r> o, 
but ¢ becomes infinite, 


6—2 
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denote their velocity potentials; then ¢, — $2 satisfies V2b =0, and 
is also the velocity potential of a motion giving zero velocity or 
making ¢—( zero over the boundaries. Hence as in the last 
article the velocity in this case is zero everywhere, that is the two 
motions are the same. 


85. Referring to Art. 74 we have now only to consider the 
case in which the liquid has uniform constant velocity at infinity ; 
and the determinateness of the problem in this case follows from 
the consideration that the problem of the relative motion is not 
affected by imposing on the whole mass of liquid and its boundaries 
a velocity equal and opposite to the velocity at infinity. The 
liquid is then at rest at infinity and it follows from the last article 
that if the velocities of the boundaries are prescribed or if given 
impulses are applied to them there is only one possible motion of 
the liquid. 


86. Minimum Kinetic Energy. 


If a mass of liquid be set in motion by giving prescribed 
velocities to its boundaries, the Kinetic Energy in the actual 
motion is less than that in any other motion consistent with the 
same motion of the boundaries. 


Let 7’ be the kinetic energy of the motion of which ¢ is the 
velocity potential, and 7, the kinetic energy of any other possible 
state of motion in which the velocity components at (z, y, 2) are 
th, %, W,. These components must satisfy the equation of con- 
tinuity 

Ou, Ov, dw, 
Ox oy SF ay SS cece decsvececeveeesanccs (1), 


and give the same normal boundary velocity as in the other motion, 
which condition is expressed by a relation 


lu + mv, + nw, =lu+ mvt nw o.eeeceeees Re 
Now 


Wee hae do] | { (ut + vo? + w,*) dedydz — of [foes vw + w*) dadydz 


=tp [[ | fae — w+ ve tbiet(—upt...+...} dadydz. 
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But, by an integration similar to that used in the proof of Green’s 
Theorem, 


ill {w(t —u) + (%—v) +w(w,—w)} dadydz 


Sail cok e +b dedyds 


=) $ {0 (uy —u) + m(y,—v) +-n(w, —w)} dS 


+{[[¢ ae +5 (0 — +2 (w, -w)} dadydz 
= 0, from (1) and (2). 
Hence 
Teh so | If {(u, —u) + (1, — 0) + (w, — wy} dady de 
=a positive quantity. 
Hence the theorem follows. This theorem is due to Lord Kelvin*, 


and was subsequently generalized by him so as to apply to all 
dynamical systems started impulsively from rest. 


87. Kinetic Energy of an Infinite Mass of liquid 
moving irrotationally. 


We have, as in Art. 83, 
[[[ eaedya: = = I (b- ie ds, 


where C is a constant and the surface integral extends to the inner 
boundaries of the liquid; and, if the total flow across the inner 


boundaries is zero, 
[3 EP i 0) 


so that the kinetic energy is 
~tp |[osbas. 


88. Irrotational motion in multiply-connected space. 


We have seen in Art. 73 that the circulation in any circuit 
in an (n + 1)ply-connected region is of the form 
Pils + Paka + ee HF Dnkin crrercrceserescereens (1), 


* Camb. and Dub. Math. Journal, 1849, p. 92, or Math. and Phys. Papers, t. p. 107. 
+ Kelvin and Tait, Natural Philosophy, § 312. 
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where the «’s are the cyclic constants of the n irreducible circuits, 
and the p’s are integers. 


P 
3 =-| (udat+vdy + WZ) ...ccecscereee (2) 
A 


be the flow along a path from a fixed point A to a variable point 
P, the value of ¢ depends on the particular path; because, if 
ABP and ACP are two paths, the circulation round ABPCA is 
not generally zero. Hence ¢ is indeterminate or many-valued to 
the extent of the addition of an expression of the form (1). 


By displacing P parallel to the axes in turn we obtain from (2) 
u=—db/dx, v=—ddloy, w= —dd/dz; 
and these are single-valued expressions whether ¢ be multiple- 
valued or not. 


89. Kelvin’s Modification of Green’s Theorem. 


In our proof of Green’s Theorem in Art. 75 we assumed that 
$, ¢ were single-valued functions in the region considered, but if 
either be a many-valued or cyclic function the formula needs 
modification. Thus, if we suppose ¢ to be cyclic, the second ex- 
pression in (1) Art. 75 must be corrected so as to take account of 
the indeterminateness of ¢. We can do this by supposing all the 
barriers that are necessary to reduce the region under consideration 
to a singly-connected space to be inserted: then we may regard @ 
as single-valued throughout this region and the correction to be 
made consists therefore in including in the range of the surface 
integral both sides of each of the barriers. 


If do, be an element of area of one of the barriers and x, the 


c , 
corresponding cyclic constant, we have to take | / nee . over 


on 


both sides of the barrier. The values of Ae being taken in 
n 


_ opposite directions on opposite sides of the barrier, are equal in 
magnitude but opposite in sign at corresponding points; while the 
value of ¢ on the positive side of the barrier exceeds the value 
on the negative side by the cyclic constant «,, so that ae contri- 


bution of this barrier to the surface integral is « | ie 


once over the barrier. 


on 
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Hence the theorem becomes 


Ohad" , O86" , Ab A$" | 
ee Ou oe oy a 0z A) dedy dz 


--|[oEas— 3 «, [fe — ||[e9:¢'dedy de abs 


No extra terms arise because of the indeterminateness of ¢ in the 
last integral, if we suppose that V%d’=0, for the indeterminate 
part of ¢ is a constant. 


It is clear that the coefficient of each « is the total flow in the 
positive direction across each barrier due to a velocity potential ¢’. 


If we assume ¢' to be cyclic with cyclic constants x’, x’, etc., we 


- get another relation similar to (1) in which $, ¢’ are interchanged 
and «, is written for x,. 


90. Kinetic Energy of Cyclic Irrotational Motion. 


If we put ¢’= ¢ in the last article, and take ¢ to be a velocity 
potential, we get for the kinetic energy of the motion 


ro self) + CY + Cee 


to ff 2 as— tp 2 e:{f%an Hiab s tors: (1). 


This assumes, of course, that the barriers do not obstruct the 
motion of the liquid, but move along with it. 


If the liquid extend to infinity as in Art. 87, we must replace 
the first term on the right by 


- [[@-o3 TS cae (2), 


where C is a constant and the aes extends to the internal 
boundaries of the liquid, the C term being omitted if the total 
flow across these inner boundaries is zero. 


91. Determinateness of irrotational motion in multiply- 
connected space. If the cyclic constants «, K, ... Kn are given 
and the boundary velocities, we can shew that the motion is deter- 
minate. For supposing the space to be rendered simply-connected 
by the introduction of suitable barriers, let there be two possible 
motions represented by velocity potentials ¢, ¢’ which both have 
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the same cyclic constants. Then ¢— ¢' will be a velocity potential 
having no cyclic constants, i.e. the velocity potential of an acyclic 
motion, in which, in addition, the velocity is zero at all boundaries. 
Hence by Arts. 79 and 84 the two motions are identical. 


92. Exampix. Let us take, as an example, two-dimensional irrotational 
motion in the space between two coaxial circular cylinders ; and suppose that 
the velocity at distance r from the axis is c*/r at right angles to the radius 
vector. 


We have seen in Art. 19 that the velocity potential is given by 
= 14 
p= tan = 


This is a many-valued function, the region being doubly-connected, and the 
cyclic constant is k= —2mc’, so that the circulation in any closed path is 7x 
or —2mnc*, where » is the number of times the path embraces the inner 
cylinder. 


To find the Kinetic Energy of the liquid contained between unit lengths 
of the cylinders we may proceed directly taking 


T=%p[ — 2ardr= pct log b/a, 


where a and ¢ are the radii of the inner and outer cylinders; or we may shew 
that we get the same result from the expression (1) of Art. 90. The first 
integral in that expression is zero because dd@/dn vanishes over the fixed 
boundaries. 
: op : 

For the second integral, —« an do, we may take as barrier a plane 
through the axis of the cylinder; d¢/dn, the velocity perpendicular to the 
barrier, is then the whole velocity c?/r, and the integral becomes 


b 2 
-—« | —dr=-—xc? log b/a, 
aT 


so that the energy, being $p times this integral, = mpc log b/a. 


93. Motion regarded as due to sources and doublets. 


Referring to the theorem represented by equation (2) of 
Art. 83, viz. 


51 
ae Ne as -a-(|-3 oe 


it follows from Arts. 45, 46 that the velocity potential at P is the 
same as if the motion in the region bounded by the surface S were 
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due to a distribution over S of simple sources with a density 
_ 1% 

4a On 
with axes pointing inwards along the normals to the surface of 
density $/47 per unit area. 


per unit area, together with a distribution of doublets 


Now let a closed surface S be drawn in a liquid and let ¢, ¢’ 
denote the velocity potentials of possible motions inside and outside 
S respectively, with the condition that ¢’ vanishes at infinity. If 
P is any point inside S, we have 


1 
eile oes (eas 


Also since P is not within the region of velocity potential $’ 


ai 
1 r 1 plod’ 
0 =— ( poe RS es 
reali oy 8 ieilear SS 
where On, dn’ are drawn inwards and outwards from the surface S, 


so that 0/én =—d/dn’. Then by addition 
5 iL 


ee || @- See ~ as [f- (3 2 + ob as =s(2): 


If we take ¢’ = ¢ at the surface S, we have 


eye b , Og’ 9) - 
ie i-l|F (52 + 5&) as eee (2); 
and, if we take 2? =F we get 
aa. 
bp=] [[@-s) sas eit ome (3) 


Equation (2) shews that when the velocity potential is con- 
tinuous but the normal flow across S is discontinuous, the motion 
inside S might be produced ie a distribution over the surface of 


simple sources of density — ie ~(# nee 


a ae ) per unit area. 


Equation (3) shews that when the normal velocity across the 
surface is continuous, but the velocity potential discontinuous, the 
motion inside S might be produced by a distribution over the 
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surface of doublets with axes along the normals inwards of density 
(—¢’)/4ar per unit area. Such a distribution might be called a 
double sheet. 


MISCELLANEOUS EXAMPLES. 


1. Explain the meaning of the term rotational as applied to fluid motion : 
and determine the character of the circulatory motion of fluid, round a straight 
axis, which is not rotational. 


Shew that, in such a case, minute bubbles of air in the circulating fluid will 
be sucked in towards the axis. (St John’s Coll. 1896.) 


2. When a body immersed in a fluid executes periodic vibrations it appears 
to exert an attraction on other bodies at rest in the fluid. Give a general 
explanation of this phenomenon. (Coll. Exam. 1903.) 


3. Prove that if the velocity potential at any instant be Axyz, the velocity 
at any point 7+é, y+n, z+¢ relative to the fluid at the point (2, y, z), where 
€,n, € are small, is normal to the quadric «nf +y¢(é+z2éy =constant, with centre 
at (25 Y, 2). (Trinity Coll. 1897.) 

4. Prove that if 


»a ey Ov =) Re Cu =) 
Ot Ox Oy Oz 0x 
and p, v are two similar expressions, then \dv+pdy+vdz is a perfect differ- 
ential, if the forces are conservative and the density is constant. 
(Coll. Exam. 1902.) 


5. Shew that, if a heterogeneous incompressible liquid moves irrotationally 
under the action of conservative forces, the surfaces of equal pressure and equal 
density coincide; and that a homogeneous liquid cannot move irrotationally 
under the action of non-conservative forces. - (Coll. Exam. 1901.) 


6. Shew that the theorem, that under certain conditions, the motion of a 
frictionless fluid, if once irrotational, will always be so, is true also when each 
particle is acted on by a frictional resistance varying as its velocity. 


(Coll. Exam. 1895.) 


7. If p denote the pressure, V the potential of the external forces and g 
the velocity of a homogeneous liquid moving irrotationally, shew that Vg? is 
positive; and V2 is negative provided that V2V=0. Hence prove that the 
velocity cannot have a maximum value and the pressure cannot have a 
minimum value at a point in the interior of the liquid. (Coll. Exam. 1900.) 


8. Shew that in the motion of a fluid in two dimensions if the coordinates 


(«, y) of an element at any time be expressed in terms of the initial coordinates 
(a, b) and the time, the motion is irrotational if 


Bh a) eg, 
eh Tae (Coll. Exam. 1908.) 
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9. Prove that, if 
p= —4 (ax*+ by? +e), Vas (lx? +my?+nz2), 
where a, b, ¢, 1, m, nm are functions of the time and a+b+c=0, irrotational 
motion is possible with a free surface of equi-pressure if 


(L+ar+a) e524, (m4b24b) er foat (n+ 2+ é) e? Jodt 
are constants. (Coll. Exam. 1903.) 
10. Shew that if the velocity potential of an irrotational fluid motion is 
equal to 
A (a? 4y24+22) ~% ztan71 Z ; 
the lines of flow lie on the series of surfaces 
P+yrt hand (a2 +42)3. (Coll, Exam. 1899.) 


11. A thin stratum of incompressible fluid is contained between two 
concentric spheres; shew that the velocity at any point is equivalent to the 


components 
1 Op oO, 


sin 6 dw’ 06 


along the meridian and parallel respectively. Also if the fluid be homogeneous 
and the motion irrotational, prove that 


en TEC 1 0p doy 
06 «=6 sind dw’ sin@do 00’ 
and deduce that @+%p=F (e tan $6). (St John’s Coll. 1906.) 


12. In the case of irrotational motion in two dimensions, on the surface of 
a sphere, shew that the velocity potential is of the form 


L+VY -—y 
Ge eee 
7 being the radius of the sphere and 2, y, z the coordinates of a point referred 


to rectangular axes through the centre of the sphere. 
(Coll. Exam. 1893.) 


13. A rigid envelope is filled with homogeneous frictionless liquid: shew 
that it is not possible, by any movements applied to the envelope, to set its 
contents into motion which will persist after the envelope has come to rest. 

(St John’s Coll. 1898.) 


14. A space is bounded by an ideal fixed surface S drawn in a homogeneous 
incompressible fluid satisfying the conditions for the continued existence of a 
velocity potential ¢ under conservative forces. Prove that the rate per unit 
time at which energy flows across S into the space bounded by S is 


=p | ad oh 75 


where p is the density and éz an element of the normal to dS drawn into the 
space considered. (M.T. 1908.) 
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15. Deduce from the principle that the kinetic energy set up is a minimum 
that, if a mass of incompressible liquid be given at rest, completely filling a 
closed vessel of any shape and if any motion of the liquid be produced suddenly 
by giving arbitrarily prescribed normal velocities to all the points of its bounding 
surface subject to the condition of constant volume, the motion produced is 
irrotational, (Kelvin and Tait.) 


16. If q is the resultant velocity at any point of a fluid-;which is moving 
irrotationally in two dimensions, prove that 
2 2 
(2) + (34) =qv’q. (Univ. of London, 1911.) 


17. Shew that the curvature of a stream line in steady motion is 


oa (B+ v), 
g’ ov \p 


where p, p, gare the pressure, density and velocity of the liquid, V the potential 
of the external forces, and dv is an element of the principal normal to the 
stream line, and hence obtain the velocity potential of the two-dimensional 
irrotational motion for which the stream lines are confocal ellipses. 

(Coll. Exam. 1900.) 


18. Ifin an infinite mass of homogeneous fluid in equilibrium under finite 
fluid pressure only, an infinitely long right circular cylindrical column be 
suddenly annihilated, prove that no motion will take place. (M.T. 1875.) 


19. Incompressible fluid of density p is contained between two coaxial 
circular cylinders, of radii a and 6 (a <b), and between two rigid planes per- 
pendicular to the axis at a distance / apart. The cylinders are at rest and the 
fluid is circulating in irrotational motion, its velocity being V at the surface 
of the inner cylinder. Prove that the kinetic energy is rpa?/ V2 log (b/a). 

(Trinity Coll. 1896.) 


20. Liquid of density p is flowing in two dimensions between the oval 
curves 7)72=a", 7)72=b?, where 71, 72 are the distances measured from two 
fixed points: if the motion is irrotational and quantity g per unit time crosses 
any line joining the bounding curves, then the kinetic energy is 

mpq"/log (b/a). (Trinity Coll. 1895.) 

21. Liquid extending to infinity contains a number of solids fixed or moving. 


If } be the velocity potential of that part of the motion of the liquid which is 
due to the solids, shew that @ is acyclic, and that 


6 
taken over a sphere at infinity, is zero. 


Find the general form of the velocity potential op: 


If the liquid contains no vortices, but occupies a multiply-connected region, 
and has a cyclic motion, which is zero at infinity, what is the most general 
form of the velocity potential? 

Shew that in every case the assigned form gives the only possible velocity 
potential. (Dublin Univ. 1907.) 


. CHAPTER V 
SPECIAL PROBLEMS OF IRROTATIONAL MOTION IN 
TWO DIMENSIONS 


94. In Chapter 11 we introduced the stream function W for 
motion in two dimensions and found expressions for it in certain 
cases. We propose now to make use of it for the determination 
of two-dimensional irrotational motion produced by the motion of 
a cylinder in an infinite mass of liquid at rest at infinity. For the 
sake of simplicity we shall suppose the cylinder to be of unit 
length, and the liquid and the cylinder to be confined between two 
smooth parallel planes at right angles to the axis of the cylinder. 


The stream function W must satisfy Laplace’s equation V*y = 0 
at all points of the liquid and must also satisfy the boundary 
conditions as follows: 


(1) At infinity the lquid is at rest so that d:/d«=0 and 
Or /dy = 0. ; 


(2) At any fixed boundary the normal velocity must be zero, 
or the boundary must coincide with a stream line 
vv = const. 


(3) At the boundary of the moving cylinder, the normal com- 
ponent of the velocity of the liquid must be equal to the 
normal component of the velocity of the cylinder. 


We have the following special forms of condition (8). 


If the cylinder has velocity U parallel to the w-axis we get at 
the boundary (fig. 22) 
ucos6+vsin 6= U cos@, 


where @ is the inclination of the normal to the z-axis. This 
is equivalent to 


Oy dy  oyda _ yy ey 
~ dy ds da ds ds’ 


or — dw = Udy. 
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Hence by integration along the boundary 
app = — Uy HA cecrccnceecrec neces eens (i), 


where A is a constant. 


Similarly if the cylinder has velocity V parallel to the y-axis 


And, if the cylinder rotates with 
angular velocity » about a parallel Y 
to its axis through any origin O, we 
have 


ucos6 + usin @ =— wy cos 6 + wx sin 8, 
or 
Ody opde dy dx 2% 
~ dyds dads — oo de Sa des Fig. 22. 
so that, by integration along the boundary 
we Ete (Say FOr a ea ee (iii). 


95. Circular Cylinder. 


The solution of the problem indicated in the last article, viz. to 
determine a two-dimensional irrotational motion satisfying given 
boundary conditions, has been effected in a limited number of 
cases; and the method of solution has frequently been an inverse 
one. That is to say, instead of a direct investigation of a solution 
of V~r=0 that would satisfy given boundary conditions, known 
solutions have been studied to see what kind of boundary con- 
ditions each would satisfy and the problems have not been 
formulated until after their solutions had been obtained. As an 


example let us consider the motion represented by the functional 
relation 


w= Cz-}, 
ode bos 
or b +i =~ (cos —7sin 8). 
ae C sin @ ae : : 
This gives y=— ae and if we take this value for Ww in 


the boundary equation (i) of the last article we have 
_ Csin 0 
T 


=— Ursn@+A. 
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This equation represents a family of curves, and if we put 
A=0 and C= Ua’, the family includes a circle of radius a. 
Hence 


Vor : Ua 
lee pe 0, ater cos @ 


are respectively the stream function and velocity potential due to 
the motion of a circular cylinder of radius a moving with velocity 
U parallel to the #-axis; the origin being always on the axis of the 
cylinder. 


We observe that the velocity potential and stream function are 
the same as for a two-dimensional doublet of strength Ua? on the 
axis of the cylinder in an infinite mass of liquid. 


The case of liquid streaming with general velocity U past 
a fixed 1_ cylinder of radius a may be deduced from the foregoing 
case se by i imposing a velocity — U parallel to the z-axis on both the 
cylinder and the liquid. The cylinder is then reduced to rest and 
we have to add to the velocity potential a term Ux to correspond 
to the additional velocity, that is Ur cos 0; hence a term Ur sin 6 
must be added to w, so that 


p= U (r+ =) cos, y= U (r= =<) sin 6. 


Wf | Hence the equation (r—a?/r) sin @=const. represents the stream 
lines relative to the cylinder, and this is true whether the cylinder 
» be moving or at rest. 


96. Another method of solving problems of the same class is 
to find a velocity potential that will satisfy the given boundary 
conditions ; i.e. to find a ¢@ that will satisfy V*p =0 at every point 
of the liquid, and make the normal velocity —0¢/én assume the 
proper values at the boundaries. 


In this connection it is useful to remember that in polar co- 
ordinates in two dimensions Laplace’s equation takes the form 


ap 10h | Ob _ 
or? ror. 72002’ 


and that it has solutions of the form 


r™ cosnd, r”sinn8, 
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where n is any integer, positive or negative. Hence the sum of 
any number of terms of the form 


A,r” cos n@, Byr” sin nO 
is also a solution. 


Reverting to the problem of liquid streaming past a fixed 
circular cylinder, with the notation of the last article, the uniform 
stream in the negative direction of the z-axis is represented by 


go = Ux = Ur cos 0 


and we have to add a term or terms to represent the disturbance 
due to the cylinder. Since the disturbance vanishes at infinity 
these terms can only involve negative powers of r. 


The boundary condition is of = 0 when r=a; and if we 


assume that 
A 

g = Ur cos G+ ~~ cos @ 
this leads to U = Ajgt=0, ered =07U- 
whence as before galt (r + “) cos 6, 
and the conjugate function 

v= U(r- & sin 6 

= ( a in 6. 

97. Two Coaxial Cylinders. As a further example let us 
consider a problem of initial motion. Let a cylinder of radius a 
be surrounded by a coaxial cylinder of radius b, the space between 
the cylinders being filled with liquid. Suppose the cylinders to 


be moved suddenly parallel to themselves in directions at right 
angles with velocities U, V respectively. 


The boundary conditions for the velocity potential ¢ are: 
(i) when r=a, ae =— Ucos8@, 
or 
(i) when r=8, en V sin @. 
or 
To satisfy these assume that 


b= (drt =) cos e+ (Gr +2) sing; 
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then — Ucos@=(4 ~~) cos 0+ (0-2) sind, 
B | 
and —Vsiné= (4 = 5) cos 6 + (c-%) sin 0, 
for all values of @. Hence 
eee ene 0) 
a a 
B D 
A-==0, 0-G=-V; 


from which we get 
207 6. 2 2 
er 2 AG + =) cos 0 aye ae (r + “) sin 0, 
> ar — Y he 


and the ee function 
~" fas ENS BV a 
Beep 5) BPs tml 5) eo 


It must ral remembered however that these equations only 
represent the motion at the instant when the cylinders are 
coaxial. 


98. Equations of motion of a circular cylinder. 


Reverting to the case of Art. 95—a cylinder moving in a 
liquid at rest at infinity—we have to calculate the forces acting 
on the cylinder owing to the presence of the liquid. If the 
extraneous forces have a potential © and act on the cylinder and 
liquid alike their resultant effect is, from Hydrostatical considera- 
tions, a force equal to the difference between the forces exerted on 
the cylinder and the liquid displaced, ie. if o, p are the densities 
of the cylinder and liquid the resultant extraneous force is 
(o—p)/o times what it would be if the liquid were not present. 
Omitting the extraneous forces, the pressure is to be found from 
the equation 


2 
Beye jy een a (1). 


2 
Now in the expression ¢ = = cos 9, the origin is moving with 
velocity U, whereas 0p/0t in (1) is the rate of increase of ¢ at 
a fixed | point. of space, If the space coordinates were referred to a 
fixed origin, dg/ot would be a partial differential coefficient, but 
when the origin moves fixity in space does not correspond to 


R. H. 7 
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constancy of coordinates, and_therefore-d¢/dt is obtained by a 
differentiation in which r_and_@ change as well ast. Hence 


a ry Woes dé 
pie Pema Cee 
where in consequence of the motion 
of the origin Pp 
or = U cos 8, and oe cane, r 
Therefore 

dp dUa Ua? ‘ 2 ~ U 

pa deige 0 Fig. 23. 
and Gg = Wat{r. 


The resultant force on the cylinder in the direction of motion 


Qa 
is then — | ap cos 0dé 


/0 
dU 
=— T pu? ar =—M dt Ud bows cedhees de He (2), 


where M’ is the mass of liquid displaced by the cylinder (of unit 
length). 


Hence, if M denote the mass of the cylinder, the equation of 
motion is 


dU a0 
M oan —M sae tac an P (extraneous force if no liquid 


were present), 
dU M o— 


or ar AR a (extraneous force if no liquid 
were present), 
dU o-p 
that is M diene (extraneous force if no liquid were present). 
oO 


Hence the whole effect of the presence of the liquid is to reduce 
the extraneous forces in the ratio o— pia + p. 


Result (2) implies that if the cylinder were to move with 
uniform velocity the resultant pressure set up by the motion or 
the resistance to motion would be zero. This is, of course, con- 
trary to experience, but the discrepancy might be explained by the 
hypothesis of a region of ‘dead water’ moving along behind the 
cylinder, with a surface of discontinuity separating it from the rest 
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of the liquid, while the foregoing analysis assumes continuous 
motion throughout the liquid. This question is treated more fully 
in the next Chapter. See also Art. 133 following. 


99. We may also obtain result (2) of the last article from the 
principle of energy. The kinetic-energy-of-the-liquid_is.given.by 


T =p [| gas 


integrated over the whole xy-plane omitting only the section of 
. Ua? cos 0 


the cylinder. And since ¢ = , therefore q? = U*a‘/r+, and 


Qn 2 
aap | pe Eee ads 
=trpel? = ce 
Hence the presence of the liquid may be considered to increase 


the effective inertia of the sphere by an amount M’. And if X 
denote the force parallel to the axis of a, 


© (ALU? + $M’ U?*) =rate at which work is being done 
= XU; 
so that (M+ Myo = X, 


aU nD 
or M,=4- M ae 


so that the pressure of the liquid, apart from any extraneous force 
acting on it, is equivalent to a foree —M’dU/dt opposing the motion. 


100. Circulation about a moving cylinder*. To com- 
plete the discussion of irrotational motion of a liquid about a 
moving cylinder, we must include the possibility of cyclic motion, 
since the liquid occupies a doubly-connected region. The solution 
is completed by adding to the velocity potential and stream 
functions terms that will correspond to a constant circulation « 
about the cylinder. Such terms are given by 


uK : UK : 
w= 5 logz; or ptm =z (logs + 26), 
; K 
that is ee b= 97 logr. 
* See Lord Rayleigh, ‘On the Irregular Flight of a tennis ball,’ Mess. of Math. 


1877, or Sci. Papers, 1. p. 344. Also Greenhill, Mess. of Math. 1880. 
7—2 
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Hence the complete expressions, for the cylinder ane with 
velocity U, are 


_ Ue 38 KO = UaPsin? Ke 2. 
ie fe ee nm’ 7 r sae Be 

And, if the direction of motion make an angle e with the 
a-axis, we have 


= cos (9-0) - 5, 
so that 
= Ua? cos (8 sO cin a) s 
where 


r=— Ucos(@-e), 
and 6= ™ sin (6 —«). 
For in the figure 


dr =— OO’ cos (0 — ) 
= — Udt cos (@ —«), 


and dé = OPO' = 00’ sin (0—e)/r 
= Udtsin(6- e)/r. 


Therefore, on the cylinder r =a, 
9 
oe Ua cos (@ — €) + U? cos 2 (8 — €) 


+ Va sin (@ —e) é— £7 sin (@—6) 


. 0 Ua? 
Again “ = ae (@—e), 
and 0d Ua . K 


rade INO) a 
therefore, on the cylinder r=a, : 
ys ne Ke 
a7 =4U?+ Sara?’ 
Hence the pressure on the cylinder due to the motion being 
given by 


oe sin (@ —e) + ——— 
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the force opposing the motion is 

[" cos (6 —«)ad0 = rpa’U ; 
and the Hmaisere force tending to increase e¢ is 


¢ Qi 
— | p sin (@—¢)ad@ =xpU — rpa?UE. 
0 


If,as before, M denote the mass of the cylinder and M’ = pa’, 
and there are no extraneous forces, the equations of motion are 
(M+M’)U =0, 
(M+ M’) UVé=kpU. 
Therefore U is constant and é = xp/(M + M’), so that the path 


of the centre of the cylinder is a circle of radius (+ M’) U/xp 
described in the sense of the cyclic motion. 


Now let «, y be the coordinates of the centre of the cylinder, 
and w=%, v=y its component velocities, the forces retarding 
motion are then seen to be pau, mpad due to the kinetic 
reactions of the liquid and xpv, — «pu due to the circulation. 


Hence if o be the density of the cylinder and the extraneous 
forces are of the nature of gravity in the direction of the y-axis, 
the equations of motion are 


TOwUu =— Tpau — KPv 
and Tod) =—7pav + Kpu+m(o—p) ag, 
or u+nv=0, 
and V—nu=g’. 


The solutions of which are 
u=—g'/n—csin (nt +a), 


v=ccos(nt+a), 


ib 
so that = a» — T+ — cos (nt + a), 


Y=Yor “ sin (nt + a), 
which represent a trochoid. 
The transverse force depending on circulation constitutes the 
mathematical explanation of the swerve of a ball in golf, tennis, 


cricket or baseball, the circulation of the air being due through 
friction to the spin of the ball. 
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101. Conjugate Functions. Elliptic Cylinders. 
Suppose that we have a relation 
w=f(z), or p+ip=f(at ty); 
and that in addition 
z=F (6), or e+t=F (E+), 
so that w, y are conjugate functions of &, 7. Then ¢, w are also 
conjugate functions of & 7. For, the elimination of z gives a 
functional relation 
w= x(t), or P+ vrp= x (E+), 
from which we obtain 


Op_Op dp _ oy 
Ole” ign en) yor. 
ab _ab0E , Ob on 
Ox O&€ 0x Odnox 
ab Ob 0E , aban. 
dy O0€dy ° Ondy’ 


therefore, by squaring and adding and remembering that 
. Cige2 and CFOS 


Since 


and 


ax Oy oy Ox’ 
wos (Fo BY G+ CO} C8 +B} 
dw 
al dz|_ dé 


Similarly we can prove that 


OP ACO wo ee Gi) _ | dé 
a SE + Feat» Where h= SE]. 

Geometrically, if we draw the curves ¢ = const., y= const. and 
6s,, 6s, denote elements of vr inter- 


cepted between ¢ and ¢ + 8¢, and | / 
of ¢ intercepted between w and 


w+ dr, we have I, be pr d> 
(5) = @ ve sey 9 


: ; yroy 
w\(5e) F (2) ‘ Fig. 25. 


4) 2 
and () = the same expressions. 
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Though for the curves £ = const., 7 = const. the corresponding 
relations are of course 


0& ay 


Os, OSy 
Now assume that » 


ax +vy =c cosh (£ +7), 


so that «=ccosh &cos7, n+dn 


7 
Fig. 26. 


and y =csinh € sin». 
We may give & all values from 
zero to infinity, and 7 all values from 0 to 27; then 
&=const. and 7=const. 


represent confocal ellipses and hyperbolas respectively, the distance 
* between the foci being 2c; and £, 7 may be regarded as elliptic 
coordinates of any point in the plane. 


102. Elliptic Cylinder. 


In dealing with elliptic cylinders, it is useful to observe that 
the equation 


oe? an a =, 
Cone 
has solutions of the type 
cosh 
sinh (nf) * (nn); 
exp 


and that e~”* must be used when vanishing at infinity is required, 
i.e. when the liquid extends to ge For confocal ellipses the 


form (A cosh né + B sinh nf) > (ne) may be used. 
To determine the stream function when an elliptic cylinder 


moves in an infinite liquid with velocity U parallel to the axial 
plane through the major axis of a cross section. 


Let the cross section be the ellipse «?/a?+y?/b>=1. This 1s 
the same as =a, if a=c cosha, b=c sinha. 


The boundary condition is 


yw =— Uy+constant, when &= 
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Assume that http = Ae Erm, 
so that ay =— Ae sin 7. 
Then at the boundary =a, we must have 
— Ae~*sinn =— Ucsinhasinn +B 
for all values of ». This requires that B=0, and A = Uce*sinh a. 


Hence 
w= — Uce*-= sinh asin 9 


‘is a stream function which will make the boundary of the ellipse 
a stream line, when the cylinder moves with velocity U. 


Also cor a amber eee Oem bay aes 
LED ie ak 
therefore y=—Ub i ES e-* sin n 
a—b 
: BS Eee es (ie 
+ 
and so. o= Ub, / 2? eteos 


To examine whether this is a correct solution it is easy to 
verify that it makes the velocity vanish at infinity. 


If the cylinder moves parallel to the axial plane through the 
minor axis of its cross section with velocity V, we get in like 
manner 


and b= Van ot rer tsin y 


The forms of these results are the same for all confocal ellipses 
and therefore this last result includes the case of a plane lamina 
of breadth 2c moving at right angles to itself in the liquid; the 


ellipse in this case reducing to the straight line joining the foci 
and the formulae becoming 


Ww = Vce-‘ cos n, 
$ = Vce-‘ sin n. 
But these equations would make the velocity infinite at the 


edges (E=0, » =0), and therefore cannot represent real conditions. 
In practice, with a flat elliptic cylinder, the velocity round the 
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edges would be so fast that the friction would cause eddies in the 
liquid and alter the character of the motion*. 


103. Liquid streaming past a fixed elliptic cylinder. 
This case may be deduced from the last by superposing on the 
liquid and cylinder a velocity equal and opposite to that of the 
cylinder. Thus when the general velocity of the stream is — U 
parallel to the major axis, we must add Uz to the value of ¢, and 
Uy to the value of ; so that 


oa poses 
o= _ Ub Aiea ef cos n + U Va? — B® cosh € cos 7, 

. a+b : a 
and pa Ub A) SE oben + Oval Wsink Ein 


104. Elliptic cylinder rotating in an infinite mass ot 
liquid at rest at infinity. If » be the angular velocity the 
boundary condition is 


p= pO +Y)+C; 
or, putting #=ccosh €cos 7 and y=c sinh &sin n, 
vr = tac? (cosh 2£ + cos 2n) + C, when =a. 


Assume that bt i = Ate~2E+m), 
so that ap = Ae-* cos 2n. 


Hence at the boundary =a, we must have 
Ae cos 2n = we? (cosh 2a + cos 27) + O 
for all values of 7. And this is the case, provided 
A =}teac'e* and C=— tae’ cosh 2a. 

Therefore wy = 4wc?e?*— cos 2n gives a stream function which 
makes the boundary of the ellipse a stream line, when the cylinder 
rotates with angular velocity o. , 

Since c?e* =(a +b), we may write the results 

=1w(u+b) e-* cos 2n, 
and b=}w(a+b) e-* sin 2m, 
It is easy to verify that the velocity vanishes at infinity. 


* See the next Chapter on Discontinuous Motion; also Lamb, Quart. Journal, xiv. 
p. 40,1877; or Hydrodynamics, p. 79. 
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105. Any of the previous motions may be superposed. Thus 
if the elliptic cylinder be moving parallel to itself with velocity 0 
in a direction making an angle 6 with the major axis of the cross 
section, we have from Art. 102 


b= 2 peas e-§ (bcos y cos 6+ asin 7 sin 8), 
eo eee ee ; 
and yaaa) eae £(bsin 7 cos €—acos7 sin @), 


106. Circulation about an elliptic cylinder. 


If in the last case the irrotational motion is cyclic, with 
circulation « round the cylinder, we can take this into account by 
means of the function 


b tin= (E+ in). 


nt+dn 


To verify that this gives the 
correct value to the circulation, we 
have that the circulation 


=|. 9, IN = & \ 


Hence if in addition to the velocity v of the last article the 
cylinder also rotates with angular velocity w, and there is a 
circulation « about the cylinder, we have 


a+b eine 
p= va/ +> e-#(b 00870086 -+ asin 9 sin 6) 


+4o(a+bye-* sin 2n — el 
Qar 


b 
and pany) eth et bsinn e088 — acosn sin @) 


+4a(a+ by e-* cos In + ag 
2a 
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107. Kinetic Energy. In any of these cases of a cylinder 
moving in liquid at rest at infinity, the expression for the kinetic 
energy is, as in Art. 87, 


3 Ki 
Aa ip Jo On aS 


where the integration is now round the perimeter of the cylinder 
and we are supposing as before that the liquid is confined between 
two smooth planes at unit distance 


apart. But —dd¢/dn is the normal Fee ah 
velocity outwards, and d/ds is the Ae 
normal velocity inwards, so that 
ap /an = dw/as, aN 
and therefore Fig. 28. 
— tp | pay. 


_As_an_example_consider_the__rotating—elliptic—cylinder—of 
Art. 104, bounded by the ellipse =a. Here we have on the 
boundary 


y= 7o (a + bP e™ cos 2n, 
and ¢=to(a+ be sin 2n, 
Qn 
so that T = 7; pe(a +b) sak sin? 2ndn 
0 


= fe T™po® (av — 6)? 
gives the kinetic energy of the liquid. 
108. A parabolic cylinder eh along the axis of its 
section with velocity U. 
Let the parabola be r(1 + cos 0) = 2a, 


i 1 
or r? cos4 L6=a7, 
Assume that w= Az, 
or that p+ipy= Art (cos 46 + 7sin $8). 


The boundary condition is y~=— Uy + B, so that on the surface 
we must have 
— Ursin@+ B= Ar? sin 16, for all values of 6. 


PHieanibte eaticned it B= 0 and A= o0a" 
Therefore = —2Ua?r? cos £6, 


q eee 
and ap = — 2Ua?r? sin 46, 
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The curves of equi-velocity potential ¢ = constant are therefore 
confocal coaxial parabolas; and the stream lines y=constant are 
an orthogonal confocal system of parabolas. 


109. Liquid contained in cylinders. In cases of two- 
dimensional motion of liquid contained in a cylinder moving 
parallel to itself, we have the same set of conditions at the surface 
of the cylinder as when the cylinder moves in the liquid. 


For translational velocity U parallel to a, 


Ap a UP CONS. gna - oka coer Beans $ageees (1). 
For translational velocity V parallel to y, 

Nr SVC -PCOMBE. aver nsenr vanessa oecaged (ii). 
For angular velocity o, 

p=to(a+y’)+ const. ............ (iii). 
As examples let us consider the following: 
(1) Let w=—Uz, 

or =— Uz, yp = —Uy. 


This represents a motion satisfying the boundary condition (i) 
whatever be the form of the boundary; and the velocity at every 
point of the liquid is —dé¢/da# or U, so that the liquid in the 
cylinder moves as if solid, and by Art. 79 this is the only motion 
possible in simply-connected space. 

(2) Let w=—-1A2’, 
or @ = Ar’ sin 20 ap = — Ar’ cos 20 

= 2Axy, =—A (#—y’). 

Let us adapt these forms to the boundary condition (iii), 
assuming the liquid to be contained in a rotating cylinder. At 
the boundary we must have 

$0 (2+ y?)- B=—A (a — 9’), 
Ors ($@+A) a+ ($o—A)y=B. 

Hence the boundary of the section may be an ellipse 

aa? a y?/b as ue 


provided a(4o@+A)=0(4@—A) 
= 
5 Vee b 
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Therefore 
b? ve—b? 
Tee and p= 40 ——, (a°—y’) 


determine the motion of the liquid in the rotating elliptic cylinder 
referred to fixed axes momentarily coinciding with the axes of the 
cross section. 


If q denote the velocity, 
a?— By? 
=e (Sep) @ (@ + y?). 
Hence the kinetic energy T of unit length is given by 
(a? _— by? 
aa+ b2 


2T =}? m™pab. 

If we require the motion of the liquid relative to the cylinder, 
we may proceed thus: The velocities in space of the particle, 
whose coordinates are (#, y) referred to the moving axis of the 
cross section, are £— wy and y+ a; therefore 


Pt Oe a ee 
elem Bethmous Pike Te! 
; 0p = ab 
c d = — — = aes 
an Y+ wu ay 07 ae : 
2 
so that £= ae WY, 
4 2b? 
and y =>— Gabe 
- Re Te 
Hence Os Gpeine ete 
which leads on integration to 
L= Boos (= aE sot+a), 
24. 62 


and therefore y=- ! Bsin Car a< wt +a). 


It follows that the motion is simple harmonic motion; the 
paths of the particles being ellipses similar to the boundary 
ellipse, described in time a (a? + b*)/abo. 
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Or, to get the relative motion, we may impose on the whole 
system the angular velocity # reversed. That is, we must increase 
wv by —4$o(a?+y’). This makes 


2 
y= jot Ey) loty) 


eure (5 re a 
GeO va 
shewing that the stream lines are similar ellipses. 
(3) Another simple case is that of a rotating prism whose 
section is an equilateral triangle. For this we take 
w=1AZ, 
or ¢=— Ar’ sin 38, w= Arcos 36 = A (a — 3ary’). 
The boundary condition (iil) gives, in this case, 
A (a — 3xy”)=4o0 (2? +y)4+ B, 
to be satisfied at all points of the boundary. 
To include the line = a in the boundary, we must take 
Ad =ta? + B, 
and —3Aa=3o; 
so that the equation becomes 
— 3xy? + 8a (2 + y’) = 4a', 
or (a — a) (a -- /3y + 2a) (a + /3y — 2a) = 0. 
These three lines form an equilateral triangle with its centre 


at the origin; and the motion of liquid in a prism having this 
triangle for section and rotating with angular velocity » is given 


= 3 a7 ea ee args, 
g=— rsin 36, v= 6 r® cos 86. 


110. The stream function has been determined for the motion of liquid 
produced by moving cylinders of a great variety of forms. We have discussed 
some of the simplest cases very fully and shall now merely make a list of other 
cases with references to shew where the investigations may be found. 


1. Rotating rectangular prism or box. Stokes, Zrans. Camb. Phil. Soc. vu. 
or Math. and Phys. Papers, 1. p. 60. Ferrers, Quart. Jowrnal, xv.p. 83. Greenhill, 
tbid. p. 144. Basset, Hydrodynamics, i. p. 96. 


2. Rotating semicircle. Hicks, Mess. of Math. vit. p. 42. 
3. Rotating quadrantal sector of a circle. Greenhill, 2bid. p. 89. 
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4. Rotating sector of a circle. Stokes, Trans. Camb. Phil. Soc. vit. or 
Math. and Phys. Papers, 1. p. 305. Greenhill, Mess. of Math .x. p. 83. Basset, 
Hydrodynamics, t. p. 98. Lamb, Hydrodynamics, p. 83. 


5. Rotating rectangle bounded by two concentric circular arcs and two 
radii. Greenhill, Mess. of Math. 1x. p. 35. 


6. Rotating arcs of confocal ellipse and hyperbola. Ferrers, Quart. Journal, 
XVII. p. 227. 


7. Rotating arcs of two confocal parabolas. bid. 


8. Confocal elliptic cylinders—translation and rotation. Greenhill, Quart. 
Journal, xvi. p. 227, and Encycl. Brit. Art. Hydromechanics. 


9. Rotation and translation of inverse of an ellipse. Basset, Quart. Journal, 
XIX. p. 190, xx1. p. 336, and Hydrodynamics, 1. p. 102. 


10. Rotation and translation of a lemniscate. Basset, Quart. Journal, xx. 
p- 234, and Hydrodynamics, i. p. 106. 


111. We shall conclude this Chapter with the solution of an example: 


An elliptic cylinder, semi-axes a and b, is held with its length perpendicular 
to, and its major axis making an angle 0 with, the direction of a stream of 
velocity v. Prove that the magnitude of the couple per unit length on the cylinder 
due to the fluid pressure is mp (a*—b?) vy? sin 6 cos 6, and determine its sense. 

(Math. Tripos, Part 1. 1903.) 


We may deduce expressions for the stream function and velocity potential 
from Art. 103, or we may obtain them directly thus: 


Let pt+tv=A cosh {E +7 —(at78)}, 
Go that p=A cosh (£—a) cos ( ae Ente), etapa (1). 
and y= A sinh (€- a) sin (y— 8) 


This makes y=0 over the ellipse =a; so if we can determine A and 6 
so that the velocity at infinity will be the given velocity we shall have found 
the correct forms for ¢@ and y. 


We have «=c cosh é cosy, y=c Sinh €sin 7, as before; so that 


é é A é d 
seo # osinh & cos nt 7 ¢ cosh € sin n, 
0 0 ; 0 : 

and ao = c cosh E sin +29 esinh £c08 


Therefore 


é op 
A sinh (—a) cos (n - 8)= 


op ae 
On oy 
op og 


and —Acosh(€—a)sin(7-8)= - ane cosh € sin 7+ es e sinh € cos n. 


c sinh € cos n+ —<¢ cosh € sin n, 
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At infinity we have & infinite ; so dividing by e and putting =o, these 
equations become 


) : 
Ae-4# cos (n — B)= FB ccos n+ ecsinn 
: 0 : C 
and — Ae-4sin (n—B)= ~Pesing +P c.cos9, 
Hence, at infinity, 7 
—vcos6= ze — Ac-le-« cos B, 
OL 
and —vsin d= -o_ — Ac—le-e¢sin BP. 
a 


Therefore A4=vces and B=6; so that the velocity potential and stream 
function are 


d=vce* cosh (€ — a) cos (n — 6) 
W=vce* sinh (€ —a) sin (y — at 


Now in steady motion, if p denote the pressure and p the density, 
2 =CO—1g?2 
p 275 
and the couple tending to set the cylinder broadside to the stream is 


[v.or. ds, 
4 


where OF is perpendicular to the normal to the element ds. 


Fig. 29. 


[In the ellipse in the notation of the Calculus 
ds/dyy=rad. of curvature= —rdr/dp 
dr 


in this case, and OF =dpldy=—r a | 
us 2 

Hence the couple =— prdr=-}4 | ; p ee dn 
0 tf] 


Qa 
== -20 |’ gc? sin 2n dn. 
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me 2H( C8) + CNC 
=v" ¢ {cosh 2 (£— a)—cos 2 (n— 6)}/{cosh 2 — cos 2n} ......--: (3), 


and, taking the value on the ellipse =a, we get the couple 


2m Se 
=/— a pv? 02 2a | le cos 2( (n- 6)} sin 2n dn 
Jo cosh 2a — cos 2n 


a ae eee 
= pvc? ete jf persis 
0 cosh 2a—cos 2n 


omitting terms which vanish on integration, 


; Qr : 2 
= jf pv? c? 624 sin 26 | J cosh 2a + Cos 2n — ues } ” 
0 


cosh 2a — cos 2n 


T 


= pvc? e% sin 26 E cosh 2a+4 sin 27 —sinh 2a tan~! (cosh a tan ”)| 
0 


7 ° . 
255 pv*c?e?4 sin 26 (cosh 2a—sinh 2a) 
=pv"c? sin 6 cos 6. 


We note that the value given for w in (2) also becomes zero along the 
hyperbola »=4, so that this hyperbola is a stream line ; the point (=a, n=@) 
where it meets the cylinder being by (3) a point of zero velocity. This stream 
line strikes the cylinder at right angles and divides the whole stream into two 
parts which pass the cylinder on opposite sides. 


EXAMPLES. 


\ 1. An infinite circular cylinder of radius @ is in motion in homogeneous 
fluid which extends to infinity and is at rest there. Shew that at any moment 
the pressure at a point of the fluid at distance r from the axis of the cylinder 
exceeds the hydrostatic pressure by 


a a CIN & 
nati (o-2) aC) 


where f, is the component acceleration of the centre of the cylinder in the 
direction of 7, w and v, are the component velocities in and perpendicular to 
that direction. (Trinity Coll. 1904.) 


‘9. In the case of the two-dimensional motion of a liquid streaming past a 
fixed circular disc, the velocity at infinity is « in a fixed direction where w is 
variable. Shew that the maximum value of the velocity at any point of the 
fluid is 2u: Prove that the force necessary to hold the disc at rest is 2mz, where 
m is the mass of liquid displaced by the disc. (Coll. Exam. 1907.) 


Ras 8 
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3. Shew that when a cylinder moves uniformly in a given straight line in 
an infinite liquid, the path of any point in the fluid is given by the equations 


dz Va? dd Va? 


dt (7- Vip? dt (e— Vey’ 


where V=velocity of cylinder, a its radius, and z, 2 are a+iy, w—ty where 
2, y are the coordinates measured from the starting point of the axis, along 
and perpendicular to its direction of motion. (Coll. Exam. 1897.) 


4. The space between two fixed coaxial circular cylinders of radii @ and 6, 
and between two planes perpendicular to the axis and distant ¢ apart, is occupied 
by liquid of density p. Shew that the velocity potential of a motion whose 
kinetic energy shall equal a given quantity Z'is given by A6, where 

mpA%c log b/a=T. 


Work out the same problem for the space between two confocal elliptic 
* cylinders. (St John’s Coll. 1903.) 


5 5. A circular cylinder of radius a is moving with velocity U along the axis 
of «; shew that the motion produced by the cylinder in a mass of fluid at rest 
is given by the complex function 

w=ot+ip=a?U/(z— Ut), 
where Z=xr+1y. 
Find the magnitude and direction of the velocity in the fluid; and deduce 


that for a marked particle of the fuid, whose polar coordinates are 7, 6 re- 
ferred to the centre of the cylinder as origin, 


Ld? -.d@aed fay oy be « 
a ee ( Cue SI and (r- ©) sino=a, 


ip Nee 
Hence prove that the path of such a particle is the elastic curve given by 
piy-$0)=4" 
i where p is the radius of curvature of the path. (St John’s Coll. 1911.) 


6. An infinite cylinder of radius a and density o is surrounded by a fixed 
concentric cylinder of radius 6, and the.intervening space is filled with liquid 


of density p. Prove that the impulse per unit length necessary to start the 
inner cylinder with velocity V is 


- . 
wa {((o+p)b?—-(c-p)aV. (Trinity Coll. 1912.) 


7. A stream of water of great depth is flowing with uniform velocity V over 
a plane level bottom. An infinite cylinder, of which the cross section is a semi- 
circle of radius q, lies on its flat side with its generating lines making an angle a 
with the undisturbed stream lines. Prove that the resultant fluid pressure per 
unit length on the curved surface is 
2aTl — 3 paV?sin?a, 
where II is the fluid pressure at a great distance from the cylinder. 
(Trinity Coll. 1896.) | 
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8. The space between two infinitely long coaxial cylinders of radii a and b 
respectively is filled with homogeneous liquid of density p and the inner 
cylinder is suddenly moved with velocity U perpendicular to the axis, the 
outer one being kept fixed. Shew that the resultant impulsive pressure on a 
length / of the inner cylinder is 


ae ee U. (M.T. 1882.) 


~ 9. Verify that the stream functions for uniform streaming parallel to the 
axes past a solid, bounded by those parts of the circles 

(+1 Pty'=2, (v-1)P+y%=2 
which are external to each other, are 


2 2 
1 Be Sree te 
vou tare eryie ey] 
2 (w+1) 2 (#—1) 
(@+lyt+y™ 1 ty 


and, when the stream is inclined at an angle a to the line of centres, find the 
equation to the stream line that divides on the solid. (M.T. 1894.) 


and v= —a+ 


at 


10. The cross section of an infinitely long cylinder is composed of the 
greater segments of two equal circles, each of which passes through the centre 
of the other. Shew that if this body be in motion with velocity V perpen- 
dicularly to the plane through the axes in incompressible fluid which extends 
to infinity and is at rest there, the velocity potential consists of two terms 
due to a line doublet along each axis, and that the kinetic energy of the fluid 

kee Ene MV?, where JM is the mass of the fluid displaced. (M.T. 1895.) 

”T6nr +6. AES 

11. Sbew that the motion of a liquid stream past the elliptic disc 
2/4? +4?/b2=1, the velocity at infinity being parallel to the axis of x and 
equal to V, can be represented by the relation 


g+ip=V{ac—b /2- l(a -b), 
where c= /a?—b? and z=x+1y. (Coll. Exam. 1905.) 


12. An elliptic cylinder, the semi-axes of whose cross section are a and 8, 
is moving with velocity U parallel to the major axis of its cross section, 
through an infinite liquid of density p which is at rest at infinity, the pressure 
there being II. Prove that in order that the pressure may everywhere be 
positive 

pU? < 2a? I1/(2ab + b?). (M.T. 1906.) 

13. In the two-dimensional irrotational motion of a liquid streaming past 
a fixed elliptic dise v?/a?+7?/b?=1, the velocity at infinity being parallel to the 
major axis and equal to V, prove that if 


a +7y=c cosh (E+72n), 
—6?= and a=ccosha, b=csinha, 
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the velocity at any point is given by 
,@+6 sinh? (€—a)+sin?y 


2 == 
eras a—b' sinh? €+sin?n 


? 


and that it has its maximum value V (a+6)/a at the end of the minor axis. 
(Coll. Exam. 1899.) 


14. Obtain an expression for the stream function of the two-dimensional 
motion produced in an infinite liquid by the motion through it of an elliptic 
cylinder, which has a velocity of translation V in a direction making an angle 
A with the major axis. 


Shew that the kinetic energy of the liquid between two planes perpendicular 
to the generators of the cylinder, at unit distance apart, is 


ap V? (b?cos*A+a? sin?A). (St John’s Coll. 1901.) 


15. Shew that with proper choice of units the motion of an infinite liquid 
produced by the motion of an elliptic cylinder parallel to one of its principal 
axes is given by the complex function 


w=e, where z=2cosh ¢. 
* Deduce the formulae 


oo (greg) 1-¥(-geep) 


and trace the curves ¢=const., y= const., indicating which parts are of 
physical interest. (St John’s Coll. 1909.) 


16. Prove that the relative stream lines of the liquid bounded by the 
hyperbolic cylinders 
a (a —y)—-a=0, y(a@+y)—-b?=0 
are the quartic curves 
{xv (a@—y) — a} {y (e+y) —b% =constant. (M.T. 1881.) 
17. If liquid be contained between two confocal elliptic cylinders, and two 
planes perpendicular to the axes, prove that if the outer cylinder be made to 
rotate about its axis, the inner will begin to rotate with sech 2 (8—a) times 
the angular velocity of the outer cylinder, supposing ¢ cosh a, ¢ sinh a the semi- 


axes of the inner cylinder, and ¢ cosh 8, c sinh 8 of the outer ; neglecting the 
inertia of the cylinder. (M.T. 1881.) 


18. Anelliptic cylinder is placed in a steady stream which at infinity makes 
an angle a with the major axis of the cylinder, Shew that on the ellipse the 
pressure is greatest at the points where the stream divides, and least at the 
points where the fluid is moving parallel to the stream as it meets the ellipse. 


(Trinity Coll. 1906.) 


19, Prove that when an infinitely long cylinder of density « whose cross 
section is an ellipse of semi-axes a, b is immersed in an infinite liquid of 
density p the square of its radius of gyration about its axis is effectively in- 
creased by the quantity 

ew (Univ. of Lond 
aataane natn ; ondon, 1907.) 
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20. Determine the character of the two-dimensional fluid motion inside 
. * 2 
the ellipse (a, 6), for which the stream function is & @ +4) ; and find the 
pressure at each point in the cross section when there is no field of force. 
(St John’s Coll. 1901.) 


21. An infinite elliptic cylinder with semi-axes a, b is rotating round its 
axis with angular velocity «, in an infinite liquid of density p which is at rest 
at infinity. Shew that if the fluid is under the action of no forces the moment 


of the fluid pressure on the cylinder round the centre is dnp where 


=a? —b?. (Coll. Exam. 1902.) 


22. The space between two confocal elliptic cylinders (ap, by) and (ay, by) 
and two planes perpendicular to their axis is filled with liquid. If both 
cylinders be made to rotate about their common axis with angular velocity «, 
the kinetic energy of the motion set up is 


§ Mo? ct (by ay — by 41) /(41 Ho — b1 bo) (41 1 — Abo), 


M being the mass of the liquid, and 2c the distance between the foci. 
(St John’s Coll. 1900.) 


23. An elliptic cylinder whose semi-axes are ¢ cosha, ¢ sinh a is divided in 
two by a plane through the axis of the cylinder and the major axis of its cross 
section. An infinite liquid of density p streams past the cylinder, its velocity U 
at infinity being uniform and parallel to the major axis of the cross section of 
the cylinder. Shew that in consequence of the motion of the liquid the pressure 
between the two portions of the cylinder is diminished by 


pce U*e* sinh a {2 cosh a+e* sinh a log tanh $a} 
per unit length of the cylinder. (M.T. 1899.) 


24. A fixed elliptic cylinder whose principal axes are ¢cosh 8, ¢sinh B is 
surrounded by infinite liquid in which there is a source of strength m at the 
point ecosh y, 0; prove that if 8 is very small the stream function of the 
motion is 

sin € sinh mB sin & 
cos €coshn—coshy — cosh (y+7) — cos &’ 


v=mtan 


where x2+%y=c cos (E — 7). (Coll. Exam. 1900.) 


25. Homogeneous liquid streams past the infinite parabolic cylinder 


7 cos} 6=a2, the velocity at infinity being V in the negative direction of the 
axis of z. Prove that the velocity potential is 


— Vrcos +2 Var? cos 46, 


and that the resultant pressure on the cylinder per unit length is mpa V*, the 
pressure at infinity being taken to be zero. (Coll. Exam. 1906.) 
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26. A long circular cylinder moves through an infinite liquid, which is at 
rest at infinity, with a velocity ~ at right angles to the axis. If the cross 
section is not quite circular but has for equation 

r=a(1+ecosn6), 
where «¢ is small, shew that when the motion is parallel to the axis of «, the 
approximate value of the velocity potential is 


ant =i! 


a : a” 
Ua {fos 8 + € ari 008 (N+1)6—€ Tay 


cos (n— 1) a - 
(Coll. Exam. 1901.) 


27. A fixed cylinder whose base is any one of the lemniscates r7’=c’, 
where c is any constant and 2a the distance between the points S, S’ from 
which 7, 7’ are measured, is surrounded by an infinite mass of water in steady 
irrotational motion; shew that the stream lines are all lemniscates of the 
same system, and that the velocity along a stream line at any point varies as 
the distance from the centre. 


Prove also that the polar coordinates (referred to the centre) ofa fluid particle 
in terms of the time since it was at the vertex of its path are given by 


72 =a? en (ut) te? dn (p2), 26=am pt, 


where p» is a constant, and the modulus is a@/c?. (M.T. 1881.) 


28. If & 7 be conjugate functions of z and y, such that the curves for 
which € is constant are closed ovals surrounding the origin, then the kinetic 
energy and moment of momentum of homogeneous fluid of density p contained 
between two curves €, and &, which are rotating with unit angular velocity 
about the origin, can be expressed in the form 4 M/k? and MZ? respectively, where 


Mit dp | (a8 +9") Seah 
taken round the boundaries. (M.T. 1895.) 


29. Shew that the angular momentum, of a two-dimensional motion of 
a homogeneous fluid, about an axis perpendicular to the plane of the motion, 


is p | adds, the integral being taken round a cross section of the containing 


vessel, where @ is the perpendicular from the axis to the normal of the cross 
section, p is the density and ¢ the velocity potential. 


If the vessel be rotating with angular velocity @, and Jw, Iya are the 
angular momenta about the axis of rotation, and the line of centroids of the 
cross sections respectively, find an expression for 7—J, in a form which does 
not depend on the shape of the vessel. (M.T. 1897.) 


30. If liquid move inside a thin shell between two plane laminae, shew that 
a corresponding motion in a thin spherical shell cam be obtained by inverting 
the stream lines in the first motion with regard to any origin, and find the factor 


by which the velocities must be multiplied to transform one motion into the 
other. 
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A source and an equal sink are placed at two points of a thin spherical 
shell. Shew that the equipotential and stream lines on the sphere are small 


circles, (Univ. of London, 1908.) 


31. A thin sheet of incompressible fluid moves on the surface of a sphere 
of unit radius. Shew that the velocity potential and stream function are 
conjugate functions of the Cartesian coordinates of the stereographic projection 
of any point; and that if the boundary move as a rigid curve on the sphere 
and its axis of instantaneous rotation cut the sphere in 0, the stream function 
at any point P of the boundary differs from cos OP by a constant, where 
is the instantaneous angular velocity of the boundary, (M.T. 1896.) 


32. A long elliptic cylinder is moving parallel to the major axis of its cross 
section with uniform velocity U through frictionless liquid of density p which 
is circulating irrotationally round the cylinder. Prove that the maintenance 
of the motion requires a force kpU per unit length of cylinder to be applied at 
right angles to the direction of motion, where « is the circulation round the 


cylinder. (M.T. 11. 1910.) 


33. A hollow vessel of the form of an equilateral triangular prism, filled 
with liquid, is struck excentrically by a given blow in a plane perpendicular to 
the axis and bisecting the three edges; find the initial motion of the vessel. 


(M.T. 1887.) 


34. What is the nature of the motion in the neighbourhood of the origin, 
when, f(z) being continuous finite and one-valued in that neighbourhood, 


ay) P=" +70, 
dw im 

(2) a+ (0, 

(a) Wa F470, 


mand M being real? 


(Univ. of London, 1911.) 


35. Find the steady motion in two dimensions of an incompressible liquid, 
such that the stream lines are all ellipses similar to 
a?+y?/0'=1, 
which is possible under the action of external forces whose components at the 
point zy are X= Axy’, Y= Bay, where A and B are constants. 


(Dublin Univ. 1911.) 


CHAPTER VI 


THE USE OF CONFORMAL REPRESENTATION, DISCONTINUOUS 
MOTION. FREE STREAM LINES 


112. Conformal Representation. 
If E+in=f(a+ry), or t=f(z), 


and we take (£, 7) and (a, y) to be rectangular coordinates of points 
in two planes which we may call the ¢ plane and the z plane, then 
the point (&, 7) in the ¢ plane corresponds to the point (, y) in the 
z plane, and the functional relation between ¢ and z implies 
(Art. 42) that at an ordinary point the ratio 6t/dz of small 
corresponding elements tends to a limit which is independent 
of the direction of 8z. This establishes the similarity of the 
corresponding infinitesimal elements of the two planes, though 
corresponding finite areas of the two planes are not similar. 
Such a relation between the two planes is called the conformal 
representation of either plane on the other. 


It is to be observed that the similarity of infinitesimal elements 
of the two planes will not hold good at points at which dt/dz is 
zero or infinite, as for example at a branch point of a multiple- 


valued function. Thus, the origin is a branch point in the ¢ plane 
of the function 


WR 


bien 


and as z describes a circular arc of angle a round the origin, 


t describes an are of angle 4a so that corresponding elements of 
the planes are not similar. 


Now let there be two areas occupied by a fluid in motion. Let 
£, be the coordinates of a point II in one, and a, y the coordinates 
of a corresponding point P in the other. Let $, y be the velocity 
potential and current function of any motion within the chosen 
area in the ¢ plane given by 


ptimp=x(E+m), 
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and let the boundary be w= F,(£, 7)=const. If we substitute 
for &, » their values in terms of a, y, we get a relation 


p+ ib = x2 (w@+ry); 
and, if F,(& )=F,(a, y), the corresponding boundary in the 
z plane is y= F, (a, y) = const. Hence the same functions ¢ and y 
are now the velocity potential and stream function of a motion 
in the z plane with a boundary F,(«, y) = const. 


113. It is clear that &, 7 are themselves the velocity potential 
and stream function of some motion in the z plane, and if we write 


; 0& 2 0& 2 on 2 on 2 
fal el el ls 
a sz a i t a : 
we may call h the velocity of the transformation, and asin Art. 101 


we see that 
veloc. of P=h x veloc. of I. 


Thus the actual velocities at corresponding points may be com- 
pared. The directions of motion at corresponding points make 
equal angles with corresponding lines in the areas. 


Since dédn = é3 a = 2 =) dady = h? dady, 
corresponding elementary areas in the t¢ and z planes are in the 
ratio h?:1. Hence the kinetic energies of the two fluids that 
occupy corresponding areas are equal. Thus the whole kinetic 
energies of the two motions are equal, but differently distributed 
over the areas of motion. 


114. If a source exist in one fluid there will be a source at 
the corresponding point of the other fluid. This follows at once 
from the fact that w is the same at corresponding points in the 
two fluids, so that fd taken along corresponding arcs of curves 
must have the same value. That is, the flow across corresponding 
ares is the same. At a pair of corresponding points at which ¢ and z 
possess no singularities a small curve surrounding one corresponds 
to a small curve surrounding the other, and fd round either curve 
represents the flow across it. Hence to a source at one such point 
must correspond a source of equal strength at the other. But 
care must be taken at a zero, infinity or branch’ point of the 
function that ¢ is of z or that 2 is of t. A source will always 
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correspond to a source but the strengths may differ; thus in the 


1 a . 
case t=, since a semicircle round t= 0 corresponds to a circle 
round z=0 and the flow across both is the same, if there be a 


source of strength m at z=0 the corresponding source at t=0 
must be of strength 2m. 


If a doublet of strength m exists in the z plane at a point 
which occasions no singularity in ¢ there will clearly be a doublet 
at the corresponding point in the ¢ plane, the axes of the doublets 
will be in corresponding directions, i.e. they will make equal 
angles with any two corresponding lines through the points, and 
the strength m’ of the doublet in the ¢ plane will be given by 


m'/m =| dt/dz|=h, 
for the strength of a doublet is the product of the strength of a 
source and an infinitesimal length. 


EXAMPLE. Consider the transformation 
tay (Oe Cece Ne 


If we use polar coordinates 7, 6 in the z plane and p, x in the ¢ plane, this 
relation may be written : 
p eX =X o. 


so that x= KO, and = re, 


Suppose there to be liquid in the z plane bounded by the real axis, i.e. 


from 6=0 to 6=2. The corresponding boundaries in the ¢ plane are =0 
and @=kr. 


First let the motion in the z plane be due to a source of strength m at the 
origin, then 


pt+iw= —m log z. 


The corresponding motion in the ¢ plane is therefore given by 


1 
, = m 
ptw= —m log t* = —— logt; 
K 


and this represents motion due to a source of strength m/« at the origin in 
an area of the ¢ plane bounded by 6=0 and @=x«z. 


Secondly if the motion in the z plane is due to a source m at z=a, we 
must introduce an equal source at the image point a’ with regard to the real 
axis in order to make the real axis a stream line. Then we have 


ptiy= —m log (z- a) (¢-a@’). 


If b=a* and b’=a** be the points in the ¢ plane corresponding to a and a’ the 
motion in the ¢ plane is given by 


ee eS eee 
ptip= —m log (te — be) (te — be), 
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To investigate the form of this expression in the neighbourhood of the 
point 6, we write t=6+ 62, and it is easily seen that the variable part of 
p+iy reduces to —mlog d¢ or —mlog(t—b). Hence it follows that in this 
case the motion in the ¢ plane is due to a source of strength m at b. 


115. We may use this method, by proper choice of formulae 
of transformation, to deduce the motion with a complicated 
boundary from that with a simpler boundary. Thus to find the 
motion of a fluid with sources or doublets P,, P,,... within an 
infinite area on the z plane with a boundary F, (a, y)=0. First 
Suppose the sources and doublets removed and try to find a steady 
acyclic motion of fluid with the same boundary. If this can be 
done, let & be the velocity potential and stream function, so 
that 7 is constant along the boundary F,, say n=x. Then use 
&, 7 as the formulae of transformation and the boundary F, trans- 
forms into the straight line 7 = « and the area of motion transforms 
into the infinite area on one side of this line. Now replace the 
sources and doublets P,, P:,...and corresponding sources and 
doublets I,, I,,...in the ¢ plane. The motion in the ¢ plane due 
to the sources and doublets H,, I,,... can generally be inferred by 
placing single images for each on the other side of the line 7 =x, 
and so we obtain ¢+ vp in terms of + 7% for the motion in the 
t plane, and substituting for &, y in terms of « and y we get P+ip 
in terms of «+7y giving the motion in the z plane due to the 
sources and doublets P,, P.,... 


116. Exampnes. 1. To find the motion in the space bounded by «=0, 
y=0, y=b due to a source at the origin. 


We want a solution of y 
2 2 
Cael 6 
On" dy" 
that will make 7 constant when v=0, y=0, or 
y=. 
uO] O ie 
If we put 7=/ («) sin Bowe get Fig. 30. 
5 I 
aut pr T= 
Be Say, 
so that fley=d4eb+Be ©, 


and we shall have 7=0 when v=0 if B= —A. 
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Hence n=A sinh = sin ie ; 
and the conjugate function is 


a BE te 
&=A cosh , C8 G3 


Tv + TZ 
getm=A cosh = 


transforms the given boundary into the straight line »=0; and-the point 
&=A, n=0 corresponds to x=0, y=0. 


so that t=&+%=A cosh 


If we place a source of strength m at this point, we have for the motion in 
the ¢ plane 
ptiv= -—m log (¢— A). 


Therefore the motion in the z plane is given by 


ot+iw=-—mlog A (cosh -- 1) : 
or omitting an additive constant 


pt+ip= — 2m log sinh - ; 
and it is to be observed that since the straight boundary in the ¢ plane 
corresponds to a right angle at O in the z plane, the motion in the z plane is 


due to a source of strength 2m. 
2. Verify that, if 7, s be real positive constants, 
——= 0-0 p= peb Cm =I sm 
the steady motion outside both the circles x +y?+2sx=0, 2? +y?—2rxr=0, due 


to a doublet at the point z=a, outside both the circles, of strength p and 
inclination a to the axis of x, is given by putting p+iw equal to 


see ee cot em ¢ - 3) —e7* (2-28) ot om € = -) | 
p Z2 @ £ % 


where z= ts the inverse point to z=a with regard to either one of the circles. 


: (M.T. 1896.) 
A unit doublet at O directed along Oy makes 


in . * 
Af Rae erg ee a _ ¥ tw 
dtip=z te ay ee (Art. 49) 


and the stream lines p= 


Bag include the two given circles. Hence the 
transformation 
a Te 
Es Ot Ga ar 
; wo RY Sue 
Bees =a yt? 71> Beye? 
makes the given circles correspond to straight lines n= —1/2s, »=1/2r in the ¢ 


plane, and the space between these lines clearly corresponds to the space outside 
the circles. 


To correspond to the doublet of strength » at z=a we must take one of 


dt é sin B+icos 


strength — 
gth p Ae BF r 


= F at the point t=&+7= 


2=0 
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To get the direction of this doublet in the ¢ plane, we observe that the 


doublet » at @ makes an angle a with Ox 
and therefore makes an angle 
4m —(28-a) 
with the circle of the same coaxial family 
that passes through @; and this circle 
transforms into a parallel to O&€ in the 
t plane so that the doublet in the ¢ plane 
makes an angle $7 —(28—a) with O€. 
We have then to take the images of 
this doublet in the two boundaries in the 
t plane, and if a be the image of a in the 


a 


Fig. 31. 


r circle the first image in the line n=1/27 is at t=i/ao, and it is easy to shew 
that the images that are parallel to the original doublet are at the points 


ite LO 
a a 
GG Oia 
and those which make the supplementary angle with O€ are at 


) Ut a } 
C= 5 on a Sin saan 
a Cy @ Gig 


Fig. 32. 
Hence for the whole set of doublets 
aes 1 1 
p papa hc oP) | mae fp 
: (== t-—+- 
a a 
1 
= - 
2 
a 
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For the motion in the z plane, we write t=2/z, and making use of the 
expansion for cot z the expression for +7 takes the required form. 


117. The applications of conjugate functions of the kind 
described in the foregoing Arts. 112—115 appear to have been 
first suggested in a paper by Routh*, which includes the case of 
vortices as well as sources and doublets in the liquid. The actual 
transformation effected in Ex. 1 of the last article will be seen later 
(Art. 124) to be a simple case of a general transformation applicable 
to all rectilineal polygons. 


118. Discontinuous Motion. 


In any hydrodynamical problem, we have a necessary physical 
condition, that the pressure cannot be negative ; but in any steady 
motion, apart from external forces, we have 

pip =C— 39, 
where C is a constant, so that the theory apparently ceases to 
represent actual facts whenever the velocity is so large that the 
right-hand expression is negative. For example, from Art. 98, we 
may deduce that for the rectilinear motion of a cylinder through a 
liquid, with velocity U, to be represented correctly by 
b+ iw = Ua? (cos @—7sin 6)/r 

it is necessary that the pressure at infinity shall exceed 3pU*. 
Again in Art. 57 we have a case in which the velocity apparently 
becomes infinite; and in the case of liquid streaming past an 
elliptic cylinder, discussed in Art. 111, it is clear that by decreasing 
the eccentricity we can make the velocity near the ends of the 
major axis increase indefinitely. The same is true whenever a 
sharp edge protrudes into a stream; and the explanation of the 
apparent discrepancy may be that hitherto our equations have 
assumed the motion to be continuous whereas when an obstacle 
with sharp edges hinders the flow of a stream there is actually a 
region of ‘dead water’ behind the obstacle; which region is 
separated from the rest of the stream by a well-defined surface 
composed of stream lines; over this surface the pressure is constant 
and there is a discontinuity in the tangential velocity or a jump 
in its value as we cross the surface +. 


* «On some applications of conjugate functions,’ Proc. L. M. S. 1881. 

+ This idea of discontinuity was enunciated by Stokes, ‘On the Critical Values 
of the Sums of Periodic Series,’ Trans. Camb. Phil. Soc. vitt. or Math. and Phys. 
Papers, t. p. 310, as a possible explanation, on the hypothesis of the existence of a 


116-120] FREE STREAM LINES 127 


119. We propose to consider, in this Chapter, some cases of 
this kind of two-dimensional motion, such as the flow of liquid 
through an aperture, and the impact of a stream on a plane 
lamina. Such problems have recently acquired a new interest 
because of their relation to Aerodynamics. The earliest solutions 
of problems of this nature were by Helmholtz*, and Kirchhoff+ 
who developed a general method of treatment applicable to 
cases in which the fixed boundaries are rectilinear, and where 
there may also be surfaces of constant pressure which may 
be free surfaces of the liquid or surfaces separating a portion of 
liquid at rest from the remainder of the liquid. The given fixed 
boundaries are portions of stream lines, the other boundaries 
may be regarded as free stream lines and the solution of the 
problem will determine their form and position. Along the fixed 
boundaries the direction of the velocity is known but not its 
magnitude, and along the free stream lines, the pressure being 
constant, the velocity is constant in magnitude though its direction 
is not known. 


120. In any particular case it is our object to fihd a suitable 
relation between w and z, ie. to express ¢ and w in terms of x 
and y. When we have found the equation of the stream lines, 
av =const., it will of course include the equations of the fixed 
boundaries. 


For this purpose Kirchhoff introduced the intermediate function 


dz wutw 
a e (Art. 56) 
= 69/9, 


where @ is the inclination to the #-axis of the velocity q; so that @ 
is constant along a fixed boundary and q is constant along a free 
stream line. Kirchhoff then shewed how, by conformal repre- 
sentation, to obtain a relation between w and this function € and 


perfect fluid. The idea has been adopted by many other writers, but Lord Kelvin 
was strongly opposed to it and would only admit it in the case of free surfaces such 
as the surface of a jet of liquid, insisting on the alternative existence of a region of 
negative pressure with the consequence that the fluid separates itself from contact 
with the solid. See Nature, u. 1894, pp. 524, 549, 573, 597, or Math. and Phys. 
Papers, tv. p. 215. One of the objections of Lord Kelvin has been met by M. Brillouin 
in Ann. chimie et phys. (8), 22, (1911), pp. 483-40. 

* « Ueber discontinuirliche Flissigkeitsbewegungen,’ Berlin. Monatsberichte, 1868. 

+ Crelle, 1869. See also Mechanik, Chaps. xxi, xxi. 
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the elimination of € between this relation and dz/dw = — € gives on 
integration a relation between w and z. 


121. In our two-dimensional problem we have a certain region 
on the z plane bounded by stream lines, that is, lines for which y 
is constant, so that the corresponding region on the w plane will 
be bounded by straight lines parallel to the $ axis. The method 
that we shall use for obtaining the relation between w and z 
consists in making two intermediate transformations*. Thus con- 
sider the function 

QO = log €= log g7 +76. 

Since the figure in the z plane is bounded by lines for which 
either 6 is constant or q is constant, and we may by suitable choice 
of units take unity to be the constant value of g along the free 
stream lines, hence if the z plane is conformally represented on 
the © plane the fixed boundaries (@=constant) on the z plane 
will correspond to lines parallel to the real axis on the 2 plane, 
and the free stream lines (q= 1) on the z plane will correspond to 
portions of the imaginary axis on the 9 plane. Thus the figure 
on the © plane is rectangular and bounded by straight lines. 


We next make use ofa theorem due to Schwarzt and Christoffelt 
by which a rectilinear polygon in one plane can be transformed 
into the real axis in another plane, which we will call the ¢ plane. 
This theorem enables us to determine the relations between Q and t¢ 
and between w and ¢ that will*transform our figures in both the 
© ‘and w planes into the real axis in the ¢ plane, so that points 
that bught to correspond in the © and w planes both correspond 
to the same point on the real axis in the ¢ plane. The elimination 
of t then gives w in terms of © or log (— dz/dw) and hence we get 
the required relation between w and z, though it is sometimes 
more convenient to retain ¢ as a variable parameter. 


122. Theorem of Schwarz and Christoffel. 


If z=x+zy and t=&+% then any polygon bounded by 
straight lines in the z plane can be transformed into the axis of &, 


* See Love, ‘ On the Theory of Discontinuous Fluid motions in two dimensions,’ 
Proc. Camb. Phil. Soc. vu. p. 175. 

+ ‘ Ueber einige Abbildungsaufgaben,’ Crelle, 70, p. 105, 1869. 

t ‘Sul problema delle temperature stazionare,’ Annali di Matematica, Tt, Pp. 895 
1867. 
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points inside the polygon corresponding to points on one side of 
the axis of £; and the relation that effects this transformation is 


dz AW ee a" 
ya At— 8)" (@- 8)" CEs)? 


where a, a... a, are the internal angles of the polygon in the 
z plane, and &,, &... &, are the points on the axis of & that corre- 
spond to the angular points of the polygon in the z plane. 


To verify this, we observe that dz/dt is never zero or infinite 
except at the points &, &... &, on the real axis of & Also if 
dz/dt = Re'*, where R is real, the argument 6 remains unchanged 
so long as ¢ is real and does not pass through any of the values 
&,, &... &,; hence the argument of dz is constant so long as ¢ lies 
between any two of the values &,, &... &,, and all points z which 
correspond to points between €, and &,,,, say, on the axis of &, lie 
on a straight line in the z plane. 


Hence it appears that points on one side of the axis of & in the 
t plane correspond to points within a polygon on the z plane and 
that the points &,, & ... &, correspond to the corners. 


Now consider the change in the argument of dz/dt as t, moving 
along the & axis, passes through the point &,. It is clear that the 


only factor that will give rise to any change is (¢ — BN , and we 
can make the passage by making the path near &, a semicircle of 
small radius ¢ with centre at & as in the figure. On this semi- 
circle t— &, = ee"®, so that 


and as the semicircle is described 0 changes from 7 to zero, hence 
the argument of dz/dt increases by 7 —a,. There is, therefore, a 
change of argument in the z plane amounting to 7—a,, so that 
the lines in the z plane corresponding to &,_,&, and &, &,4, make 
an angle 7 —4, with one another, and the internal angle of the 
polygon corresponding to the corner &, is @,. 


R. H. 9 
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123. When we wish to transform a given polygon in the 
z plane into the axis of & in the ¢ plane, the values of a, a... Mm 
are known and as regards the values of &,, & ... &, three of them 
may be chosen arbitrarily and the others then depend on the 
dimensions of the polygon. For in order to construct a polygon 
similar to a given polygon of n sides we must have n — 3 relations 
between the lengths of the sides. Any arbitrary distribution of 
the points &, & ... &,, provided they are taken in the proper order, 
will correspond to a polygon whose sides are in the right directions, 
but, if the polygon is to have definite shape, only three of the 
points &, & ... &, can be chosen arbitrarily. 


By consideration of the function 
d dz a,/m7 —1 
aS 
dt {leg “i Pape 
it can be shewn that if the poimt =o be taken to correspond 


with one corner of the polygon the corresponding factor in the 
expression for dz/dt is omitted*. 


124. As indicated in Art. 121 the cases with which we are 
concerned will be those in which the polygon is rectangular. For 


a rectangle o =a,=a;= 4% =i and if the corners correspond to 
the points &, &, &, & on the & axis we have 
dz A 


dt V{(t-&)(¢-&) (¢-&) €—-&)} 


(i) If we take &=—-1, &=1, &=o it is clear that two 
sides of the rectangle are infinite, so that we must also have 


£,=— oo, and the relation is, in this case, 
de -A 
dt /#—1- 


This gives z= Acosh?¢+B; and if we take B=0, which only 
means moving the origin in the z plane, we have 

t=cosh 2/A, 
and the following values correspond : 


t=1,-1,0,-0; z=0, 17d, 2,0 +A. 


* See Forsyth’s Theory of Functions, Art. 268 
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The area in the z plane is then a strip of breadth 7A: parallel to 
the real axis and extending from «=0 to r=0, 


‘ 7 
t plane 
ty te tg t4 
Fig. 34 


and the points in the two diagrams that correspond are indicated 
by like suffixes; 2,, 2, 2, 2, corresponding tot=—0,—1, 1,0. 

(11) Another method of representing on the ¢ axis the corners 
of the same strip of the z plane is to regard the strip as a triangle 
of zero angle in the direction «= « , we may then take any three 
points on the & axis in the ¢ plane to correspond to the corners, 
say the points ¢ = — 1, a, 1, as shewn in fig. 35. 


z plane Zo 


t plane 


ty ty t3 
= =i) O a 1 9) 


Fig. 35. 


The relation connecting z and ¢ is then 


dz A 
dt (t—a)V@—1° 
which gives on integration 
} = II 
f= Aisa cosh! de +B, 
a2 t—a 
at—1 
= 1 B. 
or z=Ccosh aes ae 
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If we choose the constant B so that z=0 when t=—1 we find 
B=0; then t=1 makes z=%7C so that the width of the strip is 
7, and t=a makes z= as it ought. 


(iii) As another case let us consider what sort of rectangle 


will correspond to the four points t=— », 0,0, . The relation 
between ¢ and z is 
ae , or z=Alogt+ JB. 


Considering t = e 4 , we have as corresponding values 
t=—0,0,0 andz=0+i7A, —x+717A (or —&), w. 

So the rectangle in the z plane is a strip of width 7A extending 

the whole length of the real axis. 


t plane 


Fig. 36. 


125. We shall now apply the foregoing theory to some Examples, in 
every case assuming the velocity to be unity along the free stream lines, 
and neglecting all external forces. 


Jet of liquid through a slit in a plane barrier. 


We assume that the sides of the vessel containing the liquid are infinitely 
distant from the slit compared to its breadth. In the diagrams fixed 
boundaries and lines that correspond to them are indicated by thick lines, 
free stream lines by thin lines, and the arrows indicate the direction of flow. 
Remembering that velocity is in the direction in which velocity potential 
decreases (g= —d0@/0s), we may place f=, ¢= -— at opposite ends of the 
stream. For convenience we suppose the boundary stream lines to be ~=0, 
=r. The region on the w plane which is to correspond to the given region 
on the z plane is therefore seen to be a strip of width m extending along and 
above the axis of ¢ from P= --o to P=, 


We have now to transform the z plane on to the © plane, where 
Q2=log g1+726. In the z plane we take the origin at B’, then for the velocity 


124, 125] JET OF LIQUID 133 


along A’B’ we have 6=0 and along AB 6=—-7. Hence in the Q plane the 
lines A’B’, AB are 6=0 and 6=—z, and the lines corresponding to the free 
stream lines BC, B'C’ for which g=1 are parts of the imaginary axis. 


he fee 


Os z plane a 


Cc Cc 
g=-0 
Fig. 37. 
We have now to transform the areas in the w plane and in the Q plane 


into the upper half of the ¢ plane so that corresponding corners in the w and 
Q planes are represented by the same point on the real ¢ axis. 


c! =f B! A’ 
=-] t= —a 
t=0 w plane 
eat t=oa eo 
e=-©> ~=0 B Ave 
fare, pe f=0 etal t=0 
A! B’ CC A 
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Before lettering our w and Q diagrams it will be convenient to choose 
particular points on the real ¢ axis to correspond to them, since as we saw in 
Art. 123 three such points may be chosen arbitrarily. Thus we may take the 
edges of the slit B, B’ to correspond to t=1, t= —1 and let A correspond to 
t=o. The w diagram is then as indicated in fig. 38, where we may take 
the line BB’ to be P=0 so that B is the origin in this diagram. 


The relation between w and ¢ is as in Art. 124 (iii) 


w=A logt+B, 
and w=0 when t=1, so that B=0; 
also w=in when t=—1. But log (—1)=7z, 
therefore A=1, and w=logt. 


The diagram in the Q plane has the point B’ for origin, and the relation 
between © and ¢ is by Art. 124 (i) 


Q=Ccosh-!t+D, 


and Q=-—tm when ¢t=1, so that D=—i7; 
also Q=0 when t=-1. But cosh—!(—1)=7z, 
therefore Q=cosh—!t¢-7tn, or t=—-cosh Q, 
= dz 

But Q=log ¢ or log ( - 5), 
hence we have cosh log (= —t= —e”, 
or €+¢-1= — 2e”. 
From which we deduce — GF (= — eh $r/ eo — if 


and the fact that ¢ or e’8/q is infinite when ~=0 and =x determines that 
the lower sign must be taken. 
Hence we get a Ra Ver — 1, 
and the integral of this is 
z=ee+r/e%— 1 —tan-) /e—1 —1, 
adjusting the constant so that z=0 when w=0. 


To find the equation of a free stream line, we have along the stream line B’C 


op 
Tey SES 9 
o that @¢=—s measuring s from the origin B’. Hence on this stream line 


w= we have 
s=—g=-—real part of w= — real part of log¢ 
where ¢ is real and lies between —1 and 0; also g=1 so that 
20 =Q=cosh~!¢-im or t= —cos6 
where 6 varies from 0 to —4z. 
Hence on the stream line B’C’ 


s=log (— sec 6). 
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But dz/ds=cos 6, 
since 6 gives the direction of the curve, therefore 

dx=sin 6d6, 

and 2=1-—cos 6, 


the constant being determined by the consideration that 6=0 when #=0. 
Similarly y=log (tan 6+sec 6) —sin 6. 
Since the ultimate breadth of the jet when the free stream lines become 


parallel is 7, and this is attained when @= — Z , for which the value of w is 


unity, it follows that the breadth of the slit is ++2 and the coefficient of 
contraction 2/(m +2). 


126. Borda's Mouthpiece. 

We shall now consider the efflux of liquid through a pipe projecting into 
the containing vessel, being the case to which reference was made in Art. 61, 
but restricted to two dimensions and assuming that the sides of the vessel are 
so far away as not to affect the problem. 


sw uw 
A’ mee =T7T — > B’ a 
(oy = pee, z plane 
C =e 
7 Ane geen x 
A wv=0 
ee 
(eu var ey ' 
w plane 
=—@0 pan 
c v=0 8 A 
Fig. 39. 


We shall adopt so far as possible the same notation and lettering as in the 
last article. The boundary stream lines ABC, 4’B’C’ are y=0 and p=, © 
so that the diagram in the w plane is the same as in the last case. If we 
take the same set of corresponding points on the real axis in the ¢ plane as 
before, we have the same diagram in the ¢ plane, and the relation between 
w and ¢ is still 

w=log t. 

The diagram in the © plane is also the same as before but now the line 

AB is 6=0 and A’B’ is 6=2n, so in the relation 


2=Ccosh-1t+D 
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we have Q2=0 when ¢t=1, so that D=0; 
and Q=%nr when t=—1, so that, since cosh—!(-1)=77, 
we have G=2) and) O—2/coshs* 7 


With the origin at Bin the z plane (also in the w and Q planes) we get 
along the free stream line BC, or ~=0, 


—s=h=w=logt, 
where ¢ ranges from 1 to 0 and 


since g=1, 7@=Q=2cosh~!4, so that t=cos $6, 


and s=log sec $8. 
Then dxz/ds=cos 6 and dy/ds=sin 6 
give w=sin?49—logsec 46 and y=4(6—sin 8) 


as the equations for the free stream line BC. 


> 


t=—0 t=-l t=0 a t=o0 
A B' (exe) B A 
t plane 


B 6=0 A 
Fig. 40. 


When the two free stream lines BC, B’C’ ultimately become parallel the 
distance between them is 7, and the value of @ being 7, we get y=4z, so 
that the total distance between the walls 4B, A’B’ of the opening is 27 and 
the coefficient of contraction is 4. This is in agreement with Borda’s theory 
as stated in Art. 61. 


127. Impact of a stream on a lamina. 


We shall suppose the width of the stream to be infinite compared to that 
of the lamina and the lamina to be fixed at right angles to the stream. 


The stream line y=0 which strikes the lamina: at its middle point 0 
divides there into the branches 044’, CBB’. If we take p=0 at C, the 
region on the z plane occupied by liquid corresponds to the whole w plane 
regarded as bounded by the double line from the origin to ¢= -— ©, ~=0. 
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We may clearly choose a transformation on to the ¢ plane so that the 
points A’, A, C, B, B’ correspond to t=a, |, 9, —1, —«. The relation 
between w and ¢ is then 


> eee 


for the interior angle of the w polygon is 27. This gives 


w=1At?, since w=0 when 2=0 .....-ereeeeeeeeeees (1). 


To get the diagram on the Q plane we have 6=0 along CB, and 6=- 7 
along CA and g=1 along BB’ and AA’. Hence the diagram must be as 
indicated and the relation between and ¢ is by Art. 124 (ii) 

dQ_ iB 
di 4p 


or a=Ceosh-1 (= 7)+D. 
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But when ¢=-1 the diagram shews that 9=0, therefore D=0; and 


when ¢=1, we have Q= —i7; but cosh~!(—1)=7z, therefore C= —1. 
Hence Q=-—cosh!(—1/¢) or ‘= = COMM. bees cetneceoeate (2), 
but Sine Othe (3) 
ul Q=log ¢, therefor [ge kl ere : 


We have now to determine the constant A in equation (1), and its value 
must depend on the width of the lamina. 


Along the stream line CB, since 6=0 therefore (=1/g and 
= — 29/(1+¢"), 


_-14V1-2 


which gives ; 


We take the positive sign in order to make g=0 when ¢=0, for the velocity 
must be zero at the point C where the stream line breaks into two branches. 


Again, along CB, since ~=0 therefore ¢6=w=4A?*, and, the velocity 
being wholly along the w axis, 


— 9=0o/ex= Atdt/dx. 


Therefore At dt = 1-V1-# ; 
daz t 
2, 
Be dea —Abdt 
l= il =e 


If 2 is the width of the lamina, this gives 
-1 #2 
uA | a8 
: 0 1-1-2 
and by writing ¢=sin x we find 


l= — A (1+1), so that 4a, 
lt? 
d = 
an w Say Wy See (4). 


Relations (3) and (4) contain the solution of the problem. 


To find the Cartesian equation of the stream line BB’ we have qg=1, 
so that : 
70=Q=—cosh-!(—1/t), or cosd=—-1/t. 


lt? 7 sec? 6 
Also =0. th. t = = =— 
W=0, so that d=w Ag aa 
Again dp/os= —g= —1, 
therefore gun tee" O= 1) 
w+4 , 


measuring s from B where 6=0, is the intrinsic equation. 
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Then da=cos 0ds=2I sec 6 tan 6d6/(m + 4), 
so that, taking the origin at C, 


21 7 
mea (see +7) ; 


and dy =sin 0 ds=2I sec 6 tan? 6d6/(w +4), 
whence = i {sec 6 tan 6 — log (sec 6+ tan 6)}. 


128. The same problem with oblique impact. 


We may proceed in the same way, but the stream line that divides is 
not in this case the one that strikes the barrier at its middle point. 


We get a similar set of diagrams (see next page) wherein, in this case, 
the points 4’, A, C, B, B’ correspond to t=O, 1, a, —1, —o, and the relation 
between w ae tis 


dw 
=A (ta), 
or WD re AN (LiL) Maw ae sort niotae bac osdaee socio ies (1), 


since w=0 when t=a. 
Also for the relation between © and ¢ we have by Art. 124 (ii) 
GO rs Ge 
dt (t—a)V@-1’ 
or ©=Ccosh-1 #2! p. 
t-—a 


But when ¢=-—1, the diagram shews that Q2=0, therefore D=0; and 
when ¢=1 we have Q= —7z; but cosh~!(—1)=7z, therefore C= —1. 


—1 
Hence Q=—cosh7! a j 
t—a 
at—1 
or am == COSI Ol (Gee) Connanee tose a sicseewenrens (2). 


Also, if the stream makes an acute angle a with the barrier, the final direction 
of AA’ and BB’ is given by 6= —(r—a) whent=o. Hence 
a(m—a)=cosh~!a, or a=-—cosa. 


Therefore (2) may be written 


tcosa+1 _ ey = 
Baa ooace =COSHO= 9% (C- Gad) aaesceeensetcemeent (3). 
On the barrier from A to C 
=-7 and (=-1/q, 
and from C to.B 6=0 and (=1/9; 
g+1_ , tcosa+l 
therefore 3 =+ ee 


the upper or lower sign according as ¢ lies between 1 and —cos a or between 
—cosaand —1. 


140 OBLIQUE IMPACT [CHAP. VI 


; tcosa+1—sinaV1— 
This makes g=t ) 
t+cosa 


the signs being adjusted so that q shall not become infinite when ¢ = — cosa. 


p=-@ - GC ; p=o 


A’ A a w plane 
(= =o t=—-—1 ; t=a ti t=0o 
B’ B c A A' 
t plane 


Also along the barrier 


v=0, and ¢=w=4A (t-a)’, 


that aarp Oe ieee 
so tha q +x +A (t @) Te 


the upper or lower sign according as we are on OB or CA, since these are the 
directions of q. 
tcosa+1—sinaVv1-2 
t+cosa f 


Hence A (¢+ cos a) oe 


and da=—A(tcosa+1 +sinaV1—#) dt. 
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Integrating this and taking the origin at the middle point of 4B so that 


t=1, t= —1 give equal and opposite values for 7, we obtain 
x= —$A {(—1) cosat2t+sina(tV1—#+sin-!4)} ......... (4). 
If we put t= —1 we get half the width / of the barrier, so that 
Ue MAA tore SIN he see oe Rese ya snep be sien (5). 
Hence w=l(t+acosa)?/(4+ 7 sin a). 
If in (4) we put ¢=—cosa we get for the distance from the middle of the 
barrier to the point where the stream divided 
G=tA {2 cos a (1 + sin? a) + G -«) sin a} 
= {2 cos a(1+sin? a) + G = a) sin a UA TF S10 G), aesereceeoee (6). 


Taking p/p =C—4q’, we get on the free stream lines p/p=C-4; and this 
gives the pressure of the ‘dead water’ behind the lamina. Therefore the 
difference of the pressures on opposite sides of the lamina at any point is 


p'=$p (1-9). 
The resultant thrust on the lamina is therefore 


41 31 
[dense] Aa) ae 
J -3l -4l 


al 
= ef (g-*- q) ade. 
—il 


But qg=+(tcosa+1—sinaV1—2)/(t-+cos a), 

therefore g-i1=+(tcosat+1+sina V1-#)/(t+ cosa), 

and qdx= F A(t+cosa) dt, 

therefore the thrust icf 
--p4 elaWesat. ee i eam (7) 

1 

=}mpA sina 
_ mplsina (8 
a ea Dh 


For the distance of the centre of pressure from the end 4d, we have that 
the moment of the pressure about the centre 


cx 


MY 
=| epider = Sp [_ xz (1-49?) dx. 
—# — $l 


To reduce this integral we notice that it is the same as (7) if we introduce 
the expression (6) as a factor, then the substitution t=sin y enables us to 
evaluate the integral at once giving as the result japA?sinacosa. But 
the whole pressure is $7pA sin a, therefore we have for the coordinate of the 
centre of pressure 


cosa 
Hr ON CORB oct ocnonconcondnosceajoas 9 
ae *44¢slna (9), 


on the up-stream side of the middle point. 
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This problem was discussed at length by Lord Rayleigh as the case of an 
elongated blade held vertically in a horizontal stream. He obtained results 
(8) and (9) by Kirchhoff’s method and gave tables for their values*. 


129. A variety of cases have been worked out by Mitchell+, Love}, Green- 
hill§ and other writers||, the method has been extended by Hopkinson {I to 
include the case of sources and vortices in the liquid, and important applica- 
tions of conformal transformation to curved boundaries have been developed 
by Leathem** by the introduction of curve factors into Schwarzian trans- 
formations. 

We shall conclude this Chapter with the solution of another example. 

A finite stream impinges on an infinite straight barrier, the motion being in 
two dimensions, and the boundaries of the stream being curves of constant 
velocity. Determine the relation between the w plane, and the Q or ¢ plane. 

Tf the undisturbed stream make an angle 4n—a with the barrier, shew that 
the perpendicular drawn from the point on the barrier where the stream divides 
to the asymptote of the stream line through that point is to the breadth of the 
undisturbed stream as 


. a 
a cos? a+sin acos a log (2 cos a) +2 cosatanh7! (tan 5) ta. 


Shew that the resultant pressures on the two parts of the barrier separated by 
this point are in the ratio m+2a : mr —2a. (M.T. 1. 1910.) 

Let us suppose that the free stream lines are ~=0, y=7 and let ~=8 be 
the stream line that divides, and let us take its point of impact with the 
barrier to be the origin in the z plane, the barrier being the real axis. 

The diagram in the w plane consists of the lines ~y=0, ~=7z and a part of 
the line ~y=8 taken twice. 

If we take the points 4, B, C, D to correspond to the points o, 1, —1, —a 
on the real axis of ¢ and call the point O t=a, the polygon in the w plane has 
zero angles at —1, 1 and an angle 27 at a, so that the relation between w 
and ¢ is 


dw _A(t—a) 
di = G—B@+1) ee eee ee eee ey (1), 
or tA a eee) sapabaniaeguceeeceeeeek (2). 


at 21) SG+iy 
In the w plane, we see that w increases by 78 as ¢ decreases through 1; and 
by integrating the last relation round a small semicircle inthe ¢ plane with 
the point 1 as centre, as explained in Art. 122, we get another expression for 


* Phil. Mag. 11. p. 430, 1876, or Sci. Papers, 1. p. 286. 

+*On the Theory of Free Stream-Lines,’ Phil. Trans. A. 1890. 

+ Loe. cit. p. 128, § Encyc. Brit. Art. Hydromechanices. 

| For a full bibliography of the subject see Love, Encyc. des Sc. Math. 1v. 18, 
pp. 118—122, where an account is given of the recent work of T. Levi-Civita 
M. Brillouin, H. Villat, U. Cisotti and other writers. 

4] ‘ Discontinuous Motion involving sources and vortices,’ Proc. L.M.S. 1898. 

** Phil. Trans. R. S. Series A, Vol. 215, pp. 489—487, 1915, and Phil. Mag. 
XxxI. pp. 190—197, 1916. 
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the value of the increment in w as ¢ decreases through the value 1. Hence 
A(1-a) ["d(ee”) A(1—a) 
2 Oper” 7 2 


. in, putting ¢-1=ee”, 


ig= 


and making «> 0. 


c var D 
(== 
t=-1 : 
Cc 
ee w plane 
B v=8 0 
in t= 
B y~=0 A 
f= —2 t=—1 t=a i t= 
D Cc O B A 
t plane 
B d=0 (9) 
AD/|t=a t=G4 
t 
Fig. 43. 
Therefore BEA (LAH) Oh oececccescnsecnce seen seeenecenes (3). 


Similarly by considering the increment in w as ¢ decreases through the value 
—1, we get 


ee easeay, 
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Therefore a —BH=KA (LAA) 7 vreccescceccnseceereoeseseoes (4). 
Whence we get from (3) and (4), 
B=3n7 (1—a), and A=1, 
so that (1) may now be written 


Again, for the Q plane, we have that 
6=0 along OB, and 6 = ~7z along OC; 
while AB, CD are free stream lines for which g=1, and therefore correspond 
to parts of the imaginary axis. 
From the figure we see that the relation between Q and ¢ is 
dQ _ B' 
dt ¢—a)V@-1’ 


F it — 1 
or on integration O= 5 /cosiime <— +0. 
But Q=0 when ¢=1, therefore O= Bir +C; 
and Q=—im when t= —1, therefore —tr=C. 
ar _1f(& =) 
Hence wat = cosh =4 (5 +! 
be dz _at-ltV1—-aW1-# 
This gives aa roy (6), 
ee) ea eee 
nad dw _at 1FV1—-ae@yv1 ao 
dz t-—a 


The sign of the radical can be settled by special considerations, thus at O 
in the z plane, where the stream line divides, t=a and the velocity is zero, 
therefore we must take the + sign in dw/dz and the — sign in dz/dw along 
BOC. 


Again on the stream line AB or y=0 we assume that g=1 so that 


dz ae 
— Fp O08 O tein 6, 


where @ is the angle that the direction of the velocity makes with Ov. Now 
when ¢= we have 


Wee Pea 


dw 
and by hypothesis for this value of ¢, @= — ¢ +a), 
therefore ' sinaticosa=atiV1—@, - 


whence we conclude that a=sina and the + sign must be taken before the 
radical, so that on the stream line ~=0 we must write 
dz at—1+iV1—-a@V/#-1 
dw (=G 
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Hence we have, along BOC, t<1 and 
a ORE eS. 
dt e—1 
and along AB, t>1 and 


de _ at—-14+iVN1—a@V/P— 
dt ?—] 


By integrating (8), aud remembering that z=0 when t=a, we get 
along OB 


2=4(1+a)log 7+" 4 (1a) log | 


is 1-2 (sin-1¢-sin-1a) ...(10). 
-—a 


Similarly by integrating (9) we get along AB 
z= D+} (1 +a) log (t+1)+4(a—1) log (¢-1) 4/1 —a@? log (t+ V2 =1) 


To determine the constant D we have the fact that in the neighbourhood 
of the point t=1 from (8) or (9) the principal part of 
dz_ a-l 
dt 2(€-1)’ 
and, putting ¢— 1=ce%#, and integrating round a small semicircle at the point 
t=1, we get, for the increment in z as ¢ increases through the value 1 
$(a—1).-tr, or —$tr(a-1). 
Hence if in (10) we put ¢=1—e and in (11) we put t=1+« ee then make 
e tend to zero, the latter value of z must exceed the former by —}7m (a—1). 
Therefore 
D+4(1+a) log 2+4(a-1) loge 


2 € fas aeramaeey ay (AY {18 
=n Ne ey) Be Def ater rng mel on (een 
=+3(1+a) log; 3 $(1 a)logs— + V1 #@(§ sin “) gin (a—1), 
or D=$ log =2 — ga tog (1~ a8) + WI=a2 ($-sin-ta) ~ $m (a1), 


Substituting this value in (11) we get for the equations of the stream 
line ~=0 
l-a . ef ae ahs 
2=% log Tae —$a log (1—a*)+ V1—a? (F-siv 1a) 
+4 (1 +a) log (¢+1) +4 (a— 1) log (¢-1), 
y=hn (1-a)+ V1—a@? log (¢+ V—1). 


To get the asymptote to this stream line, when ¢ is large, we may put ¢ for 
t+1 and ¢—1 and write 


a= }log >> <— ba log (1 - a?) +V1- T=@ (5 —sin- 1a) +alog 


y=hr (1—-a)+V 1-2? (log 2 +]og t). 
Rk. H. 0 
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On eliminating ¢ we get as the equation of the asymptote 
y=hn (1—a)4+V1—a?log2 
ig V1-a? 
a 


{+3 og te +ha log (1 —a@?)—/1—a@? G - sina) 


—a 


If the asymptotes to ~=8, ~=0 meet the w axis in UM, V we get ON as 
the value of 2 when y=0 in the last equation, and, substituting sin a for a, 
this gives 

NO=2 tanh~! (tan 2 +sin a log (2 cos a) — cos a(3 -a) = 5 tan a(sina—1). 


But YN=B seca; and the required ratio being MO cos a/m we have for its 
value 


a cos*a+sin a cos a log (2 cos a) +2 cosa tanh~1 (tan 3) i, 
since B=$n (1-a). 


For the pressure on the lamina we take, as in Art. 128, the expression * 


bp [-a) dz, 


dw?) dz 
eS : : : 
which is the same as 4 | {1 (2) } = dt, 
) = ae a) 
where along BOC 2: _ val +V1-o V/1-t 
‘a t-—a 


dw 


: dz : 
Substituting for a and QP the integral reduces to 


a dt —_ 
avina [5S or 2//1-—a?sin~ ¢. 
V1-@ . 


The pressures on CO, OB are the values of this integral between the limits 
(—1 and sina) and (sina and 1), so that they are in the ratio r+2a : m—2a. 


We have given the working of this example in all its details as questions 
of this kind often present analytical difficulties to inexperienced students. 


EXAMPLES. 


1. The irrotational motion in two dimensions of a fluid bounded by the 
lines y=0, y=b is due to a doublet of strength » at the origin, the axis of 


the doublet being in the positive direction of the axis of w. Prove that the 
motion is given by 


. TT, 7 ° 
priv=r coth TA (a+w). 
Sketch the stream lines, and shew that those points where the fluid is 
moving parallel to the axis of y lie on the curve 
cosh (7a/b) =sec (ay/b). (Trinity Coll. 1904.). 


* This is really the difference of the pressures on opposite sides of the lamina, 
on the hypothesis that there is a pressure on the side opposite to the stream equal 
to the pressure on the free stream lines. 
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Te 
2. Use the transformation z’=e4 to find the stream lines of the motion 
in two dimensions due to a source midway between two infinite parallel 
boundaries. [Assume the liquid drawn off equally by sinks at the ends of 
the region.] If the pressure tends to zero at the ends of the streams, prove 
that the planes are pressed apart with a force which varies inversely as 
their distance from each other. QUEM in EIS) 


3. A source is placed midway between two planes whose distance from 
one another is 2a. Find the equation of the stream lines when the motion is 
‘in two dimensions ; and shew that those particles which at an infinite distance 
are distant 4a from one of the boundaries, issued from the source in a direction 
making an angle 7/4 with it. 


4. Fluid motion is taking place in the part of the plane bounded by 
the real axis and the lines s=+a and w=-—a, which is due to a source 
at one corner and a sink at the other corner of the strip, each of strength m ; 
shew that the motion is given by 


w wz 
tanh hy tan ie 

and that the equation of the stream line which leaves the source at the angle 

a/4 to the sides is 

mat _ 


cos 
2a 


sinh se (Trinity Coll. 1907.) 
5. Prove that by proper adjustment of the constants (a, B, y, 6) the 
assumption 


z=aw+Ber' +6, (z=x+ly, v=o+p), 


may be made to give the solution for the two-dimensional motion of a liquid 
in a straight pipe of breadth 6, and sides y= +48, extending from v= — to 
«=O, the velocity in the pipe at = —o being V, and the pipe opening into 
an otherwise unbounded liquid at rest at infinity. Find the values of these 
constants, assuming that at the point (0, $5) the value of ¢ is qo. 

(Trinity Coll. 1903.) 


6. Prove in any manner that the velocity potential and stream function 
of the two-dimensional motion between the walls ¥=0, y=7, due to a source 
of strength m at (a, y,) and an equal sink at (#, yo), are given, by 


ee Pe a (Exp (w+%y) - Exp (iyo) ] 
{Exp («+7y) — Exp (a, +7y;)} {Exp (w+ wy) — Exp (2 — ty)} 
(St John’s Coll.) 


7. Determine the nature of the fluid motion in the space bounded by 
y=0, 1 (a2+9?)—2y=0, 
which is given by ptipy=coth (a+iy)~). (M.T. 1894. ) 
10—2 


148 EXAMPLES [CHAP. VI 


8. In the case of uniplanar efflux from a large vessel with two plane 
sides at right angles and an aperture in the corner equally inclined to the two 
sides, shew that the coefficient of contraction is 


vis 
3m +2/2—2 log, (1+/2)’ 
or ‘737. (M.T. 1919.) 


9. A doublet of strength p is placed within a square of side a containing 
fluid, the axis of the doublet lying along a diagonal at the centre. The origin 
of coordinates being taken at an end of the other diagonal and the sides of 
the square as axes, verify that 


otip=— a - fi +en! cero 


satisfies the conditions of the problem. The modulus of the elliptic function 
is sin 7/4, also on} (K4iK’)=e ™/*, (Trinity Coll. 1898.) 


10. Prove that for liquid circulating irrotationally under no external 
forces in the part of the plane between two non-intersecting circles, the 
pressure on either of the circles is mpx?/c, where 2c is the distance between 
the limiting points of the circles, and 27x the cyclic constant of the motion. 

(Trinity Coll. 1898.) 


11. Shew that the transformations 

Tw 
z= ~{V/2—1 —sec-12}; t=e aV, 
7 


where z=v+iy, w= +i, give the velocity potential @ and the stream 
function y for the flow of a straight river of breadth @ running with velocity 
V at right angles to the straight shore of an otherwise unlimited sheet of 
water, into which it flows; the motion being treated as two-dimensional. 
Shew that the real axis in the ¢-plane corresponds to the whole boundary 
of the liquid. (Univ. of London, 1910.) 


12. What problem is solved by the transformation 
d(e+iy) 1 eae 3 
ae ata Sea) 52 


pti =log (t—a), 
where # and y are the Cartesian coordinates of a point and gd and y the 
potential and current function respectively ? (M.T. 1891.) 


13. The sides of a vessel are two planes which extend to infinity in one 
direction. The straight lines in the section, made by a plane perpendicular to 
the sides, are inclined at an angle z/n; and they are symmetrically situated 
with respect to the line joining those extremities that lie in the finite part of 
the plane of section. Fluid escapes from the orifice, the motion being parallel 
to the plane of section. Shew that the coefficient of contraction is 


z 
1/42 f sin Deck 6dé. 
Tj)o nr 
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In the case where n=2, shew that the coordinates of any point in the free 
stream line may be expressed as 


x=2tanh-1(1+e7*)F+2 tanh—1(1—¢735)3_9 41 +e) 4 (1 67 FH, 
yam +2 (1t+e *)F—(1—e-})h} —2 tanh-1(1+e7 #9)! 4.2 tanh-1 (1—e7}9)}, 
where the middle stream line is the axis of w, the distance along the free 


stream line from the edge of the nozzle is s, and the scale of measurement is 
so chosen that the final breadth of the stream is 27. (M.T. 11. 1895.) 


14. Interpret the real and imaginary parts of the function 
log (dz/dw) =a. 
If dé/dQ =ze-2, 
shew that w=E+dE/dQ. 


Shew that the assumption w=cosh 20 gives the solution of a problem of 
meeting streams, and that the free stream lines make up a four-cusped 
hypocycloid. (M.T. 11. 1896.) 


15. Liquid moving in the plane (z, y) escapes from an opening between 
two fixed boundaries given by y=0, x<0, and y=h, «>, the part of the 
plane for which y is greater than its value on the fixed boundaries being com- 
pletely filled with liquid which is at rest at infinite distances. Find the 
equations of the free stream lines, and prove that the ultimate direction of 
the jet makes with the axis of x an angle a given by the equation 

Fabian at~secat+ log (tan $a). 
(M.T, 11. 1897.) 


16. The fixed boundaries of a liquid moving ia two dimensions are given 
by y=0 from v= —o to v=O0and from =a to x=, together with y=6 from 
x= —o tox=o ; prove that if¢ denote the ultimate breadth of the jet escaping 
through the opening in y=0 from #=0 to =a, ¢ is given by the relation 


a ne ob ge Weeden 
oe amie ie 20) 8 abies 


and shew that if a=0 the ratio of contraction is approximately 4/7. 
(M.T, 11. 1900.) 


17. Discuss the case of a single source on one side of an obstructing line 
of finite length, when the perpendicular from the source to the line bisects 
the line, and prove that when the plane of motion bounded by the obstructing 
line and the free stream lines is conformally represented in the portion of the 
plane of an auxiliary variable ¢ which is above the real axis, the functions w 
and are given by equations of the forms 

dw sint dQ _ ese) _ 4 1 
dt @+B2 at { 2+ 82 ieee) 
Also shew how to obtain equations connecting the length of the obstructing 
line, the distance of the source from it, the strength of the source, and the 


velocity along the free stream lines. (M.T, 11. 1901,) 
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18. Prove that the formula 
dz ey 1-au+J(—a*) /l-w*) lt+awt J/A-@) V0 — wu") 
dw U-a : uta 
where =e”, represents (in two dimensions) the efflux of liquid by a Borda’s 
mouthpiece (inward pointing tube) from the base of a cylindrical vessel, the 
vessel and the tube being coaxial, and the aperture of the tube at a distance 
from the base. 


Prove that the coefficient of contraction is equal to 
n—Jin(n—1)}, 

where 7 is the ratio of the breadth of the vessel to that of the tube. 

Verify this result from first principles. (M.T. 11. 1902.) 

19. Shew that, with the usual notation, the substitution 

w= A log z3+ B log (z3 +X), 
where 4, B, d are appropriate constants and 
4,= {cosh (log ¢)}?, 

gives the flow from a rectangular vessel with two infinite parallel sides and an 
aperture midway in the third side. 

Deduce from this the solution for the two cases (1) flow past a fixed 


obstacle set perpendicular to an infinite stream, (2) flow through an aperture 
in an infinite plane wall. (M.T. 11. 1906.) 


20. Exemplify the treatment of problems in discontinuous two-dimensional 
liquid motion by investigating the case of a stream whose breadth and velocity 
at infinity are a and V respectively, whose course is disturbed by a sym- 
metrically placed transverse straight barrier of length b. Shew that the force 
necessary to keep the barrier in position is 


paV?(1—sina), 
where b/a=1—-sinat+ i cos a log (cot? $a). (M.T. 1. 1905.) 
vie 


21. If a stream of infinite width is obstructed by a lamina with an 
elevated rim placed transversely, shew that the mean pressure on the 
lamina is 


mpV? 8+4+4r42n? s 

tag {i+ ete veo}, 

where V is the velocity on the free stream lines, and « is the ratio of the 
height of the rim to the breadth of the lamina, and higher powers of «¢ 
are neglected. (Love.) 


22, Water escapes, under pressure, from the plane wall of a vessel, by 
means of a large number of parallel, equal, and equidistant slits. The 
breadth of each slit is a, and the distance between the centres of consecutive 
slits is 6. Prove that the final breadth ¢ of each issuing jet is given by 


the equation 
a 25/ OMG c 
eee eal (EE AES ik 
1 ie (; 5) tan 5: 
Calculate the mean pressure on the wall, having given the velocity » 
of the issuing jets. (M.T. 11.. 1907.) 
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IRROTATIONAL MOTION IN THREE DIMENSIONS 


130. IT is our purpose now to consider certain special forms 
of solution of the equation 
| Oh Ob Op _ 
aus T oy? + oe 
We do not propose to enter into a general discussion of spherical 
and other harmonics such as may be found in many text-books on 


pure and applied mathematics, and we shall only have occasion to 
assume an elementary knowledge of these. functions. 


131. Motion of a sphere through a liquid at rest at 
infinity. 


If the centre of the sphere be moving along a straight line 
with velocity V, the motion of the liquid will be symmetrical 
about, this line, and Laplace’s equation takes the form * 


20 0 Op 
2 (1 2) + = 600 (sin 0-5) = Osean (Ly 


A solution of this equation is known to be 


+1 


pas ( Ant + =) ate Neato 6 (2), 
where P,, is Legendre’s coefficient of order n. 


* This may be obtained directly by considering the flow of liquid across the faces 
of the polar element of volume r? sin 6 dr d@ dw. The gain of liquid in the element 
due to the flow in the direction of r is 


bi (5 r? sin 6 d0 dw) dr, 
or \ or 


and the gain due to the flow in the direction perpendicular to r is 


0 (06 
a6 (5 a6" sin 6 dr aw) rdé. 


But the total gain in the element is zero, 


| 0% Ce] ; ap\ _ 
therefore on = (# Aye ) AY, (sin P ip) =o 
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In our special problem if we suppose the centre of the sphere 
to be passing through the origin we have to satisfy boundary 
conditions 


op 


Oe normal velocity = Vcos@ ......-.-++. (3), 
- : 
when * is equal to a, the radius of the sphere; and 
Op _ SAO 4 
pol re 0, ab infinity «2.0: 2..s00c2es-a-5-- (4). 


From (4) it is clear that the solution for ¢ cannot contain 
positive powers of r, and (3) suggests that we shall take* 


as the particular form of (2) to suit our conditions, since P, = cos 0. 
Substituting from (5) in (3) we find that 
= cos 6= V cos 6, 
for all values of @, so that B=4Va'. 
Hence the velocity potential is given by 
Pcs = 4 Va'r-* cos 0. 


To find the lines of flow, at the instant the centre of the sphere 
is passing through the origin, we have 


Bea he 
dg/or ad/r00’ 
a dr _ rdé 
if cos@  4sin 0’ 


ow that the equation of the lines of flow is 


7 


a r= (Csin?0. 


+ &* The student who is unacquainted with the properties of Legendre’s coefficients 
may proceed thus. §The condition (3) suggests that we should try to find a solution 
of,(1) of the form ¢=f (r) cos 6. We get on substitution 


sd ooh 
or yr a2 +27 ay _ 2f= 0, 
of which the solution is joa 
a 


On account of condition (4) we reject the solution Ar and proceed as above with 
¢=Br-? cos 0. 
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l 132. Liquid streaming past a fixed sphere. 


If we suppose the sphere to be fixed and the liquid to have a 
general velocity V, we can obtain the velocity potential from the 
last case considered by superposing a velocity — V on the sphere 
and the liquid. This adds a term Vw, or Vr cos @, to the velocity 
potential, so that now 


$= Vr cos 04+ 4Vair~ cos 0. 
For the stream lines we have 


dr rdé 


of nye a eA Nae 
(1- = cos @ -(1 + a) sin 6 


3 3 a 2 
or Shanes see 5-2) dr, 
TOP AP i — Cae 
therefore sin?@ = a 


re — ae 7 


This equation gives, for either this problem or the last, the lines 
of flow relative to the sphere. 


133. Equations of motion of a sphere:.: 


Reverting to the case of a sphere moving in a liquid at rest at 
infinity, we have to calculate the forces acting on the sphere owing 
to the presence of the liquid. If the extraneous forces have a 
potential © and act on the sphere and the liquid alike, their 
resultant effect is, from Hydrostatical considerations, a force equal 
to the difference between the forces exerted on the sphere and the 
liquid displaced; i.e. if o, p are the densities of the sphere and the 
liquid, the resultant extraneous force is (o—p)/o times what it 
would be if the liquid were not present. Omitting the extraneous . 
forces, the pressure is to be found from the equation 


ee op , 2 
DTPA GAG cee (1). 


Now in the expression 4Va'7~ cos @ the origin is at the centre 
of the sphere which moves with velocity V, whereas 0¢/ot is the 
rate of increase of ¢ at a fixed point of space. Hence (see Art. 98) 

Op _ Va’ dr Vara Q dé 


Aa pe ats r— cos 8 — = cos 0 — 4 7a Sin 


o 


i L 
Uf 
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where in consequence of the motion of the centre of the sphere 


dr do Vsin@ 
Gn 008 9 and a Te 
P 
ig 
V 
(e) oO’ 
Fig. 44. 
Therefore 
30 ar cos 8 +4 ual (3 cos @ — 1), 
2 2 6 
a - - (2) re be ee ne (3 cos? 6 +1). 


The resultant force on the sphere in the direction of motion 
obtained by resolving the pressure on an annular element of 
surface is then 


- ["p cos @. 27a? sin 6 dé; 
J0 
and on the surface of the sphere 
=F (t)+4 oF cos 6+4V?(9 cos? @—5), 


so that the resultant force is 
dV 


dV 
a tepag* ee” : ‘ 
3™pa° iM dp ccc (2), 


where M’ is the mass of liquid displaced by the sphere. 


Hence, if M denote the mass of the sphere, the equation of 
motion is 


ui LV eae 1M’ dV o — p (extraneous force if no liquid were 


dé ore a present), 

at VE ee o—p (extraneous force if no liquid were 
dt M+iM’ oa present), 

that is 
ae a (extraneous force if no liquid were present). 


Hence the whole effect of the presence of the liquid is to reduce 
the extraneous forces in the ratio ¢—p:a+4p. 
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Result (2) implies that if the sphere were to move with uniform 
velocity, the resultant pressure set up by the motion or the resist- 
ance to motion would be zero. This is contrary to experience and 
it is to be noted in connection with this and other similar ano- 
males that the analysis in this Chapter and the following is based 
on the hypothesis of the continuity of the liquid motion. The 
hypothesis of a surface of discontinuity, as in the last Chapter, 
separating from the rest of the liquid a region of ‘dead water’ 
behind the moving solid, would lead to a different result. Much 
has been written on this subject by continental writers*, but the 
appropriate analysis for three-dimensional problems has yet to be 
investigated. 

134. We notice that if the sphere be moving with uniform 
velocity V, and II denote the limiting value of the pressure at an 
infinitely great distance from the sphere, the pressure at any 
point on the surface is given by 

p=U—tpV? (5—9 cos? 8), 
so that the pressure will be negative at some points of the sphere 
unless II > 8p V*. 


135. We may also obtain result (2) of Art. 183 from the 
principle of energy. From Art. 87 the kinetic energy of the 
liquid is given by 


integrated over the sphere. So in this case 
T= ap [ $aV cos 6. Vos @. 27a? sin 6 dé 
0 


=trpa?V?=4M'V*. 
Therefore the effect of the liquid is to increase the inertia of 
the sphere by half the mass of liquid displaced. And if X denote 
the force parallel to the axis of « 


¢ gMv +4M’V*)=rate at which work is being done 
=XV; 


* On this subject the reader may consult papers by T. Levi-Civita in the Rendi- 
conti della R. Accademia dei Lincei, Serie V, Vol. x. (1901), pp. 3—9, and in the 
Rendiconti del Circolo Matematico di Palermo, T. xxi. (1906), pp. 1—37. Also a 
paper by U. Cisotti in the Atti della Societa Italiana per il Progresso della Scienze, 
1912, which contains a full bibliography up to that date. See also Encycl. des Sc. 
Math. 1v. 18; the footnote on pp. 126, 127 ante; and Lamb’s Hydrodynamics, p. 98. 
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dV 
so that (M+ 5M’) 7 =X, 
dV vaV 
or Ma =X —-3M’ 


so that the pressure of the liquid apart from any extraneous force 
acting on it, is equivalent to a force 4M’dV/dt opposing the 
motion. 


136. Sphere projected in a liquid under gravity. 


As an example let us suppose the extraneous force to be 
gravity. Since there is no horizontal component of extraneous 
force the horizontal velocity is constant; and as in Art. 133 the 
vertical motion is the same as if the sphere moved in vacuo and 
gravity were reduced in the ratio s—p:o0++4p. Consequently the 
centre of the sphere describes a parabola of latus rectum 

20+ p U? 
eed AB 
where U denotes the horizontal velocity. 


137. Concentric spheres. Initial motion. 


Let there be a sphere of radius a surrounded by a concentric 
sphere of radius b, the intervening space being filled with liquid. 
The methods that we have already used will enable us to determine 
the velocity potential of the znitial motion when, say, a given 
velocity is imparted to either of the spheres, or a given impulse is 


appled to one of the spheres while the other is held fixed, or is 
free to move. 


Suppose the inner sphere receives a velocity V, the outer being 
fixed. 


The boundary conditions are 


nem V cos@ when r=a, 
or 
and Bley when r= 
or 
B 
Assume that p= (4r + =) cos 0, 


then we get -A+*2 =, and — A +7 =0. 
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2r 


If M be the mass of the sphere and J the impulse necessary to 
produce the velocity V, we have 


MV=I- [| pcos ads, 


where p= pd denotes the impulsive pressure of the liquid. There- 
fore 


3 3 
Hence p= nee (r + a) cos 6, 


pVae ans elas oe 
MV= teas (a tL xa) [; cos? @. 27ra? sin 6dé 
ne 27rpa? (2a? + B®) V 
= 3 (b? — a’) 


If now the radius 6 of the outer sphere is increased indefinitely, 
we get for the limiting value of the impulse necessary to impart a 
velocity V to the inner sphere 

I[=MV+2pa'V, 
or IT=(M+4M’ V. 

Comparing this result with Art. 133 we see that the impulse 
necessary to produce the velocity V is the same whether we regard 
the liquid as extending to infinity and at rest there, or whether we 
suppose it to be enclosed by a fixed spherical envelope of infinite 
radius. 

If we calculate the impulsive pressure on the outer sphere, in 
like manner, we get 

2arpa?b? V /(b> — a’), 
which tends to the finite limit 27pa°V, as b tends to infinity. 


It can also be shewn by simple calculation that the total 
momentum of the liquid in the direction of the impulse is — 47rpa’V, 
whatever be the radius of the outer sphere; and thus we have a 
verification of the dynamical principle that the impulse J is equal, 
in every case, to the total momentum in the same direction of the 
solid and the liquid, together with the impulsive pressure on the 
surrounding sphere. 


138. Stokes’s Current Function. Motion symmetrical 
about an axis, the lines of motion being in planes passing 
through the axis. 

Let the axis of symmetry be the axis of w and let o (= Jy + 2°) 
denote distance from the axis. Let wu, v denote components of 
velocity in the directions of # and a. 
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Then the equation of continuity may be got by equating to zero 
the flow out of the annular space obtained by revolving a small 
rectangle dada round the axis. The total flow out parallel to a is 


(u2nrada@) dx; and parallel to a, the total flow out is 


hey (v27r adx) da, 
Ow 


so by equating the sum to zero we get for the equation of con- 
tinuity 


£ (wa) +a ° (vm) = = 


This is however the condition that 
vada — ua da 
may be an exact differential, and, if we denote this by dy, we get 
Loy ,_1 oy 
aon’ OL 


This function yf is called Stokes’s Stream Function*. 


u=— 


Since the stream lines are given by 
dx/u=da/v, 
or @(vde—uda)=0, 
that is by dy =0; it follows that the equation 
ar = constant 
represents the stream lines. 

A property of Stokes’s stream function is that 27 times the 
difference of its values at two points in the same meridian plane 
is equal to the flow across the annular surface obtained by the 
revolution round the axis of a curve joining the points. For if ds 


be an element of the curve and @ its inclination to the axis, the 
flow outwards across the surface of revolution 


=| (rc0s @—usin 8). 20erds 


aoe (e V det dee ) 
= 2 | dry = 2a (bh, — Wh). 


* See Stokes’s paper ‘On the Steady Motion of Incompressible Fluids,’ Trans. 
Camb. Phil. Soc. vu. p. 439, or Math. and Phys. Papers, t. p. 12. 
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We might also define the value of Stokes’s stream function at 
any point P as 1/27 of the amount of flow across a surface got by 
revolving a curve AP round the axis, A being a fixed point in the 
meridian plane through P; for this makes 


= + [" (vcos 0 usin 6). 2ned 
EAS v COS usin @).27ads 


‘P 
=| ee ede). 
A 


And by varying the position of P, we get as before 


peeacas and es 
a Ow a 


Also it is easily seen that the velocity from right to left in the 
sense indicated in Art. 39 across any arc ds is dW/wds. 


139. When the motion is irrotational, we have the condition 
ov ou 


on Ow 


which leads to Ces — 4 Ae 


02 | Om? ode 


Also, assuming that u=—0¢/d«e and v =—0¢/da, we get from 
the equation of continuity 


ap ap 


Cx? Ow? 


10 _ 4 


se le (2). 


Equations (1) and (2) shew that ¢ and wf are not interchange- 
able in the way that applied to the velocity potential and stream 
function of two-dimensional irrotational motions. 


The corresponding equations in polar coordinates (7, @) are 
frequently more useful than equations (1) and (2). If we take 
u, v to be the velocities in the directions of dr and rd@, then, since 
o@ =rsin@ and remembering that the velocity from right to left 
across ds 1s dw/ads, we get 


ee OR 
~~ » sin 6 700’ 
1 oy 


and v= psin® or’ 
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But in irrotational motion 


us ae and y=, 
therefore ee ae Nien 2 a (3). 
ae _ ie = a a ie oe as Z & 8 a 
that is Vid ce + sin 0 2 (— a ~) =0; 


or, putting cos 6 = p, 


Fig. 45. 


From the equation of continuity in polar coordinates, Art. 11 (1), 
we get the equation for ¢, 
0 ( 0p Or iby : set =o 
¢ =| a {a= (2) Se Oe eee (5), 
remembering that in this case ¢ is a function of r and @ only. 


The latter is of course a form of Laplace’s equation and has 
solutions of the forms 


Ue ea CYTE G1 yer tad EEN YE 
Again from (3) we have 


Oy ne mt Po +1)rP, 6 
ae = =—nrer P, or (n+1)1r P, ...... (6), 
and 


on, oP. 


=(1—p") = =(1 Sp aoe ES) 
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The last equation gives, on integration, as possible solutions 
for fp, 


be eel b’) pm OP n les ie) 1 1oP,, 
n+1 on nr” On’ 


it being easy to verify, by the help of Legendre’s equation, that 
these forms also satisfy equation (6). 


140. Applications. Solids of revolution moving along 
their axes in an infinite mass of liquid. 


If U is the velocity along the axis of # and ds an element of 
the meridian curve, the normal velocity at any point is 


— Uda/ds or — Ud (rsin @)/ds ; 
and the normal velocity of the liquid in contact with the surface 
1s Or/ads or Ow/r sin 60s. Therefore 


diy =— Ur sin @d (r sin @), 
or y=—4Ur' sin? 6+ const. ...2....6...00 (1), 
is the boundary condition. 


We also have that w has to satisfy the equation 


woh a- pL”) ce 0, where pw = cos 6, 


and we have seen that this equation has solutions of the types 
Me) We. a OL, 
Free ie Op an Ve Ow - 


The simplest case is that of a sphere of radius a. 
Taking n = 1, we have a solution of the form 
p= A (1—p*)/r; 
then at the boundary we must have 
A (1— p?)/a=—3Ua? (1 —p’)+C 
for all values of w. This requires that 
O=0 and A =— 302%. 


Ua’ sin? @ 
Therefore y=— 4 us — 
But we know that 
A 3 
(= py ob = Va FO sing 
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. 0 , Ua 
Therefore = 4 — ; 
and o=4 “2 cos #, as in Art. 131. 


141. Exampie. As a further example we may take the following :— 

A solid whose external boundary is r!=a'p= a4 cos 6 is moved along the axis of 

x2 with velocity U in an infinitely extended liquid. Shew that the motion set up 
in the liquid is given by the velocity potential p=} (3? — 1) Ua4/r*. 

(M.T. 1906.) 


» The form to be taken for the stream function here is 


Ed (1—p?) oP, _ 3-1 
y=A—— Ou’ where a 2 “ 


Substituting in the boundary condition (1), Art. 140, we have that, when 


r= ohn, 
1l- 
ACH) 3H_ 30721 — 4) 40 
for all values of ». Therefore C=0 and A= —1Ua‘. 
ah Pons 
Seat 
Hence v=-iUa! ae 
ee) 
ee Uat 
But (l—p )a ar Pe ape 
Vat 
so that pee 1). 


142. Values of Stokes’s Stream Function in simple 
cases. 


(1) <A simple source on the axis of 2. 


Here, from Art. 45, we have 6=m/r; but 


i es CED 
amet Sas 
Therefore v= mpe=meoos @ or ma/r. 


(2) A doublet along the axis of x. 

Here, from Art. 46, we have ¢ = M cos 6/r2; but 
f) 0 1- M 
a =(1- 8 e (1— #’) 


2 


a sin? @ 


Therefore p= 
r 
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(3) A uniform line source along the axis. 


If m is the strength per unit length and the source extends 
from O to A, we have, at any point P(&, 7), 


= fe i cos 6 da = [sees 
=m (VWE+m)-VE-OA +7} 
=m (OP'— AP). 


@ 
oO mdz A 
Fig. 46. 


We might also obtain result (2) by differentiating result (1). 
Thus for a simple source ~ = mz/r, therefore for a doublet 


1 @\ _Msin*d 
) aa ae 
And result (1) might be obtained by considering the flow across a 
circular area whose centre is on the axis and plane perpendicular 
to the axis. By definition, taken from right to left, the flow is 
2ary, and it is also m times the solid angle that the circle subtends 
at the source, so that having regard to sign 
2m = — 2am (1 — cos 8), 


or omitting a constant, wv =m cos 6. 


143. A comparison of the stream functions or the velocity 
potentials due to the motion of 
a sphere with those produced 
by a doublet in an infinite mass 
of liquid, shews that a sphere of 
radius a@ moving with velocity 
U produces the same effect as 
a doublet of strength 4Ua’ at Fig. 47. 
its centre. We can now deduce 
the stream lines for a sphere in the presence of a doublet. For 

11—2 
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if we take two doublets of strengths M and M’ at points A, A’ on 
the axis of # with their axes directed towards one another, we have 
Msin? 6 M’sin? & 
~=—— rca wi aren 


Te 


Hence on the stream line ~=0 
pee gh r (M8 
ft a 7 =( ) i 
This represents a sphere with regard to which A, A’ are inverse 
points. This sphere may be taken as a solid boundary, and thus 
we get the stream lines due to a doublet in the presence of a solid 
sphere. The image is another doublet at the inverse point, such 
that if O is the centre and a the radius of the sphere 
Mac f E OAS aa 
=( oer OAS 


(Cf. Art. 53.) 


144. Ellipsoidal Boundaries. Motion of liquid inside 
a rotating ellipsoidal shell. 

Let a7/a + 9?/b + 2/c =1 be the equation of the surface and 
@z, @y, @, the components of the angular velocity, referred to axes 
fixed in space and coincident with the axes of the ellipsoid at the 
instant considered. 


The component linear velocities of a point (a, y, z) of the shell 
ae ZWy — YWz, LW, — Zz, YO, — LH, ; and the direction cosines of 
the normal are px/a®, py/b, pz/c. Hence if ¢ be the velocity 
potential of the liquid motion the boundary condition is 

Lop yooh 20h 
—@oa Bay edz 


= 5, (Gey — yoo,) + F (wen, — 2002) + 5 (Yoox — Bey) «..(1), 
where Cal (fal et Uae at a [ Oe EE (2). 
To satisfy this assume 
p= Ayz + Bzx + Cay, 
this clearly being a solution of Laplace’s equation. 
The equation (1) then becomes 


Ayz (F+q) + Beo(4+ 2) + Cay(4+ 2) 
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from which we obtain the values of A, B, C, and then* 

B-— C—a a2 — 

os Grarengae Wz YZ — Faia Bae mera 

Since this result depends only on the mutual ratios of a, b, ¢ and 

not on their absolute magnitudes, it follows that the motion is 

the same in all ellipsoids of the same shape rotating with the 
same angular velocity. 

To find the paths of the particles relative to the ellipsoid. 
Let (&, n, €) denote the coordinates of a particle P referred to the 
. axes of the ellipsoid, then the velocities of P referred to axes fixed 
in space are £ —n@,-+ fw, and similar expressions. 


Therefore 
: = OG —@ — b? 
E = N@z+ Say = See wea +e @yf ies a+ BR @27; 
or E = a? (yn — BE) 
Bima GGa— Fee igen mies teceost tees 2508 (4), 
C= (BE —an) 
re 20x tes" 2a, ee 20, 
where ee area: Y= a2 + Be 


Multiply equations (4) by a/a?, 8/b’, y/c?, add and integrate and 
we get 
a&/a? + Bn/b? + yE/c? =const. ..........0eeee (5). 
Again multiply the same equation by &/a?, »/b?, /c?, add and 
integrate and we get 
Pla? ap + Ole = const... ce... ceo ees (6). 
The path of the particle therefore lies on the plane (5) and the 
ellipsoid (6) so that it is an ellipse. 
Again, if we assume that equations (4) have solutions of the 
form 
E —_ Pe'vt, n= Vet, C= Re'?*, 
we get by substitution and the elimination of P, Q, R 
up| a, as Oe B = 0, 
y , lb, —a 
as B ge OS ¢p/ Ce 
2, 2 4 
whence p=abe (2, ee 
* This result was published independently by Beltrami, Bjerknes and Maxwell 


in 1873. See Hicks, ‘Report on Recent Progress in Hydrodynamics,’ Brit. Ass. 
Rep. 1882, p. 56. 
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Hence every particle of the liquid describes an ellipse relative 
to the ellipsoid, like a particle moving under a law of force varying 
as the distance from a fixed point. And the periodic time for 
each particle is 27/p, where 


ae 
iL @x,/a \* @,,/b y w,/C Mee 
tse: eS ~~ 4 a +0 as ie +B) ) ° 


We notice that for a sphere (a =b =c) 


p=(o7+ of + w,)2, 


that is, the period of revolution of the liquid relative to the 
spherical shell is the same as the period of revolution of the shell; 
which means that the liquid is left at rest in space, the shell 
revolving alone*. 


145. Motion of an ellipsoid in an infinite mass of 
liquid. 
Before considering the problem it will be convenient to recall 


from the Theory of Attractions some solutions of Laplace’s equation 
and formulae connected with the ellipsoid. 


If #/a? + y?/b? + 2/c =1 is the equation of the boundary of a 
solid homogeneous ellipsoid of unit density, its potential at an 
external point (a, y, 2) 1s 


V= mabe | “(1 ae —) = oy I I 
A et+u BP+u C+u/(@+u)? (P+u)2 (e+ u)z 


asa (1), 
where 2 is the positive root of the equation 
ae y 2 iy 
Lt GPP 2 eee A ee (2). 
We may write this 
V =m (8 — aa? — By? — 92")... cece ee cece eee (3), 
2 di © du 
where d=ab | — = | sf 
r abc pix tan One Een inapee (4), 
and A =(a +u)? (Bb +.u)2 (244)? 


* The latter part of this article is based on a paper of Lord Kelvin’s, ‘On the 
Motion of a Liquid within an Ellipsoidal Hollow,’ Proc. R. Soc. Edin. xu. 1885 
p. 370, or Math. and Phys. Papers, rv. p. 196. 


144, 145] MOTION OF AN ELLIPSOID 167 


The potential at an internal point is a similar expression with 
» put equal to zero, and, with a similar notation, may be denoted 
by 

Vy =m (85 — yt? — Boy? — 92) .ccececcececees (5), 

where 6), a, 8, Y, denote what 8, a, B, y become when we put 
w= 0. 

The components of attraction at an external point are X, Y, Z, 
where 


oV. OV Or 
Bee et 2 ae en 
s Ox Oe ON, On 
But 0V/or’ =0 in virtue of equation (2), therefore 
AX =—-2naz, Y=—%wRy, Z=—2ryz......... (6), 


where it is to be remembered that a, 8, y are not constants but 
functions of X or &, Y, Z. 

We know that V is a solution of Laplace’s equation and 
therefore also so are X, Y, Z. 

Now consider an ellipsoid moving with velocity U in the 
direction of the # axis. The boundary condition is 


cop y dh 20h _ 7 # (7) 


on bay edz a Comm eee meee eeeeene 


over the ellipsoid, i.e. where X= 0. 
Let us try to satisfy this by the assumption 


o= AX. 
Op _ da a 
We have se=- 20d (ate 
da 1 
but when A= 0, ae 
and from (2), by differentiating with regard to «, 
Qu On / a? y? 2? ) 
— ion = O 
V+nr 04 \@ +r) - (b? + A)? a (2 +r? ? 
ON pa 
os On a2 +2’ 
nee On 2p*y d ON 2prz 
and similarly ay BEN and 7 aay 
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ae Op _ erie 
Similarly bg an 27A ( ab? ) , 
Op _ i Ee) 
and ay =— 27 A ( we? . 


Therefore, substituting in (7) we get 
Qr A “4 es (= 4% 4 ‘| ye 


a? a x0 Fe ¢ a 
U 
or A=5— (a — 2) 
Vax 
a Bee ENG a, es Ida nls maga cate 8 
Hence co) Genes (8) 


gives the velocity potential of the liquid motion*. 
If the ellipsoid have a velocity of which U, V, W are the com- 
ponents parallel to the axes, the velocity potential will be 
= Ui aw VBy.. Wrz 
Disa, 2 ena 


146. Ellipsoid rotating in an infinite mass of liquid. 

Let the ellipsoid turn about the axis of x with angular 
velocity wz. 

The component velocities of any point of the ellipsoid are then 


0, —Z@z, Yaz, so that, with the notation of the last article, the 
boundary condition is 


_ 20h yop 20d | ie! 
aoa boy fe = 922 (— pe) 


where X= 0. 


To find a solution of Laplace’s equation that will satisfy this 
condition, assume 


g=C(yZ—2zY). 
. oZ oY 
Th x “b= poe ne 
is makes Vo = 20 & = 
CV eV 
Tie, (sarae sa) ae 
and taking h = — Qa yz (ty — B) oe decescregeescesers (2), 


* This result was first given by Green in his paper ‘ Researches on the vibration 
of pendulums in fluid media,’ Trans. R.S.E. 1833, or Math. Papers, p. 315. 
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and substituting in (1) we get 


Leet Oy OB\  y (ey Of 
D) = se pigs zs 
aye \(v 8) (é a a) +o lene =] th ey ) 
z (oy OB\) __ Lore 
ap = eS I = 20x (5 _ 5) siee sive (3), 
and reducing this as in the last article, we get, when X= 0, 
Micate yfetnt 1 sf pet a els 
27rC 1% Bo) & ae 5) ae 2, (r = eC = Wy (5 5) . 
Therefore g=- Sa ye Acrmecosames tr aaees (4) 
2+ Poe (Bo — Yo) 
is the required velocity potential*, where 


ne y= abe (—b°) |" 


X being the positive root of 


du 
A (a+ wu)? (b? + u)? (ce + ue 


a OF g 
(Ee EL a 


If the ellipsoid have angular velocities w;, wy, @, about the 
axes of a, y, z, the velocity potential will be 


ii @z (RB —¥) yz - @y (yy — a) 2x ete 
AR C+a? ‘< 
AS cirak — ¥) at oor a VY Yo — %) 24+ ee 8) 


147. Spheroids. 
For a prolate spheroid b=c < a, we have 
a= ab? i = ae = 
A (@+u)? (+4) 
and putting a? + u = (a? — Db?) v’, we get 


___ 2abt ie dv 
(a? — b2)2. ik Chie 1g 
where a?+>=(a? — 6’) v’. 
20-2) ein 
Therefore cer en (3 log —— sour -5) HAY Pe noer ee CL): 


where e is the eccentricity of the generating ellipse. 


* This result is due to Clebsch, see Crelle, uiir. p. 287. 
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Al = ab du — 
sh gh (a? + u)2 Bey uy 
_2 o —é) [* 


"Gop 
1-é y+1 
028 (0 jig?) A he ane (2). 


e? 


In this case v= 1/e’, where é is the eccentricity of the 
generating ellipse of the confocal spheroid through the external 
point considered. 

For an oblate spheroid a=b >c, we have 

ri d 
a= B = ae | “ 1 = 
»(@+ wee +uy? 
and putting c?+ wu=(a?—c*)v? we get 


Zartc~ | ae an 
a= f= > | ; 
(@—c?)2¥" (14+)? 
where c? += (a? —c?) v?. 
Theref Jpaloen (cot = 7) (3) 
erefore a= B= a v a i ee " 
Also y= are | a S 
A(@+u) (C+)? 
26 [ dv 
(a — ce) CL a ye 
1 
_20-—@)F 7/1 ee 
= ras ae (5 cot v) © oh el cse eale sees (4). 


In this case v is (1 — e’)3/e’, where e’ has the same meaning as 
above. 

Hence for an oblate spheroid moving along the axis with 
velocity W, we have 


where vy has the value given by (4), and y% is the value when 
» = 0, or when vy =(1— e)3/e. Hence 


aE 
— e7)\2 / 
ay on . oa coty ) 
3 ein 
e&—(1—e?)? (en a sin e) 
Wz 1 af 

=e (> — cot 'y) j 

sine — e(1 —e) \v 
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As a special case we may take c =0 or e=1, and we get for the 
case of a circular disc moving at right angles to its plane 


In this case a2v? =X and X is the positive root of 


ue? + Ge Ze te 
Fin teas 
On the disc itself z=0 and X=0, so that v=0, but ¢ has a 
definite value, for we may write 


1 
cera Se eter 
paqgcta(l a? \=4@ sa 7) 
so that g=4 wo yf, 


taking the + or — sign on opposite sides of the disc. The normal 
velocity is + W, hence for the kinetic energy of the liquid we have 


Poses | | $ . ds 
au p{ (a - ow). 2are da 
Tv 0 
=4pa? W*. 
We observe that, as is usual in such cases, the theory leads to 
infinite velocity of the liquid at the edge of the disc. 


148. Reverting to the case of an ellipsoid moving along one 
of its axes (Art. 145), we have 


Vax 
p= 


2—a,’ 
and the kinetic energy of the liquid is given by : 


But on the surface of the ellipsoid the normal velocity =/1U, where 
(1, m, n) are the direction cosines of the normal. Therefore 

Ua { ladS, 

2 ily Ao 

and this integral is clearly the volume of the ellipsoid, so that 


L=%tp 


A 
(ees 


4 2 
ee 
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or Wee is an effective increase in the inertia of the ellipsoid due 
to the presence of the liquid equal to a,/(2—a) of the mass of 
liquid displaced. 


We shall now shew how the foregoing problems of liquid 
motion with ellipsoidal boundaries may be treated by a trans- 
formation of coordinates. 


149. Laplace’s Equation in Orthogonal Curvilinear 
Coordinates. 


Let X=const., w=const., v=const, 


be three families of surfaces that cut one another orthogonally at 
all their points of intersection; X, », v denoting functions of rect- 
angular coordinates 2, y, Z. 


Let OABCD be a small curvilinear parallelopiped bounded by 
such surfaces, the opposite faces BC, 
AD corresponding to X and 7+ 6a, 
and so on; and the edges OA, OB, OC 
being of lengths 6s,, ds:, ds3. 


If the coordinates of O are a, y, z 
those of A are 


Ox oy 
w+ — on, yt x 


0z 
oA, ee an, on. Fig. 48. 


Hence the direction cosines of the normal to the surface 
ae 
Or’ ON’ ON’ 
Gn 5 Oyo. az Layee ogy foZ\" 
(ee Ia ay te ab Ue ce () = (3) 2 
) x\?  /ay\?_ /Gz\? 
Al 2 = ee eae 2 
si os; (Gx) " on Es () | _ 


so that 6s, = 5r/h, and similarly 8s, = 8u/ho, 88; = Sy/hs. 


X= const. are proportional to and their values are 


Now if @ is the velocity potential of a liquid motion the 
total flow of liquid outwards across the surface of the parallelo- 
piped is by Art. 77 (i) —V°¢ times the volume, and we get from 
the pair of faces BC, AD a contribution 


Jd 2, 0p ) h, 0b 
ae G OS, 8s.) és, or. — > (; i | dr Su dp, 
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so that by adding similar terms we have 


y d/h, b\ 0 (hy Of\ . 0 / hy O6\) 
2S ae e (isk =x) + Ou (7 hy on) Yay (ike a5)} 


150. Confocal Conicoids. 
The equation 
a o Yy? 2 ZB a 
GEO OHO. cee 


= Oat ees (1) 


represents a family of confocal conicoids, of which three cutting 
orthogonally pass through each point of space. If A, w, v are the 
three roots of the equation regarded as a cubic in 6, and we 
assume that a>b>c, we know that 


O>rA>-CP>w>—-BP>yv>-ea, 


and that 2, uw, v correspond respectively to an ellipsoid, hyperboloid 
of one sheet, and hyperboloid of two sheets. 


Hence we have 


x? af as Se OGL) (0) 
@+0'R+0+ e401 ~ (40) (840) (e480) 


an identity for all values of 0. 


If we multiply by a?+ @ and then put 0 =— a, we get 
»_(@+d)(@+p) (a+r) 
~@=B(E=6) 
nays , (+r) (B+ p) (0? + v) 
Similarly y? i a me (3). 
ae (P+A)(?+p)(P+v) 
(ce —a?) (c? — B’) 


a“ 


and 


By differentiating logarithmically we get 


rob, CLO AE NE LA et 
ONSET NU LON, AMON OER 

i enh nu? y? ae ° 5 

therefore a-Hemyte nyt @aut es oe (5). 


Hence h, = 2p,, similarly h, = 2p2, and h;=2p;, where p,, Das Ds 
are the central perpendiculars on the tangent planes to the 
ellipsoid and hyperboloids. 
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Again by differentiating (2) with regard to 6 and then putting 


0=X we get 
a (A=) (A—) 


= en @+) (P+) (CFD)? 
4, (A — #) (Av) 
therefore he = (a? +2) (b KY (2+ me) 
ae ee ie Tye) ee ee 6). 
Similarly he (@+ w) (0+) (+B) (6) 
4 4 (yv-A)(v—p) 
an 


he (a? +v) (2+) (2+) 
In terms of these parameters A, wu, v it follows that Laplace’s 
equation takes the form 
74 
V6 = : 
PF == O=w) 


ee \(« nist (etnet xt bie 


151. We can now find solutions of the last equation and give 
hydrodynamical interpretations to them. 


An obvious solution is 


A i i du 

Dae (a+ ue (b+ ue (e+ u)? 

and by assuming the existence of solutions of the form 
p= xx (r), 

and b= yzx (A), 

it is easy to shew that there are solutions of the form 


= 2 oS du 
A(@+ wu)? (Bb? + uy (e+ wu)? 
du 
and =YyZ / : 


The last two correspond to the translation and rotation of an 
ellipsoid and give the same results as were obtained in Arts. 145, 
146; the boundary conditions in this notation being 


ob 0a 


and ~ Fe moe (ye — 2) 
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for the two cases. For the details of the work we refer the reader 
to Lamb’s Hydrodynamics, pp. 147—149, from which this investi- 
gation is taken. 


152. Ellipsoid of varying form. 


As we saw in the last article, or as is clear from the theory of 


attractions, 
dx 
2G i 3 2h bon TO (1) 
(tri +n (+r) 

is a solution of Laplace’s equation. It clearly vanishes when 
X= and it is constant over confocal ellipsoids, it may therefore 
represent the velocity potential of a liquid motion due to an 
ellipsoid whose surface is changing form. For the velocity at any 
point being given by 

Op , Op _ Ch, 

On OR (at + a)E (BENE (H+ A)YE 
therefore, on any confocal ellipsoid, the velocity varies as the 
central perpendicular on the tangent plane. Hence the conditions 
are satisfied by supposing a boundary ellipsoid to vary so as to 
remain similar to itself keeping its axis fixed in direction. If 
the axes are changing at the rates a, b, é the general boundary 
condition 


OFA OL Oe a Ofek 
i tees ayer eee © 


becomes in this case 


Gp y? : 2. x Oh y od 2 op _ 
eet pot alt want Re ay te ap Oates (3). 
But we have EE San 
Gy 10.6 
BD tat 


and on the surface 7=0, equation (2) becomes — ~~ 


On abe’ 
therefore, if we take K abc = 20, (3) and (2) are the same. 
Another expression for ¢ that will satisfy the general boundary 
condition (8) is obviously * 


pe Diy hed 
o=-3(Cotpy toe) Pea (4), 


* This result is due to Bjerknes, Gdtt. Nachrichten, 1873, p. 829. 
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and it will satisfy Laplace’s equation if 


This then is the velocity potential due to an ellipsoid which 
changes form so that its volume remains constant, for condition 
(5) is merely the condition that abc = const. 


EXAMPLES. 


1. A solid sphere moves through quiescent frictionless liquid whose 
boundaries are at a distance from it great compared with its radius. Prove 
that at each instant the motion in the liquid depends only on the position 
and velocity of the sphere at that instant. Prove that the liquid streams 


past the sides of the sphere with half the velocity of the sphere. 
(St John’s Coll. 1901.) 


2. An infinite ocean of an incompressible perfect liquid of density p is 
streaming past a fixed spherical obstacle of radius a. The velocity is uniform 
and equal to U except in so far as it is disturbed by the sphere and the pres- 
sure in the liquid at a great distance from the obstacle is I. Shew that the 
thrust on that half of the sphere on which the liquid impinges is 


wa? {11 — pU?/16}. (Trinity Coll. 1900.) 


3. A rigid sphere of radius @ is moving in a straight line with velocity ~ 
and acceleration f through an infinite incompressible liquid, prove that the 
resultant fluid pressures over the two hemispheres into which the sphere is 
divided by a diametral plane perpendicular to its direction of motion are 
lna?+4Mf— ¢ Mv?/a ; where I is the pressure at a great distance, and I/ is 
the mass of the fluid displaced by the sphere. (M.T. 11. 1910.) 


4. A solid sphere is moving through frictionless liquid: compare the 
velocities of slip of the liquid past it at different parts of its surface. 


Prove that when the sphere is in motion with uniform velocity U, the 
pressure at the part of its surface where the radius makes an angle 6 with the 
direction of motion is increased on account of the motion by the amount 


zis p U? (9 cos 26-1), 
where p is the density of the liquid. (St John’s Coll. 1898.) 


5. Find the pressure at any point of a liquid, of infinite extent and at 
rest at a great distance, through which a sphere is moving under no external 
forces with constant velocity U, and shew that the mean pressure over the 
sphere is in defect of the pressure II at a great distance by }pU2, it being 
supposed that IT is sufficiently large for the pressure everywhere to be positive, 
that is, that I> 3pU2. (M.T. 1908.) 
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6. An infinite homogeneous liquid is flowing steadily past a rigid 
boundary consisting Bae of the horizontal plane y=0, and partly of a 
hemispherical boss #2+4 y+2=a?, with irrotational motion which tends, at 
a great distance from the origin, to uniform velocity V parallel to the axis 
of z. Find the velocity potential and the surfaces of equal pressure. 

(St John’s Coll. 1905.) 


7. A stream of water of great depth is flowing with uniform velocity V 
over a plane level bottom. A hemisphere of weight w in water and of radius 
a, rests with its base on the bottom. Prove that the average pressure be- 
tween the base of the hemisphere and the bottom is less than the fluid pressure 

at any point of the bottom at a great distance from the hemisphere, if 
V2> 32w/111a2p. (M.T. 1894.) 


p 8. Prove that at a point on a sphere moving through an infinite liquid 
the pressure is given by the formula 


(p— po)/p=saf cos 6, +42? (9 cos? 6—5), 
where v is the velocity, f the acceleration of the sphere, and 6, 6, are the 


angles between the radius and the directions of v, f respectively, and po is the 
hydrostatic pressure. (St John’s Coll. 1909.) 


© 9. When a sphere of radius @ moves in an infinite liquid shew that the 
pressure at any point exceeds oe would be the pressure if the sphere were 
at rest by s 


Sf Gas tas) q+ 2% (49 a8) 9%, 


where q is the velocity of the sphere and q’ is f are the resolved parts of its 
velocity and acceleration in the direction of 7 and the density of the liquid is 
unity. (Coll. Exam. 1894.) 


10. Asphere of radius « is in motion in fluid, which is at rest at infinity, 
the pressure there being II; determine the pressure at any point of the fluid, 
and shew that the pressure on the front hemisphere cut off by a plane perpen- 
dicular to the direction of motion is the resultant of pressures 7a? (II — 3/5 p V?) 
and 4pa3f in the directions respectively opposite to those of the velocity V, 
and the acceleration f, of the centre of the sphere. (Coll. Exam. 1910.) 


11. Prove that for liquid contained between two instantaneously con- 
centric spheres, when the outer (radius a) is moving parallel to the axis of 
with velocity w and the inner (radius 6) is moving parallel to the axis of y 
with velocity v, the velocity potential is 


eee 
Bub {a?ue (1 +573) — Boy (i +5) ; 
and find the kinetic energy. (St John’s Coll. 1898.) 


12. Liquid of density p fills the space between a solid sphere of radius a 
and density p’ and a fixed concentric spherical envelope of radius b; prove 
that the work done by an impulse which starts the solid sphere with velocity 
V is 


(Coll. Exam. 1896.) 


2a? + 68 
ina V? (20 Sr Ea Mage p). 


R. H. 12 
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13. The space between two concentric spherical shells of radii a and 6 
(a>b) is filled with an incompressible fluid of density p and the shells 
suddenly begin to move with velocities U, V in the same direction: prove 
that the resultant impulsive pressure on the inner shell is 


i {3020 — (a3-+26%)V}. (Trinity Coll. 1895.) 

14. Incompressible fluid, of density p, is contained between two rigid 
concentric spherical surfaces, the outer one of mass J/, and radius a, the 
inner one of mass JM, and radius 6. A normal blow P is given to the outer 
surface. Prove that the initial velocities of the two containing surfaces 
(U for the outer and V for the inner) are given by the equations 


Impa? (2a? + b?)} UR 2 parb3 


{i+ a (ake | eee Be 
2m pb? (268-4+.03)) 2mpass? 
{a + 3 (a3 ins 63) V= =i jez U. 


(Trinity Coll. 1896.) 


15. A sphere of radius @ is placed in an incompressible fluid extending 
to infinity. Each point of the sphere is moving normally outwards with 
velocity d, also the fluid at points very distant from the sphere is moving 
with velocity V in a given direction. Find the velocity potential at any point 
of the fluid. 


: dM 
Also prove that the resultant pressure on the sphere is the force $—— V 


2 dé 
in the direction of the stream, where Jf is the mass of the fluid displaced by 
the sphere at the instant considered. (Trinity Coll. 1897.) 


16. A solid is bounded by the exterior portions of two equal spheres 
(of radius @) which cut one another orthogonally; and is surrounded by an 
infinite mass of liquid. If the solid is set in motion with velocity w in the 
direction of the line of centres, shew that the velocity potential of the result- 
ing motion is 


aes (< 8 cos@’ cose ) 
sau = ==). 
lie oe 2/2R?2 
where 7, 7’, & are the radii vectores of a point, measured respectively from 
the centres of the two spheres and from the point midway between them, and 


@, 6’, © are the angles which these radii vectores make with the direction of 
motion of the solid. (Coll. Exam. 1902.) 


17, Shew that d= log {(2e+r,—72)/(2e—7, +72)} is a possible value of 
the velocity potential for three-dimensional motion, 7;, 72 being the distances 
of any point P of the fluid from two fixed points § and S’ whose distance 
apart is 2c. Prove that the corresponding stream lines are ellipses whose foci 
are S and S’; and that the velocity at any point P is 2Ac/ryrz sin 4SPS". 

(Coll. Exam. 1907.) 
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18. If the velocity function denoting the motion of a homogeneous liquid 
be (Ax?+ By?+ Bz*)/r*, prove that the lines of flow are plane curves of the 
form 7?= +c? sin? 6 cos 6. « 


If also the force function be 9A? (4 cos! 6+ sin! 6)/878, prove that a sheet of 
fluid started from the origin will return to it without the use of a containing 


envelope. (M.T. 1875.) 


19. The motion of an incompressible fluid being symmetrical with respect 
to an axis, and the parts of the velocity resolved along and perpendicularly 
to a radius vector drawn from a point fixed or moving on the axis in any 
direction making with the axis an angle 6 being U and W, prove that if 


_2¢ CO 


; Ce ae 
U cos O+74 (1 +3 cos 26), as sin 6+ - sin 26, 


ae 
the equation of constancy of mass is satisfied, and Udr+ Wrdé is an exact 
differential, C and C’ being either constants or functions of the time. 


Shew also that if the fluid be unlimited in extent, and 0’=0, the assumed 
motion would be produced by a sphere moving in any manner with its centre 
on a fixed straight line. (Smith’s Prize, 1877.) 


20. <A doublet of strength J is placed at the point (0, a, 0) with its axis 
parallel to the axis of z, prove that at points close to the origin the velocity 
potential of the doublet is approximately 


Mz  3Myz 


ae as 


b) 


neglecting terms of the order 7°/a° and higher powers. 


Deduce that if a small sphere of radius c is placed with its centre at the 
origin, the velocity potential is then increased by the terms 


Me? Mc® yz anes 
i 5 24 e. (Univ. of London, 1911.) 


21. Shew that the image of a radial doublet in a sphere is another radial 
doublet, and compare their magnitudes; shew also that the velocity at any 
point of the sphere is proportional to wr, where 7 is the distance from the 
doublet, and w the perpendicular on the diameter on which it les. 

(Trinity Coll. 1906.) 


22. Discuss the motion for which Stokes’s stream function is given by 
V=4V {a'r-2cos 6 — 1} sin? 6, 
where 7 is the distance from a fixed point and 6 is the angle this distance 
makes with a fixed direction. (Coll. Exam. 1900.) 


@ 

23. The space bounded by the paraboloids #?+y?=az, #+y?=b(z-¢) 
(where a, b, ¢ are positive and 6 >a), outside the former and inside the latter, 
contains liquid at rest. Suddenly the bounding surfaces are made to move 
with velocities U, V respectively in the direction of the axis of z. Prove that 
in the motion instantaneously set up the surfaces over which the current 
function is constant are paraboloids of latus-rectum ab (U—V)/(aU—bV), 

(M.'T. 1905.) 


12—2 
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24. The resolved attractions of a body symmetrical about the axis of x 
are f(x, @) and ¢ (a, aw) respectively perpendicular and parallel to that axis. 
The equation of a solid of revolution is af(#, 7)=am*+6, where a and 6 are 
constants and @ is the distance of any point from the axis of z Prove that 
if this solid be made to move parallel to its axis in an infinite fluid the stream 
lines are given by equating the left side of this equation to any constant and 
the velocity function is — @(#, w) multiplied by a constant. (M.T. 1888.) 


25. A solid of revolution is moving along its axis in an infinite liquid; 
shew that the kinetic energy of the liquid is 


é 
a 2™p [z vd ds, 
where yp is the Stokes’s stream function of the motion, a the distance of a 
point from the axis and the integral is taken once round a meridian curve of 


the solid. Hence obtain the kinetic energy of infinite liquid due to the 
motion of a sphere through it with velocity V. _ (Coll. Exam. 1899.) 


26. An ellipsoidal cavity (semi-axes a, 0, c) in a solid initially at rest is 
filed with an incompressible frictionless fluid initially at rest. Prove that if 
the solid be moved with velocities u, v, w parallel to the axes of the cavity, 
and be rotated with angular velocities p, g, 7 round the semi-axes, the angular 
momentum of the fluid round the semi-axis a at any instant is 


(Trinity Coll. 1902.) 


27. A rigid ellipsoidal envelope, without mass, encloses a perfect incom- 
pressible fluid of mass Jf, The equation of the ellipsoid is 


aa? + y?/b? + 2/c? —1=0. 
An impulsive couple in the plane of zy causes the envelope to rotate initially 


with angular velocity . Find the initial velocity potential of the fluid, and 
prove that the moment of the couple is 


Moe (a? — 6?)?/(a? + 6°). (Trinity Coll. 1910.) 


28. Fluid moves irrotationally within an ellipsoidal cavity (semi-axes a, 
6, e) in a vessel which turns freely about the axis of «. Shew that the locus 
of points at which the pressure is the same as that at the centre is two 
planes, and that the pressure at any other point exceeds that at the centre by 
a quantity proportional to the product of the distances from these two planes. 
Shew also that each particle of fluid returns to the same place in the vessel 


after a time 7'(a?+ b*)/2ab, where 7’ is the time of a complete revolution of 
the vessel. 


Find the place from which a drop of fluid may be removed without dis- 
turbing the motion. 


Let an internal ellipsoid be described touching the cavity at the extremities 
of the axis of rotation and having all its sections perpendicular to this axis 
similar to those of the cavity. If the mass of fluid within this ellipsoid be 


suddenly solidified and rigidly connected with the rotating vessel, find what 
change in the motion is produced. (M.T. 1888.) 
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29. If the space between two confocal ellipsoids is filled with liquid, and 
the inner and outer ellipsoids are suddenly moved with velocities U, U’ parallel 
to the axis of x, prove that the velocity potential of the initial motion is 
given by 

$={(U-U')a—U (a — 2p) + U (ay - 2)} /{a" — ay + 2— 2p), 
where the notation is that of Art. 145, ay’ is the value of a for the outer 
ellipsoid, and p is the ratio of the volume of the inner to the outer ellipsoid. 


30. Shew that for a homogeneous solid ellipsoid of mass I rotating about 
the axis of #, in liquid at rest at infinity, the effective moment of inertia is 
By etd eee. (O? — ¢*)? (yo — Bo) 
pl RE ECE 
where p, o are the densities of the liquid and solid and 8, y) have the mean- 
ings of Art. 145. 
31. Shew that when a circular disc of radius @ rotates about a diameter 
in liquid at rest at infinity the kinetic energy of the liquid is 
Fs pvro?, 
being the angular velocity of the dise and p the density of the liquid. 


32. Prove that, when an oblate spheroid of eccentricity sina moves 
parallel to its axis of figure with velocity V in infinite fluid, the kinetic 
energy of the fluid is 


fe 
4M’'V? “= 


where J/’ denotes the mass of the displaced fluid. (M.T. 1. 1910.) 

33. The ellipsoid 2*/a?+y?/b?+27/c?=1 is surrounded by an infinite mass 
of water, and rotates about the axis of a. Prove that the component velocities 
of any particle of the water, parallel to the axes, will respectively be propor- 


ional t 
eee OM ON, ONE CL eh 0M 


dz Oy’ Oo” Oz’ Oy Ox’ 


where 


4 =|" Heres B a4) ( 4 = Bey == ah ae (ay) 


M=26°| « een 
Ie @+y bry ery} 
N= —-20[” 3 ad 1 e512 
© (+ yi v+y)i ery 
and ¢ is a positive quantity, given by the equation 
7 y » 
arte a b? +e Tie Be rie 


Prove that, if the ellipsoid be a shell filled with water, the values of Z, M, V 
with 0 instead of ¢ for the inferior limit, will similarly determine the velocity 
of any internal particle of the water. Find the distributions of density, on 


the surface of the ellipsoid, respectively giving the potentials Z, M, WV. 
(Smith’s Prize, 1881.) 


CHAPTER VIII 


MOTION OF A SOLID THROUGH A LIQUID 


153. IN the foregoing chapters we have considered some 
simple cases of the motion of a solid through a liquid, chiefly 
from the kinematical point of view. It is now our purpose to 
establish dynamical equations for the motion of a solid through 
an infinite mass of liquid, assuming that the motion of the 
liquid is due entirely to that of the solid, so that it is irrotational 
and acyclic. The motion of the liquid is therefore given by a 
single-valued velocity potential, and by reference to Art. 84 we 
see that the problem is a definite one. 


154. The dynamical problem possesses features of special 
interest. It was first solved by Kelvin and Tait* by treating 
the solid and liquid as one system and using Lagrange’s equations 
and the method of ignoration of coordinates. We shall approach 
the problem by a different method also due té Lord Kelvin. 


155. The Impulse. In the general problem that we have 
to consider, we shall suppose first that the liquid is finite in 
extent and limited by a fived boundary or envelope, and we 
shall then proceed to the case of a solid moving in an infinite 
mass of liquid by supposing the boundary to increase in size 
until every part of it is at an infinite distance from the moving 
solid. We saw in Art. 35 that any irrotational motion of a 
liquid may be produced instantaneously from rest by the appli- 
cation of a suitable impulsive pressure at every point of the 
boundary, and we shall define the impulse of the motion at any 
imstant to be the impulsive wrench or system of impulses that, 
applied to the solid, would generate the motion from rest+. We 
shall call this briefly ‘the impulse.’ It is clear that the impulse 

* Natural Philosophy, Art. 320. 


+ See Lord Kelvin, ‘On Vortex Motion,’ Trans. R.S.E. xxv. 1869, or Math. and 
Phys. Papers, wv. p. 15. 
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is equal to the total momentum of the solid and liquid together 
with the impulsive pressure on the envelope that bounds the 
hquid. 

156. Exampxe. It will be convenient to recall here the results obtained 
in a simple case in Art, 137: A solid sphere of radius a moving with velocity 
V in liquid bounded, at the instant under consideration, by a concentric 
sphere of radius 6. The impulse 7 necessary to produce the motion instan- 
taneously was calculated and shewn to tend to a definite limit when 0 is 
increased to infinity. The impulsive pressure on the envelope was also seen 
to tend to a definite limit as 6 is increased to infinity ; and the same was 
shewn to be true of the momentum. We shall see in the next article that the 
impulse necessary to produce the motion always tends to a definite limit, but 
except in special cases when the form of the envelope is prescribed the im- 
pulsive pressure on the envelope and the momentum are indeterminate. 


157. The Impulse tends to a definite limit, but the 
momentum is generally indeterminate. 


We have seen in Arts. 79 and 84 that, whether the sur- 
rounding envelope be finite or infinite, if the velocity potential 
(or impulsive pressure) at each point of the surface of the solid 
is prescribed, there is only one form of irrotational motion 
possible. And since any irrotational motion could be produced 
instantaneously by the application to the solid of a suitable 
impulsive wrench, and one and only one form of motion can 
arise from a given impulsive wrench, it follows that, if the 
envelope be increased indefinitely so that every part of it 
becomes infinitely distant from the solid, the solid and liquid 
still having a definite motion, this motion must still be the 
result of a definite impulse. That is, as the envelope increases 
without limit the impulse tends to a definite limit. 


This is not generally true however of the impulsive pressure 
of the boundary. For the impulsive pressure at a point is 
measured by pq, and since the envelope is fixed the tubes of flow 
must all start from and end on the surface of the moving solid, so 
that at a great distance rv from the solid the velocity potential ¢ 
must be of the same order r~ as the velocity potential due to a 
doublet. But the element of area of the infinite envelope is of 
order 72, so the surface integral of the impulsive pressure on the 
envelope is in general finite but dependent on the shape of the 
envelope and therefore indeterminate. Similarly the momentum 
is in general indeterminate when the mass of liquid is infinite. 
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158. Rate of change of Impulse = external force. 


Considering first the case of a finite mass of liquid and using 
axes fixed in space, let [,, I, be the «-components of the impulse 
that would generate the motion from rest and of the impulsive 
pressure on the envelope at time ¢; M, X the 2-components of the 
whole momentum and the external force acting on the solid; and 
(J, m, n) the direction cosines of the outward normal to the element 
dS of the envelope. 


Fig. 49. 


By the ordinary equations of dynamics we have 
dM a 
Soe X — ff plds, 


where the integration is over the surface of the envelope. 
But M =f, —I,, and B= P48 + FO, 


where F'(¢) is an arbitrary function of the time. 


Therefore 


dl, dl, 
the =X—p [| {P-ae+ reo} tas. 


3 emer mae 
But Te | patas, aad =e || tas: 


also F(t) is constant over the envelope and will give zero result 
when integrated, so that we get 


dl, | 
a= + tellalds. 


Now let the envelope increase until every part of it is at an 
infinite distance from the solid; then, as in the last article, b being 
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of order r~, q is of order r-* on the surface of the envelope, so that 
{f@ldS tends to zero, and J, tends to a definite limit I, therefore 
for a solid in an infinite mass of liquid 


As the motion, in general, would require an impulsive wrench 
to produce it instantaneously, and a linear impulse on the solid 
might result in an impulsive wrench on the envelope, we must also 
consider the rate of change of the moment of the impulse. 


With a similar notation let J,’, J,, M’, N denote moments 
about the a-axis of the impulse, the impulsive pressure on the 
envelope, the momentum and the external forces on the solid. 

dM’ 
dt 


But M' =I,'—TI,, and I, = {pd (ny — mz) ds, 
so that we get by similar steps 


dl,’ 

dt 
for the case of the finite envelope. When the envelope becomes 
infinite the surface integral vanishes as before and J,’ tends to a 
definite limit J’, so that 


We have 


= N — ff{p (ny — mz) a8. 


=N+4pf[¢ (ny —mz) dS 


aie. 


di Ny. 


159. Kinematical Conditions. Before translating the fore- 
going principles into formal equations of motion, we shall establish 
some kinematical relations. It will be convenient to take rectan- 
gular axes fixed in the body, the origin having velocities u,v, w in 
the directions of the axes, and the axes having an angular velocity 
whose components about the axes are p, q, 7. 


If ¢ be the velocity potential we may write * 
h = ug, + Vpz + Wh3 + PX t+ IUX2t (Ky svveveres CL) 
where ¢, denotes the velocity potential when the only motion of 


the body is a translation along the #-axis with unit velocity, and 


* Kirchhoff, Mechanik, p. 224. 
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x, denotes the velocity potential when the body rotates about the 
x-axis with unit angular velocity, with similar meanings for ¢2, ds, 
and x2, X3- 


If 1, m, n denote the direction cosines of the normal at any 
point (a, y, 2) on the surface of the body, we have 
ae =I (w—yr+zq)+m(v—zpt+ar)+n(w— aq t yp) ...(2), 


by equating the normal velocity of the liquid to that of the body. 
Whence by substituting the value of ¢ from (1) and equating 
coefficients of u, v, w, p, g, Tr we get 


Og: _) a Sale Pee, 
on on on 
ay ay ay Ao: 
ie mM = OES = aXe 
— By = RY — m2, an lz—na, 4, me ly 


We may observe in passing that the values of ¢,, x1, ete. have 
been found in the case of an ellipsoid in Arts. 145, 146, and that 
the problem of their determination is a definite one in the general 
case since they have to satisfy Laplace’s equation as well as (3) 
and their derivatives vanish at infinity, for by hypothesis the hquid 
is at rest there. 


160. Equations of Motion. Let & 7, & X, uw, v be the com- 
ponents of impulse, and X, Y, Z, L, M, N of the external force 
system acting on the body at time ¢ referred to axes fixed in the 
body moving as in Art. 159. At time ¢ + &¢ the coordinates of the 
origin referred to the axes at time ¢ are uot, vot, wét, and the 
direction cosines of the axes referred to their former positions are 
(1, rét, — qdt), (— rt, 1, pdt), (qdt, — pdt, 1). Hence by resolving 
parallel to the new position of the z-axis 

E+ 6€ = £4 nrdt—Cqdt+ X st, 
and by taking moments about the same line 
A+ dX.=A+4 wr dt — vgdt + nuwdt — Cvdtt LE, 
whence we get the six equations of motion 
E—nr+ tg =X, X— pr+vg—ynwt+ wv =L, 
Hn Cp+ r= Y, w—vp+rAr— bu + Ew= M, 
C— &+np=Z, v—Aq+ pp — Ev + nu =N. 
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As suggested by Lord Kelvin, these equations may conveniently 
be called the Eulerian equations of motion, since they refer to axes 
fixed in the moving body and correspond precisely to Euler’s 
equations for the rotation of a rigid body*. 


161. The Kinetic Energy. The kinetic energy of the liquid, 
by Art. 87, is given by 


where the integration extends to the surface of the moving solid. 
From Art. 159 (1) it follows that 7’ is a homogeneous quadratic 
function of the velocity components u, v, w, p, J, 7, 80 that we have 


2T = Av? + Bu? + Cw? + 2A’vw + 2B’wu + 2C0’wv 
+ Pp? + Qq? + Rr? + 2P’qr + 2Q'rp + 2R'pq 
+ 2p (Fu+ Go + Hw) + 2q(F'ut+ Got Hw) 
+ 2r(F'ut Gy + H'w)...(2), 


where the coefficients A, B, etc. by the help of Art. 159 (3) can 
be expressed in the form 


ee p[[oStas =p] | 1.28: 
A’ =—40f/(o.2 2+, ©) as 
aici p [e.g as= - [fo.5, ere ste Gy Tay 
= {| nd.dS=p || mg.as: 


OX 79 ay, 
Pp=- pf [aX aS=p|| x1 (ny — mz) dS, 
ete. 


The kinetic energy of the solid is also a homogeneous quadratic 
function of the velocities, so that the whole kinetic energy of the 
solid and liquid is an expression of the form (2), wherein the 
coefficients are only represented in part by the expressions (3). 


* Math. and Phys. Papers, 1v. p. 70 footnote. 
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162. Impulse in terms of Velocities. 


It is a well-known dynamical theorem that the work done by 
an impulse is the product of the impulse and the mean of the 
velocities of its point of application before and after it acts. 
Accordingly an extra impulse 6€ in the direction would do work 
d&(u+46u), where w+ 6u is the velocity in the same direction 
after the impulse 8£ has taken place; and if 6& be infinitely small 
we may take wd to represent the work done or the increase of 
kinetic energy. Hence when the ‘impulse’ receives infinitesimal 
increments 5£, 5y, 8f 5, du, dv there is an increase of kinetic 
energy 67’ given by 


8T = udE + v6 + WOE + PAF GOUH+ TOV. cece (1). 


But 


sD ao bn + by ow +5, P+ oq Ott 5p (2), 


and if the velocities are all altered in a given ratio it is clear that 
the impulses will be altered in the same ratio, so that if we write 
bu/u = de/v=...=dr/r=k, 


we must also have 


b&/E=on/n =... =dv/y—«. 


Whence by equating the two expressions for 67’ in (1) and (2) and 
substituting from the last equations we get 
u& +n t+wl+ pr+ qut+ry 
OL: S01 SOL Wee OLY POL teed, ole 
ais 6 ay ee an gee ee arene (3), 


since 7’ is a homogeneous function of w, v, ete. 


By varying this last equation we get 
267 = (udé + Edu) +... + (rdv 4 vbr); 
and therefore by subtracting (1) 
oT = Esut ndv + Cw + rSp + wdq + vbr. 


Comparing the last result with (2), since the small variations 
are arbitrary, we get 


Path ipo ee Oe ee eee te Toe 


Ou’ Ov’ ow’ Op’ 0q’ Or eceeee (4). 
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These results imply that the components of impulse are linear 
functions of the components of the velocity, hence the kinetic energy 
may also be expressed as a homogeneous quadratic function of the 
components of impulse; and when 7’ is so expressed we get from 
(1) the reciprocal relations 


Pole Ol ol ol ol. Bok 
FE Sa a ee On’ OC’ aye Om’ ee (5). 


163. Equations of Motion. The equations of Art. 160 now 
take the form* 
dof of of 
dtdu | ov 2 aw 
Olam Clee wer 
dtov dw’ du 
a at A ao Ree ol le 
dtdw du Pov 
OL me OL ree OL oT or 
dtap "aq 7 or ” aw Bw 
COL 01 SOF oT oT 
dt oq aor Op Poe Oil 
Gol rel yok or or 
dt or 1 ap mary ear Ta mn: 
Tn the case in which there are no extraneous forces we can obtain 
three integrals of these equations. Thus if we multiply them by 
U, Vv, W, p, g 7 and add, we get 


+ X, 


tay, 


m7, 


d of oot 
oom ch? a0 dereteieleleisisre siereitercrars CE): 
But ee es 
ou or 
therefore pa peice g Oe UE, a ae (2), 


dt dtou du dt 

ISOM GALACUS Eevee east (3) 
dt odudt dvdt ; 
and by subtracting (1) and (3) from (2) we get the equation of 
energy 


but 


a 
dt 


* Kelvin, ‘ Hydrokinetic solutions and observations,’ Phil. Mag. xu. p. 362, or 
Math. and Phys. Papers, tv. p.69. Also Kirchhoff, Mechanik, p. 236. 


=0, or 7'= const. 
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Again, if we multiply the first three of the equations of motion 
by 02 /du, oT /0v, dT /dw and add and integrate, we get 


aT\? _ (oT \? , (OT\? _ 
(=) +(5,) +(5,) = const., 


or E? + 9° + €? =const. ; 


which represents that the linear component of the impulse or the 
intensity of the impulsive wrench is constant. 


And if we multiply the six equations by 
oT lop, oT/og, oT/or, oT fou, oT/ov, oT /ow, 


oo? , oP ar oT oT 
ou dp dv dq owor 


we get = const., 


or EX + nut bv = const. ; 


which represents that the couple component or the pitch of the 
impulsive wrench is also constant. 


164. Directions of Permanent Translation. When there 
are no external forces the equations of motion of the last article are 
satisfied by p=q=r=0, provided w, v, w have constant values 
such that 


CH MEGS er & 
WV EW ta stteeateeeteeeens (Ly. 


In this case 7'1s a homogeneous function of u,v,w only, of the form 
2T = Aw? + Bo? + Cw? + 2A’ow + 2B’wu + 2C"uv ...... (2). 
If we regard wu, v, w as current coordinates the equation 
2T = const. 


represents an ellipsoid, and the equations (1) determine its principal 
aXes, 


Consequently if the body be set moving without rotation in the 
direction of any one of the axes of this ellipsoid it will continue to 
move in the same direction without rotation*. 


It may be shewn that one only of these motions is stablet. 


* Kirchhoff, Mechanik, p. 236. 
+ Lamb, Hydrodynamics, p. 160. 
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165. Hydrokinetic Symmetry. 


The expression for the kinetic energy in Art. 161 contains 
21 constants, but the number of terms is reduced in particular cases. 
Thus the coefficients A’, B’, 0’ can always be got rid of by rotating 
the axes. Also 


(1) If the body has three perpendicular planes of symmetry the 
energy must remain unaltered when the sign of any velocity com- 
ponent is reversed, so that 


27 = Aw + B+ Cw? + Pp? + Q¢ + Rr’. 

(2) If the body is in addition a surface of revolution about Oz, 
the expression for 27’ must remain unaltered when we write 2, g, —w, 
—r, for w, 7, v, g, respectively, for this is equivalent to turning the 
axes of yz through a right angle; hence B= C and Q= R, so that 

27 = Av? + B(v? +w) + Pp? + Q(@ +7"). 

The same expression holds when the solid is a right prism whose 
cross section is a regular polygon*. 

(3) When the body is similarly related to the three planes of 
symmetry as in the case of a sphere or cube we have 


2T=A(wW+v?+w") + P(p?+q? +7"). 
(4) Another kind of symmetry is that represented by the 
expression 
2TH=A(W+vtw)t+PhP (p+ Ptr?) +2L (up +g + wr), 
the form of which is unaltered by any changes in the directions of the 


axes, and any direction is one of permanent translation. Such a solid 
is said to be ‘helicoidally isotropict.’ 


166. Applications. Sphere. 
Taking w, v, w as the components of velocity of the centre of the sphere 
IT=A (w?+07+w"), 


where p=udit+rd2+ wvds, 
wa _# cos 6 5 ; 
and di= ag pee ea Art. 131, 


* Larmor, ‘On Hydrokinetic Symmetry,’ Quart. Journal, xx. p. 261, or Kirchhoff, 
Mechanik, p. 243. 

+ See Kelvin, ‘ Hydrokinetic solutions and observations,’ Phil. Mag. xum1. p. 365, 
or Math. and Phys. Papers, tv. p. 72. 

For other special forms see Lamb’s Hydr ddynamice, pp. 163—4, or Larmor, loc. cit. 
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Hence A=M+p | [vas 
=M+ pa’ | cos? 6 sin 6d6 
0 
=M+tN, 
where J/’ is the mass of liquid displaced. 
Therefore 2T=(U+4M’) (w+ 74+ vw"), 
and E, 1, (=(M+5M’) (u, v, Ww). 


The equations of motion, in this case, become 
(M+4M’) (a, 0, w)=(X, Y, Z), as in Art. 133, 
where X, Y, Z are the components of external force on the sphere. 


If external forces act on the liquid as well, their effect on the sphere is. 
expressed by adding to X, Y, Z the reversed effect that these forces would 
exert on the liquid displaced by the sphere. 


167. Solid of Revolution. 
Taking the axis of the solid for axis of x, we have 
QT = Aw? + B (v2? +) 4+ PePtQ (GH)  c.cececsceceeee (1). 


Assuming that there are no impressed forces, the equations of motion of 
Art. 163 become 


AU BIU = DOWD snasicctdocuiess sac Weleieeaasecisdencaeaeee (2), 
BU BDU Tyan oSgatlen sees otecteantaes nase sentence (3), 
BW AGU DIU wa segoesadasssoce erate eee teaeee (4), 
Pip =O sees sngore coschen doce secs sos ecise seo eaneten esos (5), 
Og =(Q— P) pr FOB AA) 00 aves cineasscvwnsedevenetag (6), 
QF =(P—Q) pat (A — B) UQ.... ce cecceceescesescseees (7). 


From (5) we see that p is constant throughout the motion. We can also 
deduce as in Art. 163 three integrals 


P= CONStatscesceusectece teens oct te reseo tones (8), 
A272 ENB ANCA D2) 1 eer eanae che nee setae see (9), 
and APup+ BQ (vq Fury H1G  oieccscscasseonteoe! (10), 


where J, G-are the constant components of the impulsive wrench at any 
instant. 


From (1), (2), (8), (9), (10) we can eliminate v, w, g, 7. Thus 
B? (v2 +. w2) = [2— A2y?; 
Q (Ptr) =27— Au? — B(v? +?) — Pp? 


and — BQ (vq +wr)=IG— APup, 
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therefore 
At? = B (rv — qu)? 
= Bw? + 0") (g? +9?) = (vg + wr)? 


2_ 42,2 . 
ee A*u {27- A2 4 “s 5) w—ip— Ppl - (aay 


Q 
a polynomial of the fourth degree in Aw so that Aw is an elliptic function of 
the time. 

Again, if we put v/w=tan Wp, we have 

(24+) P= wi— vi 
=p (v?+w?)— Au(qvu+rw)/B, from (3) and (4). 
_Au IG—APup 
Q° L?- Ar? * 

Thus, having expressed w in terms of the time, the last relation gives v/w 
and (9) gives v?-+w?, then p being constant (8) and (10) determine g and 7, so 
that all the velocity components are determined. 

The evaluation in terms of elliptic functions was first performed by 
Kirchhoff, and the problem has been discussed at length by Greenhill* and 
others. 


Therefore =p 


168. Solid of revolution—Quadrantal Pendulum. 

The case considered in the last article is much simplified if the axis of the 
solid moves in a fixed plane. Taking this as the plane wy we have w=p=q=0, 
and the equations of the last article become 

At=Brv, Bo=—Aru, Yr=(A—-B)w, 


Y 


Fig. 50. 
the three integrals reducing to two 
Au? + By? + Qr?=const., 
and Ay? + B2y?= J, 
the third being an identity, as the ‘impulse’ at any instant consists of a single 
impulsive force J. 


Let x, y be the coordinates of the centre of gravity 0 of the solid referred 
to axes fixed in the given plane whereof the x-axis coincides with the line of 


the impulse 7 and makes an angle @ with oz. 


* American Journal of Mathematics, 1898, 1906. 
13 


194 QUADRANTAL PENDULUM [CHAP. VIII 


Then r=6, Au=Icos6é, Bu=—Isin 8, 
so that the first two equations of motion are satisfied identically, expressing 
the fact that the impulse is fixed in magnitude and direction. The third 
equation gives 


~ A-B,, : 
(0 Aid Spodiccuososaoncacc 1), 
Q6+ AB I* cos 6 sin @=0 (1) 
or, if we write 26=¢, 
bo? Beageao vs.(2) 
Te te , 


shewing that the motion corresponds to that of a simple pendulum, the body 
moving according to the same law through a quadrant on each side of its 
mean position, as the common pendulum with reference to a half circle on 
each side. A body moving in such a manner is called a Quadrantal Pendu- 
lum*, This motion is acquired by a solid of revolution in an infinite mass of 
liquid when it is given a rotation about an axis perpendicular to its axis of 
figure, or simply projected without rotation. 


The body, as it moves, may make complete rotations or it may oscillate 
about a mean position. 


(i) In the case of complete revolutions we may write the first integral 
of (1) 
6? =? (1 —«? sin? 6), 


where @ is the value of 6 in the position 6=0 and 


or? — (Al BAA BO cccaceseecwcesaee see reccees (3). 
t) 
Hence ot | OE eS. ; 
0 (1—x2sin? 6)? 
$ 
= | as , where (=sin 6. 
Oya ea era): 
Therefore ‘ SIN(O == G—=SIlatasseceen ce eecan seescaceae aeeeenee (4), 


where x, as given by (3), is the modulus of the elliptic function. 


(ii) In the case of oscillations through an angle 2a about the position 
6=0, we may write the first integral of (1) 


; sin? 6 
62 = @? ( _ ) : 


sin2a 


ABQ «w? 


where sin? a= AaB TR rt teteeeeeeeeeeees (5). 


6 sina. 
Therefore ot = | _ ea or if sin @=¢sina 
0 (sin? a — sin? 6)2 


F ie d¢ 
=sina ; ; 
0 (1—¢2)2 (1-sin2a. ¢2)3 
so that Sin = (sin a=sin a sn (@t COSEC a) .........c0ecceseeeee (6), 


where sin a, as given by (5), is the modulus of the elliptic function. 


* Kelvin and Tait, Natural Philosophy, § 322. 
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To find the path of the centre of gravity we have 


: 4 cos?@  sin?6 
£=1 008 9—osin 0=T( a ie e ); 
and y=vsin 6+ v cos 6= I(4- B) sin 6 cos 6. 


Hence in case (i) 


1 1 1 

x => _ => eel ] 2 

z rt a G A au oh 
1 


a te Del KAO, 
Meise 48S) Sig pa Tee 
Sef LAP OSN 5 Va a 
= G + +) - FF dn? wt, from (3). 
Therefore x=(7 + ve ) — Qo E (at, k), 
II I 
where Z is the elliptic integral of the second kind. 
Sunilarly Wal G - 2) sn wt cn wt, from (4) ; 
\ = (A —B) dn wt 
therefore vi a wad 


=e dn wt, from (3). 


In case (ii), in like manner, putting v for wt cosec a, 
x=1(5 oa a sin®asn? 


I. Qa? 1 -dn?v 
Aen Oye aig 


, from (5). 


afl Qo? Qo . 
Therefore x= 7 ay ge -) iy ees FE (wt cosec a, sin a). 


Similarly y=- eee sinasnvdnv; 
= pA) ins 
therefore y= I—;- Bis sin?acnv 
Qo : 
=7 cn (wt cosec a, Sin a). 


In either case we see that the velocity of the centre of gravity consists of 
a constant part in a fixed direction together with periodic parts along and 
perpendicular to this direction. 


13—2 
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There is an intermediate case in which 
A BQw*=(A — B) I’, 


corresponding to x =1, or a=7/2; then we have 


6=a cos 6, 
so that wt =log tan (¢7 +46). 
eels A Bers 
Also. k= igo sin? 6 
I, Qo? 5 
me aa ae tanh at ; 
el Ee Ge Qo 
and therefore x= G + Te t— a tanh oe 
ta ote By : 
Also y=-l AB 6 cos 6 
2 
=— 0" tank owt sech wt; 
so that y= sech ot. 


In ease (i) the curve described by the centre of gravity does not cross the 
line of the impulse, but in case (11) the curve is a sinuous one crossing the line 
of the impulse at regular intervals, the points of crossing marking the extreme 
positions of the axis of the solid in its swing about its mean position. 


169. Cylinder. 


In the two-dimensional motion of an infinitely long cylinder in an infinite 
mass of liquid, the expression for the kinetic energy included between two 
planes perpendicular to the length of the cylinder at unit distance apart is 

27 = Au? + Bo? + Qr?, 
with the same notation as in the last article. The motion of the cylinder is 
therefore given by the results of the last article. The curves described by 


the centre of the cylinder are to be found in Lamb’s Hydrodynamics, p. 167 
(fourth Edition). a 


170. Stability. 


Let us consider the stability of a solid of revolution moving uniformly 
along its axis of figure. In the equations of Art. 167 we may put w=u,+w" 
_and regard w’, v, w, p, g, 7 as small, then we get 


Au =0, Bi=—Aru, Bw=Aquy, 
Pp=0, Qg=(B-A)wmw, Qr=(A- B) wo. 
Hence Bo+ ae ) Uy?v =0, 


with similar equations for w, g, and 7. 


Therefore the motion is not stable unless 4 > B. 
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For an ellipsoid we have 


A =M+p] ld 


=iep{ fo gies Art. 145 


and ‘ I wld =4rabe, 
so that A=M+4mpabe —“— 
3 9 er ao 5) 
similarly Ba M4 ka pabe soe. 
n 


Hence we have 4 >B, provided ap>8y, where ap, 8) are as defined in 
Atta 14: 


And ay > By requires that a <b; thus it follows that when an oblate spheroid 
moves uniformly along its axis the motion is stable, but for a prolate spheroid 
the motion is unstable. This accords with the observed tendency of a body 
to turn its flat side or its length across the direction of its motion. 


171. Stability increased by rotation. 


Now let us suppose that the solid of revolution is moving with velocity u% 
along its axis and angular velocity ) about its axis. When a slight disturb- 
ance takes place we may put u=u+wu', p=potp’ and regard w’, v, w, p', 9, 7 
as small. The equations of motion of Art. 167 become 


Aw=0, Bi=Bpw— Aur, Bw = Aung — Byor, 
Pp'=0, Og=(U-P)por+(B-A) uu, QF=(P—@) pogt (A — B) wp? 
These give w’=const., p’=const., and if we assume that 
v=), ware, g=rge'%, rarer, 
we get Bior, — Bpodg+ Au ds=0, 
Biohy— Auyd3+ Byrd =0, 
Qiors+(P — Q) porat+(A — B) UrA2=0, 
Qiods — (P— Q) pods — (A — B) WA, =0. 
The elimination of A,, Ae, Az, Ay gives a biquadratic for o, which resolves 
into two quadratics 
BQo*? + B(P —2Q) poo —{B(P—Q) py’ + 4 (A — B) m7} =0, 
and the condition for real roots, which must be satisfied for small oscillations, 
is that ‘ 
(P—2Q)?p? + 4@ (P— Q) po’ + 4 (A — B) Quy? 
should be positive ; or that 
Ppg?+4 (A —B) Quy! 
should be positive. 
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This condition is always satisfied if A>B; and when B> 4 the condition 
can be satisfied by making py large enough. That is, an elongated projectile 
can be made to move in the direction of its axis by giving it a sufficiently 
great angular velocity. This explains the necessity for the rifling of guns. 


172. Steady motion of solid of revolution in a helical path. 
As in Art. 167 when there are no external forces we have 
At=B(rv—qu), Bi=Bpw-Aru, Bw=Aqu— Bpr, 
Pp=0, QgG=(Q—P)pr+(B-A)w, Qr=(P-Q) pq+(A—B) we. 
If we make the hypothesis that rv —gw=O0 the equations are satisfied by 
uw=const., and v?+w?=const., 
and we have also p=const., and g?+r?=const. 

Let F, G be the impulsive force and couple that constitute the impulsive 
wrench at any instant; since there are no forces the axis OZ of this wrench is 
fixed in space. Let 0’ be the centre of gravity of the body, 0’O perpendicular 
to OZ and F, G’ the force and couple components of the impulse referred to 


O’ as origin. Then é, 7, ¢ are the components of F and 2, p, v those of G’, 


where 
é, n; (=Au, Bu, Bu, 


and A, py v = Pp, 24, Qr. 
Since 7v=quw, the direction of the motion of 0’ given by (w, #, w) is coplanar 


with / and G’, i.e. in a plane perpendicular to 00’. 
Therefore 00’ is of constant length. 


Again, if U denote the velocity of 0’, so that 


Z 


V2=w +724 w2, G’ 
the angle @ between U and Fis given by 
Avw?+ B(v?+w? 
cos p= ue ) 
Therefore 0’ describes a helix round the axis OZ of 
the impulse, the velocity parallel to OZ being 
U cos ¢, 
and the plane ZOO’ turning round OZ with angular velocity 
Usin 9/00. 
The axis of the solid of revolution, its direction cosines being (1, 0, 0), 
and the instantaneous axis of rotation (p, qg, 7) are also clearly coplanar with 


fF, G’ and make constant angles with OZ Hence the motion is a steady 
motion, 


=const. 


fe) 0’ 
Fig. 51. 


173. Steady motion of isotropic helicoid under no forces. 
In this case 
27T=A (w+ P+ w) + P(p?+Qtr2) 420 (up+ogt+ur) 
=AU*+ Po? +2L0U cos 6, 
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where U, Q are the resultant linear and angular velocities and 6 the angle 
between the direction of U and the axis of Q. 


Representing the impulsive wrench as in the last article, we have for the 
components of #’ and G’, 


&, 9, (=A (u, v, w) +L (P%7)s 
Ayo V=P (p, g, 7) +L (u, v, w). 
Therefore /' is the resultant of vectors AU and LQ, and G’ is the resultant 
of vectors PQ and LU. 


Hence as in the last article the directions of the vectors U and © must lie 
in the plane of /, G’, i.e. in the plane through 0’ perpendicular to 00’. As 
before OO’ is of constant length, and therefore G’ and the angle G’O’F are 
constant and therefore U and Q are constant and make constant angles with F. 

As in the last article 0’ describes a helix. 

Also U is the resultant of 

Lie q LG’ 
APA PAP LP? 
and if the angle FO'G’ =a, G’ cosa=G, and G’sina=/’. OU’. 
Hence the velocity of 0’ parallel to OZ is 
PF LG’ cosa PF-LG 


SOE PT AP=1h a= 18 
where 8 is the angle between U and OZ; and the angular velocity about OZ is 
Using _ —LG' sina _ pte 
00’ 00 (AP —L?) AP-I[? 
Hence the pitch of the helix is (L@ — PF)/LF. 
Since © is the resultant of ee and — a RB it is also completely 


determined when the impulse and the distance of the centre of gravity from 
the impulse are known, and thus the motion is completely determined in 
terms of these data*. 


174. T'wo spheres. 


Though the general discussion of the motion of two or more solids 
through a liquid may be regarded as beyond the scope of this book, 
there are some special cases which are capable of treatment by fairly 
simple methods so far as approximate results are concerned. The 
first of these is the motion of two spheres, moving (1) in their line 

_of centres, (2) in parallel directions at right angles to their line of 
centres. 
* For a method of constructing an isotropic helicoid see Kelvin, ‘ Hydrokinetic 


solutions and observations,’ Phil. Mag. xuit. or Math. and Phys. Papers, tv. p. 73. 
For other cases of motion of an isotropic helicoid see Miss Fawcett, ‘ Note on the 


motion of solids in a liquid,’ Quart. Journal, xxv1. p. 231. 
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(1) Two spheres moving in their line of centres. 


Fig. 52. 


Let A, B be the centres, a, b the radii, c the distance AB and 
U, U’ the velocities of A along AB and of Balong BA. Let (r, @), 
(7, 0’) be polar coordinates of a pomt P measured as in fig. 52. 


The velocity potential will be of the form 


Ud fe U'¢’, 
and the kinetic energy of the liquid will be given by 
2 LF 2 OU OP oN Gee cee ee (1), 


where as in Art. 161 


--p|[e%tas,, w=—p[[o*as,. 


- 
eee 


To find the values of ¢, ¢’ we might use the method of successive 
images, each sphere when alone in the liquid producing the same 
effect as a doublet; but it is simpler to proceed'as follows. 

The boundary conditions to be satisfied are 

~a-=-— cos 6 over A, and of 0 over B; 

or or j 

= =0 over A, and a =-— cos & over B. 
r or 


If the sphere A were alone in the liquid, moving with unit 
velocity, we should have a velocity potential 


as 
sil 
od, =4 7a COS 6, 


which would make 0¢,/d7 =— cos 6 over A. 
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cos@_ rcos@ c—r cos? 
2 a 3 a 3 
¥ Ss {c? — 2r’c cos & + r'2}2 
i or 
= (i+ : cos 6 +...) 


 ¢ 


Now 


Hence, near B, we have 
ae 2r’ cos & 
Ss 1+- Sent 


a: ; : as % 
giving a normal velocity over B= — a cos 6’. 


This normal velocity might be cancelled by the addition of a 


velocity potential 
a®b? cos 0 


72, 


(od v2 


b=4 


and, as above, the value of this near A is 


a®b$ 2r cos 6 
y= u it 
gs = 2 o ( at ; } , 
aos 5 a®b 
giving a normal velocity over A = — “a 008 é. 


This normal velocity might be cancelled by the addition of a 


velocity potential 
a®b® cos @ d 
g; = oe a? and so on. 


To this order of approximation, i.e, neglecting a°b*/c’, we have 


b= Git det 3; 
ab? 
and, on A, ¢@ = const. + 4a (1 +3 a ) GOS OF anesces teers (3), 
3 
while, on B, ¢ = const. + aS DP COSMO ag ete eik he ita ee (4). 


anes gree p|¢ 8 sara? sin 640 


= mpa (1 +38 or) {cos 6 sin 6d0 
0 


358 
= 27pa’ (1 +3 —) : 


Similarly 
33 i a? b? 3 
i= oa and N = $rpl'(1 +3) cteAean 
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If we put U=U' and a=6, the motion is symmetrical about 
the plane bisecting AB at right angles, which may be taken as a 
fixed boundary. Hence for the motion of a sphere at right angles 
to a fixed plane boundary at distance h = $c, the kinetic energy of 
the liquid being half that just obtained is given by 


3 
oP = 3rpa'(1+8G+---) ee (6). 
If m, m’ are the masses of the spheres, for the whole kinetic 
energy in the general case we have 
27 =(L+m) U?4+2MUU'+(N+m’) U® ...... (7). 


If we now assume that Lagrange’s equations* may be applied 
to the whole system and let a, x denote the distances OA, OB. 
where O is an origin on the line of centres, we have 

27 =(L+m) #-—2Mae'+(N+m’')é& ......... (8), 


and «#’ —x=c, so that 


d : y OL , ee ON ea 

4 (E+ m) a — Ma} +4 (Go - 25 ae aa 
and + (9), 
d ° y of OL +2 GATS. oN e/ a | 

gi Ma+(N+M)e}-4(5@ — 2 wae +5 és) =X 


where X, X’ are the forces acting on the spheres in the « 
direction. 


To a first approximation, assuming that a and b are small 
compared to ¢, and retaining only the most important terms, we 
have 

Cla, oM hd ae? 


bo ea ee ee 


ac Tp ee 5 Os = 0) cee eeees (10). 


(a) Ifthe spheres both move with constant velocity the force 
necessary to maintain the motion of A is 


xy 7U OM OM OM |, 


dt” 3g" aeaauers 
3 
= UE #6 = eed 


* For the justification of this assumption reference may be made to Lamb’s 
Hydrodynamics, Ch. v1. and Kelvin and Tait’s Natural Philosophy, §§ 319, 320. 
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This force is directed towards B and depends only on the velocity 
of B, so that two spheres projected towards one another would 
appear to repel one another. 
(8) If the spheres perform small oscillations about fixed 
positions, we may put 
«=X COS pt, 
xe =c+ cos(pt+e). 


The mean value of X is then the mean value of 


— OE Np? sin pt sin ( pt + e), 
which = 379 a NEB COSC) casnee sens vet velset (12). 


The force is therefore repulsive if the difference of phase e is less 
than a quarter period, and attractive if more than a quarter 
period. 

(y) Let U=U’ and a=6 so that the motion is symmetrical 
about the plane bisecting AB at right angles, then this plane may 
be taken as a fixed boundary, and we conclude from (a) that a 
sphere moving at right angles to a-fixed plane boundary is repelled 
from the boundary. 


(2) Two spheres moving in parallel directions at right angles 
to the line joining them. 


P 


Fig. 53. 


Let V, V’ denote the velocities, and with the same notation, 
but measuring 9, 6’ as in fig. 53, the velocity potential is 
Vo ak V'¢’, 
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where =—cos@over A, and s = 0 over Bb; 
0 over A, and ie = — cos & over B. 
or 
As before, a velocity potential 
gi =3 5 a cos 8 


would make 0¢,/dr = — cos @ over A. 


And, near B, we have 
he a 
eat S Ypres 
oi =3 rcs G=3- yr cos? 


he : a 
giving a normal velocity over B = — 4 — cos @. 


This normal velocity might be cancelled by the addition of a 
velocity potential 


a® b3 
go. =} Gap 098 0’; 


and the value of this near A is 
a b8 
bs = t oe YT COS 6, 


Pe. ; ab 
giving a normal velocity over A = — } a 098 0. 


This normal velocity might be cancelled by the addition of a 
velocity potential 


arb? a 
— mess : 
Gs = 3 eae Cos @, and so on. 


To this order of approximation, i.e. neglecting a®b*/c’, we have 
p= hit p2+ $s; 
353 
and, on A, Picks (1 ts 3) Cos eee ee (18), 


. 3 
while, on B, o=? 5 O COSO Menthe a Reretes ree (14). 


Hence if the kinetic energy of the liquid be given by 
2T=1L/V2+2M Ve Ve (15) 
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0 ) 
we have L =-p||ostas, | 
3\ fr | 
= pa? (a +? > )| cos’ @sin Add} 
C 0 
= 2mrpa} (a +} a) rans rs (16) 
ws | Me ip Ce epee ee | 
similarly M’= p | [$2 a8, =" e | 
, 0 / ; a® be | 
Ny =-p|[¢ oF dS, = mpl +S ) 


If we put V=V’ and a=6 the motion will be symmetrical about 
the plane bisecting AB at right angles, so that the kinetic energy 
of the liquid due to the motion of a sphere parallel to a fixed plane 
boundary at distance h = ¢/2, being half the kinetic energy in the 
last case, 1s given by 


3 
20 =gmpaV? (1+ see te) ee (17). 


Reverting to the case of the two spheres, for the whole kinetic 
energy we may write 


27 = (L’ +m) V?4+2M’VV'+(N'+m)V”...... (18), 
and taking an origin 0 on the line of centres so that if 0A = and 
OB=2a', « —x=c, L’, M’, N’ are functions of ¢ or a — x, and re- 
taining only the most important terms, 


OL’ | i ae ab? ON’ 
ea Ae SS OHO) A > aa soe 5 ee ove (19) 
Hence the equation of motion 
d (ery, of 
Tae) = = 
; OM” ay 
gives X= me, Vive 
3D 
=— 3p ViVi eens (20) 


as the force in direction AB necessary to maintain the motion of A. 
It follows that two spheres moving in the same direction in parallel 
lines attract one another. 
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175. Sphere moving in a liquid with a plane boundary. 

This case which, as we saw in the last article, can be deduced 
from the case of two spheres, is also capable of simple independent 
treatment. 

Let the w and y axes be parallel and perpendicular to the wall. 


Then 
OT = PEAOY rent aakerees ee (1) 


where P, Q are functions of y only, and the term zy cannot appear 
because changing the sign of @ cannot affect the kinetic energy. 


The equations of motion are 


where X, Y are the forces in the directions of # and y. 


If there are no external forces and the sphere is moving at right 
angles to the wall, ¢=0 and, since the kinetic energy is constant, 


therefore 
Ji)? ae CORSE in ins avd woe neeeren (3). 


But from (17) and (6) of the last article 


3 
Q =m + 27pa? (1+25) 
y 
so that P and @ both decrease as y increases, therefore y increases 
as y increases or the sphere has an acceleration from the wall. 


Again, if the sphere move parallel to the wall, so that 7=0, 
there must be a constraining force 


acting away from the wall, so that the sphere is attracted towards 
the wall. 


This problem was discussed by Stokes*, who obtained results (6) 


* ¢On some cases of fluid motion,’ Trans. Camb. Phil. Soc. v1. or Math. and 
Phys. Papers, 1. pp. 47—9. 
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and (17) of the last article by a somewhat similar method. Some 
results were given by Kelvin and Tait*, and for further information 
on the subject of the motion of two spheres reference may be made 
to papers by W. M. Hickst, R. A. Hermant, and A. B. Basset§. 


EXAMPLES. 


1. A homogeneous liquid is contained between two concentric spherical 
rigid envelopes of given masses ; these bounding surfaces are set in motion, 
the one with velocity U, and the other with velocity V, in perpendicular direc- 
tions ; find the impulses which must be applied to the envelopes to produce 
the motion, and determine the motion of the fluid at any point. 

(Coll. Exam. 1893.) 


2. The space between two coaxial cylindrical shells of radii a, b is filled 
with incompressible liquid of density p. The outer shell, of radius a, is 
suddenly made to move with velocity U: shew that the impulsive force per 
unit length necessary to be applied to the inner cylinder to hold it at rest is 
2Q7 pa*b? U/(a? — b?). (Trinity Coll. 1901.) 


3. A uniform sphere is surrounded by a uniform incompressible fluid of 
the same density, initially at rest and extending through all space. The 
sphere is set in motion by a blow P along a diameter. Prove that its resulting 
velocity is P/M, where J/ is its mass. (Trinity Coll. 1909.) 


4. An incompressible perfect fluid of mass m is contained between two 
rigid concentric spherical envelopes, the outer of radius 6 and mass J, the 
inner of radius a and of no mass. The system is started from rest by an 
impulse normal to the outer envelope. Prove that the initial momentum is 
shared between the envelope and the fluid in the ratio of I/ (2a+ 63) to mb®. 

(Trinity Coll. 1904.) 


5. A sphere of radius a is made to describe a circle uniformly in an infinite 
fluid at rest at infinity ; find the pressure at any point of the sphere, and shew 
that the resultant pressure on it is a force (27/8) pa*cw* towards the centre of 
the circle, where a is the radius of the sphere, c the radius of the circle described 
by its centre, the angular velocity. (Trinity Coll. 1907.) 


6. A solid body is moved in any manner in an unlimited liquid, find the 
motion set up and shew that if the body be moved with unit velocity along 
Ox, the momentum set up parallel to Oy is equal to that set up parallel to Ox 


* Natural Philosophy, §§ 320, 321. 

+ Motion of Two Spheres in a Fluid,’ Phil. Trans. 1880, p. 455. 

+*On the motion of Two Spheres in Fluid and Allied Problems,’ Quart. 
Journal, xxi. p. 204. 

§ ‘On the Motion of Two Spheres in a Liquid,’ Proc. L.M.S. xv. p. 369. 
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by moving the body with unit velocity along Oy. Also if the body be turned 
round Oz with unit angular velocity the momentum generated parallel to Oy 
is equal to the angular momentum generated around Ox by moving the body 
with unit velocity parallel to Oy. 


7. A pendulum with an elliptical cylindrical cavity filled with liquid, the 
generating lines of the cylinder being parallel to the axis of suspension, performs 
finite oscillations under gravity. If 7 be the length of the equivalent pendulum, 
and U’ the length of the equivalent pendulum when the liquid is solidified, find 
7 and U, and prove that 

m ab? 


ij OS : 
~ M+m a2 +0? hy’ 


where MU is the mass of the pendulum, m of the liquid, / the distance of the 
centre of gravity of the whole mass from the axis of suspension, and a, b the 
semi-axes of the elliptic cylinder. (M.T. 1878.) 


8. A pendulum, of mass ¥, with an ellipsoidal cavity (semi-axes a, b, ¢). 
filled with liquid of mass m, oscillates about a horizontal axis parallel to the 
c-axis of the ellipsoid ; prove that the length of the equivalent simple pen- 
dulum is 

[MWK? +m {d? + (a? — b?)?/5 (a? + b*)}|/( +m) 1, 


where X is the radius of gyration of M about the axis of suspension, @ the 
distance of the centre of the ellipsoid and / the distance of the centre of gravity 
of the whole mass from the same axis. (Coll. Exam. 1898.) 


9. In the midst of an infinite mass of homogeneous incompressible liquid 
at rest is a spherical surface of radius a, which is suddenly strained into an 
equal spheroid of small ellipticity. Find the kinetic energy contained between 
the given surface and an imaginary concentric spherical surface of radius ¢; 
and shew that if the imaginary surface were a real boundary surface which 
could not be deformed, the kinetic energy in this case would be to that in the 
former case in the ratio 


© (3a? + 26°) : 2 (8 — a>), (M.T. 1878.) 


10. Find the ratio of the kinetic energy of the infinite liquid surrounding 
an oblate spheroid, moving with a given velocity in its equatorial plane, to 
the kinetic energy of the spheroid; and denoting this by P, prove that if the 
spheroid swing as the bob of a pendulum under gravity, the distance between 
the axis of suspension and the axis of the spheroid being ¢, the length of the 
simple equivalent pendulum is 


(1+ P)c+2a%/e 
l-o/p 


’ 


where @ is the equatorial radius, p the density of the spheroid and o that of 
the liquid. (M.T. 1879.) 
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11. An elliptic cylindrical shell, the mass of which may be neglected, is 
filled with water, and placed on a horizontal plane very nearly in the position 
of unstable equilibrium with its axis horizontal, and is then let go. When it 
passes through the position of stable equilibrium, find the angular velocity of 
the cylinder (i) when the horizontal plane is perfectly smooth, (ii) when it is 
perfectly rough; and prove that in these two cases the squares of the angular 
velocities are in the ratio 


(a? — b%)2 +40? (a2 +.B) : (a2 — 82), 
2a and 2b being the axes of the cross section of the cylinder. (M.T. 1886.) 


12. A solid ellipsoid of uniform density is set rotating in an infinite liquid 
about one of its axes by a given impulsive couple; find its angular velocity. 
(M.T. 1882.) 


13. <A cylinder is moving in an infinite fluid, and the motion is defined by 
u, v, ©; Shew how to reduce the kinetic energy to its simplest form. 
If 27> Aw?+ 2Hw-+ Bv? + Ko? and there are no forces, prove the equation 
K6+J?{(A —B) sin 6 cos 6+ H (cos? 6 — sin? 6)}/(AB- H?)=0, 


where J is the resultant momentum (linear). (St John’s Coll. 1895.) 


14, An infinite elliptic cylinder of density o is moving through incom- 
pressible fluid of density p that extends to infinity and is at rest there. Shew 
that if a, b be the semi-axes and c?=a?— 6?, 


IT=r3r (pb? + cab) U2 +7 (pa? +oab) V2 
+7[pct/8+ cab (a? + b?)/4] wo, 
and that at any time 
[pole 
8 p 4 a@-6? 
where U, V are the velocities of the centre along the axes and @ the angle 
turned through by the transverse axis. (Trinity Coll. 1894.) 


a+ UV=0, 


15. A prolate spheroid is moving through fluid with velocity w in the 
direction of its axis; shew that the motion is unstable, but that it will be 
stable if the spheroid is at the same time spinning about its axis with 


4 
an angular velocity greater than = {7 (9-P} ", where P and @ are the 


effective inertias of the spheroid along the axis of revolution and a perpen- 
dicular axis respectively, and A, B are the effective moments of inertia about 
those axes. (M.T. 1892.) 


16, A solid ellipsoid of density o is placed inside a fixed concentric, con- 
focal and similarly situated ellipsoidal shell and the space between them is 
filled with fluid of density p. Supposing that the whole matter attracts accord- 
ing to the Newtonian Law, and that o is greater than p, shew that when the 


R. H. 14 
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solid ellipsoid is slightly displaced parallel to its greatest axis, the time of a 
small oscillation is given by 


Te mp(o—p)A 
Lo a pabe x 
ke abe (2—A’)—a'b’c (2— A) 


where a, b, c and a’, b’, c’ are the semi-axes of the outer and inner ellipsoids 


, 


and 


-{, ___ abcdx 
0 (a2+X)E(BEA)E (2 +A)E 
with a similar expression for A’, (M.T. 1881.) 


17. If a thin ellipsoidal shell without mass be filled with water, and set 
in motion about its centre as a fixed point, prove that its subsequent motion 
will be determined by three equations of the form 

(b? —¢?)?2 da, , (b?—c?) (be? + ca? + a*b? — 3at) 


b+c2 dt (2 +a?) (a2 +62) be 


18. If A and B be the forces required to act for unit of time in order to 
generate unit velocity perpendicular and parallel respectively to the axis of an 
ellipsoid of revolution in an infinite mass of homogeneous frictionless liquid, 
and if G be the couple required to act for unit of time in order to generate 
unit angular velocity about an equatorial axis, prove that the kinetic energy 
T of the ellipsoid and liquid is 


4 (Au? + Av? + Bu? + Go;?+ Gao? + Cos”), 
with Euler’s notation, C being the polar moment of inertia of the ellipsoid. 


Express 7’ in terms of Lagrange’s coordinates 2, y, 2, 6, 6, ; and prove 
that if the axis of z be parallel to the impressed impulse /, then 


: 1 : : 
r= — F(- 3) Sin 6 008 6 00s g=—F (4 ~ 5) sin 8 cos Asin y, 


RNG 2 , F : 
snr (24, dtcosOp=o3, Gsin® d¥+ Co; cos d= #, 


: 4 pee: 2 
G6? + sin? OY2+ Cos?-+ F? (= i — “) =27, 
where o;, /, 7’ are constants; the last three equations being the same for a 
solid of revolution with a bar of soft iron in its axis, moving about its centre 
in a uniform magnetic field. MUS iit) 


19. An incompressible liquid extending to infinity is bounded internally 
by a prolate ellipsoid of revolution : find the initial motion, when an impulsive 
pressure 

= Ax? + By? + C24 2Fyz+2Gen + 2Hay 
is applied to the liquid over the ellipsoid, where A, B, etc. are constants, and 
the centre of the ellipsoid is taken as origin of rectangular coordinates. os 
(Dublin Univ. 1911.) 
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20. A rigid body immersed in a homogeneous incompressible liquid at 
rest extending to infinity is set in motion by an impulsive couple: prove that 
its subsequent motion relative to a certain point 0 fixed in it is the same as 
if a certain ellipsoid, fixed in it with its centre at Q, rolled on a fixed plane; 
and express geometrically the variable velocity of translation necessary to 
complete the representation of the actual motion. (Lamb.) 


21. An infinite mass of fluid is divided into two parts by an infinite rigid 
plane and a sphere is moving in the fluid in a line perpendicular to the plane. 
Explain by general reasoning what will be the effect of making a circular 
opening in the plane with its centre in the line of motion of the sphere, when 
the sphere is moving (1) towards the plane, (2) from the plane. (M.T. 1882.) 


22. Explain how the method of images can be used to obtain successive 
approximations for the velocity potential due to a sphere moving in a liquid 
bounded by a plane wall whose distance a from the centre of the sphere is 
large compared with the radius 6 of the latter. 


If the centre of the sphere be taken as origin, the axis of y perpendicular 
to the wall, and if the sphere be moving with velocity w along the axis of x, 
shew that, neglecting fifth and higher powers of 6/a, the velocity potential 
near the sphere is given by 


ep er ee oy 
$ A {i+ ga (1+ge) bene, 


and find the values of the constants A and B. (Univ. of London, 1910.) 


23. The presence of an infinite liquid increases the apparent inertia of a 
moving sphere by half the mass of the liquid displaced. Shew that this in- 
crease is raised in the ratio 143a3/8é: 1 nearly, if the liquid is bounded by 
an infinite plane perpendicular to the direction of motion, and at a great 


distance & from the centre of the sphere, whose radius is a. 
(Trinity Coll. 1895.) 


24. Two infinite parallel circular cylinders in an infinite fluid are pro- 
jected (i) in opposite directions along a line at right angles to their axes, (ii) in 
the same direction perpendicular to this line. Prove that they experience in 


the two cases respectively a mutual repulsion and a mutual attraction. 
(Trinity Coll. 1894.) 


25. A sphere of mass J, displacing a mass MZ’ of fluid, is projected with 
velocity V normally to an infinite rigid plane with which it is in contact; 
shew that its limiting velocity is 

7 1 
BY ll ee et 
y = le Trinity Coll. 1898. 
J Ea ard (Trinity Co ) 
14—2 
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26. Find the complete system of images which will represent the motion 
of a sphere perpendicular to an infinite bounding plane ; and shew that, if the 
density of the sphere be the same as that of the fluid, the ratio of the velocity 
of the sphere at impact to its velocity at an infinite distance from the plane is 


i 
i ( =): (M.T. 1889.) 


1 2° 


27. Find the nature of the interaction between two spheres moving in a 
liquid of infinite extent (i) when the spheres each make small vibrations along 
the line of centres, (ii) when one vibrates and the other is at rest. [Take the 
kinetic energy of the system to be ; 


4 (Lu? —2Muv+ No"), 
é 3a°b3 ab3 
where L=m-+gnpe (1+ 2"), M=2np—, 


eh 302d 
N=m' +2mpb? ( aa iad 
m, m' are the masses, a, b the radii, and wu, v the velocities of the spheres, ¢ the 
distance between their centres, and only the lowest powers of a/c and b/c are 
retained. | 


Mention some experimental evidence of the results obtained. 
(LT. 1911.) 


28. (a) Investigate the condition of stability of the motion of an elongated 
solid of revolution with a plane of symmetry at right angles to its axis of 
figure moving parallel to its axis of figure and rotating about that axis. 


(6) Prove that, when this condition is satisfied, there are possible two 
states of steady motion in which the velocities of translation and rotation are 
constant and the directions of translation and rotation are in a plane through 
the axis of figure and make constant angles with that axis while the plane in 
question rotates uniformly around the axis. 


(ec) Prove that the two modes of simple harmonic oscillation about the 
state of steady motion described in (a) are really steady motions of the types 
described in (6), the angles made with the axis of figure by the directions of 
translation and rotation being small. (M.T. 1904.) 


CHAPTER IX 


VORTEX MOTION 


176. So far we have confined our attention almost entirely to 
cases involving irrotational motion only. But we saw (Art. 64) 
that the most general displacement of a fluid involves rotation of 
which the component angular velocities at a point (a, y, 2) are 


ow dv Ou dw dv ou 
Ent (sya) 8G) oH (Hy): 
where u, v, w are the components of linear velocity at the point. 
We also saw (Arts. 31, 33, 70) that if at any instant the motion of 
a fluid mass is irrotational under the action of conservative forces 
it remains irrotational for all time. In this chapter we shall con- 
sider the theory of rotational or vortex motion. The theory is due 
to Helmholtz whose epoch-making paper was published in 1858%*. 
It was afterwards developed by Kelvint, Kirchhoff and other 


writers. 


177. It is important to realize at the outset that some portions 
of a fluid mass may possess rotation while others are moving 
irrotationally. 


Lines drawn in the fluid so as at every point to coincide with 
the instantaneous axis of rotation of the corresponding fluid 
element are called vortex lines ( Wirbellinien). 


Portions of the fluid bounded by vortex lines drawn through 
every point of an infinitely small closed curve are called vortex 
filaments (Wirbelfdden), or simply vortices, and the boundary of 
a vortex filament is called a vortex tube. 


* Crelle’s Journal, vol. tv. ‘ Ueber Integrale der hydrodynamischen Gleichungen 
welche den Wirbelbewegungen entsprechen.’ A translation by Tait was published 
in Phil. Mag. 4th series, vol. xxx. p. 485. 

+ ‘Vortex Motion,’ Trans. R.S.L. xxv. 1869, p. 217, or Math. and Phys. Papers, 


tv. p. 13. 
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178. The theory will shew that elements of fluid which at 
any time belong to one vortex line, however they may be trans- 
lated, remain on the same vortex line, or that the vortex lines 
move with the fluid. Also that the product of the section and 
angular velocity of a vortex filament is constant throughout its 
whole length and constant for all time. Hence vortex filaments 
must either form closed curves or have their ends on the bounding 
surface of the fluid. A vortex in perfect fluid is therefore per- 
manent and indestructible; and the enunciation of these properties 
by Helmholtz suggested to Lord Kelvin the idea that vortex rings 
are the only true atoms, inasmuch as the generation or destruction 
of vortex motion in a perfect fluid can only be an act of creative 
power*. 


179. Kelvin’s Proofs. 


To prove the properties just enunciated : 

(1) The product of the cross section and angular velocity at any 
point on a vortex filament is constant all along the vortex filament 
and for all time. 

By Stokes’s Theorem (Art. 66) the circulation round any closed 
curve is equal to 


2 | (LE + mn + nf) dS, 


where &, 7, € are the components of spin, and 1, m, n are direction 
cosines of the normal to an element dS of a surface bounded by 
the curve. If the curve be a reducible circuit drawn on the surface 
of a vortex tube the circulation will be zero, because at every point 
of such a surface 
lE+mn+nf=0. D c 

Let the circuit be ABCDEFGHA asin thefi gure, 
where FGHA and EDOB are two cross sections of 
the vortex tube. Then since the circulation round 
ABCDEFGHA is zero and the contributions of — go CH 
AB, EF are equal and opposite, it follows that iy 

flow round FGHA = flow round EDOB, 
or, ultimately, 
circulation round AGHA =circulation round BDOB. 


* On Vortex Atoms,’ Phil. Mag. xxx1v. 1867, p. 15, or Math. and Phys. Papers, 
1 1% tbe 
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But, as in Art. 66, if w denote the angular velocity and o the 
cross section of the vortex tube supposed small, the circulation 
round this section is 20. Hence this product is constant for all 
sections, and we shall take it as a measure of the strength of the 
vortex. 


Again, from Art. 69, when the forces have a single-valued 
potential and the density is a function of the pressure the circu- 
lation in any closed circuit moving with the fluid is constant for 
all time. And if we apply this to any circuit embracing the vortex 
it follows that the strength of the vortex is constant for all time. 


It is clear also that the circulation in any circuit is the sum of 
the strengths of the vortices that it embraces. 


(2) The vortex lines move with the fluid. 


It is clear from the formula 2 [| e+ mn +n) dS for circu- 


lation in a closed circuit, that if the circulation is zero in every 
circuit that can be drawn on a certain surface no vortex lines can 
cut the surface, and any that meet the surface must he wholly upon 
it, for we must have l/E+ mn +nf=0 at every point of the surface. 
Consider a surface S composed of vortex lines at time ¢t. The cir- 
culation in any circuit C on this surface is zero, At time t+ dt the 
particles that formed the surface S now lie on another surface S’, 
and the circuit C moving with the particles now lies on S’ and the 
circulation in it is stil] zero and this being true for all such circuits 
on 8’, the surface S’ must be composed of vortex lines. Hence any 
surface composed of vortex lines, as it moves with the fluid, con- 
tinues to be composed of vortex lines. The intersection of two such 
surfaces must always be a vortex line and so we arrive at the theorem 
that vortex lines move with the fluid. 

The foregoing proofs are due to Lord Kelvin. The proofs given 
by Helmholtz are not so simple but we reproduce them here on 
account of their historical interest. 


180. Helmholtz’s Proofs. 

Let w denote the resultant spin at any point on a vortex line 
and ew a small element of length of the vortex line. The pro- 
jections of this element on the axes are 


Oy OY NOPE CNET) VE Cn tainains andeg dy ot é ca (AY 
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The rate at which Sz increases as the fluid moves is the differ- 
ence in the values of u at the ends of that element. Therefore 


Doar _ ou Ou Ou ou\* 
- ee 
=€D,> from Art. 33 (1); 


D 
or Dt (da — e&) =0. 


That is equations (1) continue to be true as time advances; 
or, as the particles composing a vortex line move, their join is still 
the instantaneous axis of rotation, which means that “each vortex 
line remains composed of the same elements of fluid, and swims 
forward with them in the fluid.” 


Now, regarding the element of length of a vortex line as the 
join of two definite particles or elements of fluid, we have seen that 
£, 7, € vary as the projections of this element of length on the 
coordinate axes, hence the resultant angular velocity in a defined 
element varies as the distance between this and its neighbour along 
the axis of rotation. 


Now, regarding the fluid as incompressible, consider a short 
length of a vortex filament. Its volume is constant as it moves in 
the fluid because it is always composed of the same elements of fluid, 
but the angular velocity varies directly as its length, therefore the 
product of the angular velocity and the cross section in a portion 
of vortex filament containing the same element of fluid, remains 
constant during the motion of that element. 


Again from the expressions for &, 7, € in terms of wu, v, w we get 


> ices ee Whee on 4 28) dedyde 


where the surface integral ee to any portion of the fluid 


* It has been remarked by Prof, Larmor that this proof is not quite rigorous 
inasmuch as it implies the expansibility of u, v, w in Taylor’s Series in powers of t. 
See Lamb’s Hydrodynamics, pp. 198-9. 
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bounded by a surface S. Applying this to the surface of a portion 

of a vortex filament cut off by cross sections of area o, o; the 

integral over the curved surface is zero and the result reduces to 
Oo=0 0", 

where @, w’ are the angular velocities. 


That is, the product wo is constant throughout the whole 
length of any one vortex filament. 


181. Third Proof from Cauchy’s Equations. 


A third proof follows very simply from Cauchy’s equations of Art. 31, viz. 
E  &)0% m0 by C@ 


p pyda* podb * pd? °*~ 


For, the initial equations of a vortex line are 
da _db_de_d. 
& mG Po” 
and w, v7, 2 being the coordinates at any time of the particle originally at a, b, ¢, 


r Bl CL Ov 
oy Pda * 9B + $0%¢ 
é 
es from above; 
P 
dx dy _dz_ 2X. 
Chip yet pr 


that is, the moving element whose projections on the axes have become dz, 
dy, dz is still part of a vortex line; or the vortex lines move with the fluid. 


therefore 


Again, if ds be the length of the element and the angular velocity and 
ds), @ their initial values 


ds dx nN ds, da r 
=—=..,.=-, and = =. ——. 
eo 3 p @ & Po 

But if o, a) denote the cross sections of the filament, the mass of the 


element being constant, 


pads=pyoods, 
therefore y= 0), or the strength of the vortex filament is constant with 
regard to the time. That it is constant along the filament can then be proved 
as before. 


182. Rectilinear Vortices. 


Before going further into the general theory of vortex motion 
we shall consider the case of rectilinear vortices in homogeneous 
liquid, which is capable of simple independent treatment. 
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Suppose a number of straight parallel vortex filaments either 
in an indefinitely extended mass of liquid, or in a mass bounded 
by two planes perpendicular to the filaments. 


Taking the axis of 2 parallel to the filaments, we have 


Ou av 
w=0, aa 0, and a5 0, 
ov du 
so that E=0, =0, and a Pa 


The equation of the lines of motion is 
vda — udy =0, 

and it follows from the equation of continuity that vd«—udy isa 
perfect differential dy; hence, as before, 


LRA” oN 
U oa oy > v= Ox > 
Or ON 
ve + ay FF Case ca teeatins cape Ob) 


and the lines of motion are given by Ww =const. 


€ of course 1s zero except along a vortex filament ; and the form 
of the equation for y shews that y may be regarded as the potential 
at any point of an infinite medium, the density of which is zero, 
except along the vortex filaments, which may be regarded as 
gravitating straight lines of density — &/27. 


Hence the «-, y- differential coefficients of y are the components 
of the attractions of these lines parallel to the axes*. 


Supposing that only a single vortex filament is in existence at 
the point (a, 6) and that dadb is its areal section, we get for the 
velocity components at a point (wz, y) at distance r from (a, b) 


mink a0 2dadb . fdadb y—b 
= OU r & ro, arene 
Bnd Gave oe = Mad (-f) e—o tdadb «a 

Ch 1p. 2a a 7 ia 


From this it follows that the resultant velocity q is perpen- 
dicular to 7, and that 

_ Edadb | 

ma ees 


* The attraction of an infinitely long thin rod at distance r from itself is 2m|r 
perpendicular to the rod, m being the mass of unit length. 
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or, if « is the strength of the vortex, 


the direction of q being in the sense of the rotation € And for a 
single vortex 


We might also obtain (2) from the simpler consideration that 
outside a single vortex, being a function of 7 only, we have 
from (1) 


Op low _ 
are te Or 
so that i= C log 7; 


and the motion outside the vortex being irrotational there is a 
velocity potential 
¢=- C8. 
But the strength x of the vortex is the circulation or increase in 
¢@ in making one turn round the vortex, so that 


IC=k 
and a = 5 log r. 


If there be any number of vortex filaments, the velocity at any 
point will be determined by the superposition of the velocities due 
to each, and will be expressed by the equations 

Pe eee fesse ts Y 
oe zon ye? Leo yr 


183. In the case of any number of filaments, if us, v; denote 
the velocity components due to the filament of strength x«,, the 
expressions 


> (KsUs) and & (Kgvs) 


will both vanish, for they consist of pairs of terms of the forms 


Kp By— Wy i Ma 
K UD ea 
OY a oe 
Hence regarding « as a mass, the centre of gravity of the 
vortex filaments remains stationary during their motions about 


one another. 
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A single rectilinear vortex in an unlimited mass of liquid there- 
fore remains stationary; and when such a vortex is in the presence of 
other vortices it has no tendency to move of itself but its motion 
through the liquid is entirely due to the velocities caused by the 
other vortices. 


184. Consider the case of two vortex filaments of strengths 
Ky, k, and of small section at distance a apart. Each will produce 
a motion of the other perpendicular to the line joining them. If they 
meet the plane zy in A, B, the point O that divides AB in the 
ratio «,:«, will remain at rest and, the velocities of A and B being 
«(27a and «,/27a respectively, the line AB will revolve with 
angular velocity («+ ,)/2ma’, the vortices describing circles 
round O. 

If the strengths of the vortices are equal but of opposite sign, 
say x and —x, O is at infinity and the vortices move in parallel 
directions with the same velocity «/27ra. 


Fig. 55. 


If 7,, r, are the distances of a point P from A, B and 4, 0, 
their inclinations to BA, the velocities are «/27r,, «/27r, at right 


angles to AP, BP. So the velocity along the tangent to the circle 
APB is 
K . K : 
Ta sin 0, — one SiG, = 0, 

Hence the stream line through P cuts the circle APB ortho- 
gonally ; that is the stream lines are the coaxial circles having A, 
B as limiting points. 

This is also evident from the fact that 


K T, 


Vorlons 
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Such a pair of vortices may be called a vortex pair. 


The reader will notice an analogy between a vortex filament and 
an electric current. The straight current of strength 7 produces a 
magnetic field in which the force at distance r is 27/7 at right angles 
tor and to the current. And two equal and opposite parallel currents 
produce a magnetic field in which the lines of force are coaxial circles 
corresponding to the stream lines in the case just considered. 


To return to the case of the vortices, it is clear that there is no 
flow across a plane bisecting ‘A B at right angles so that this might 
be made a rigid boundary; and consequently a single rectilinear 
vortex parallel to a plane boundary and at distance c from it will move 
parallel to the boundary with uniform velocity «/47c. 


The velocity half-way between the vortices being due to both of 
them is «/7c, so the vortex moves with one-quarter of the velocity 
of the liquid at the boundary. 


The image of such a vortex with regard to a parallel plane is an 
equal vortex symmetrically placed, the rotation of the two being in 
opposite senses. 


185. Asa further example we may obtain the motion of a vortex 
pair moving directly towards or from a parallel plane boundary or of 


a single vortex in a corner between planes meeting at right angles. 
The figure shews the necessary arrangement of images, and for the 
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velocity of the vortex at A (2, y) due to the other three, we have 


components 


K i: ADe geet 
= or AB IAB AB 4a y(ae+y’)’ 
—K me os K y? 


pe =O AA * Wf AB AB 4 a(t y) 


For the path of the vortex A, we have 


dx: d 
so that eae 
! : tet pet 
whence by integration aie 7 ek 


or in polar coordinates rsin 20=2a; 


which represents a Cotes’s spiral with asymptotes parallel to the axes. 


Also since Ly — ye =—K/4r, 
the vortices describe the Cotes’s spiral in the same way as a particle 
under a central force which can easily be seen to be a repulsion 
directed from the origin and varying as the inverse cube of the 
distance. 


186. A rectilinear vortex within a circular cylinder of lignid will 
remain at rest if it lies along the axis, but not in any parallel position. 
The image is an equal and opposite vortex so situated that the 
vortices cut a cross section of the cylinder in inverse points. 


Thus if C be the centre and A, B a pair of inverse points, we have 


o 


Fig. 57. 


seen that the stream lines due to equal and opposite vortices through 
A and B are coaxial circles having A, B as limiting points, so the 
cylinder in question will satisfy the condition for stream lines. 
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The velocities of the vortices are both equal to «/27AB so they 
will not remain on the same radial plane through C, and the motions 
of the liquid inside and outside the cylinder only correspond at the 
instant under consideration. But so far as the motion inside the 
cylinder goes the vortex A describes a circle round C with uniform 
velocity «/27AB or «.CA/2m (c? — CA’), c being the radius of the 
cylinder. 


In the problem of the vortex B in liquid outside the cylinder, we 
notice that the foregoing solution with the image vortex at A implies 
a circulation « round the cylinder due to the vortex A; but we want 
a solution in which the only circulation is due to the vortex B, and 
we can get this by superposing the motion due to another vortex 
—« at C. This will make the vortex B describe a circle round the 
cylinder with velocity (counter-clockwise) 

K Kee KC 
27 AB 2rOB 2nCB(CB?—¢)’ 

To get the solution of the corresponding problem when there is an 
arbitrary circulation «’ round the cylinder, we have only to superpose 
a vortex of strength «’ at O, adding x«’/27CB to the velocity of the 
vortex B*. 


187. For any number of parallel rectilinear vortices in an un- 
limited mass of liquid, we have a stream function 


wag logr, or ¥ Plog ((@— m+ (y— wi) 


where «, 1s the strength of the vortex at (a, y,). 

The motion of any one vortex depends not on itself but on the 
others, for it would remain at rest if no others were present. Hence 
to get the motion of a particular vortex, say «,, we subtract from 
the term that corresponds to this vortex, then if Y (a, y) be the 
result, and we find a function y (a, y,) such that 


OKA LONE Nie  ON (3) 
Oy (= oy le aes Ong oN Ot Je 
these are the components of the velocity of the vortex, and y (#,, 41) 


may be regarded as a stream function giving the motion of the 
vortex. 


* See F, A. Tarleton, ‘On a problem in vortex motion,’ Proc. R.I.A. 3rd series, 
11. p. 617. 
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For example, if there be a vortex of strength « at (%, y,) and 
the axis of x be a boundary of the liquid, there is an image — « at 


(a, —Y), and 
pire = log (2 —m P+ (y—)} — = log (a — a, + (y + 1)}- 
Hence, in this case, 
Y (2, y)=— qo log (em + y+ mJ} 


Therefore SOX * and ox 0, 


so that the stream function for the motion of the vortex is 


K 
X(t, #1) = — r= log th, 
or the path of the vortex is given by 


y, = constant, 


as we know from the discussion of Art. 184. 


188. Use of Conformal Transformation. 


The method of Arts. 112—116 is also applicable when parallel 
rectilinear vortices exist in the liquid; and regarding the problem 
as one of two-dimensional motion, as in Art. 114, if a vortex II of 
strength « exists in one liquid at a point whose coordinates are 
(£,,m), there will be a vortex P of equal strength at the correspond- 
ing point (#,,%) of the other liquid; for the strength is — {d¢ taken 
round a small curve surrounding the vortex; and ¢ having the same 
value at corresponding points in the two liquids, the integral must 
have the same value when taken round corresponding curves. These 
vortices however do not necessarily continue to move so as to occupy 
corresponding points; but we may deduce the motion of one when 
we know that of the other. Thus, if w(&, 7) denote the stream 
function of the first motion, the path of the vortex II will be given 
by a stream function y (&, 7) deduced, as in the last article, by 
omitting from y the term 


q, og (E- & +9 - 0), 


he real 5 log (t— 
or the rea part of Onn log (t— 4), 
where t= & +7”. 
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Similarly in the transformed motion there will be a stream 
function x’ (x,, y,) for the motion of the vortex P obtained from 
vv in the same way by the omission of the term 


K A i 
dep 108 (Ce — MP + y - Wy}, 
or the real part of se log (z — 2). 


Hence it follows that x’ = x +”, where y” is such that 


ay” K G say h 
2h =the real part of Ez Qo LS al a 


Now ieee O as , and we assume that ¢— 1, is expansible in 
oy dz 
powers of z — z, so that 
= dt (z— 4%) (dt ; 
t—t=(¢-2) (7) + 71 (Ga) eeces : 
therefore we require 
ax [ d dt A at 
the real part of oe ie log 1(52), +h(2-—2,) (Fe). tala rota le 
dt dt 
or of a ele ) + positive powers of (z— a) 3 
that is, the real part of - Z(G) / (=) , 
ee K O dt 
which is ree Te lle 
pe a 
Hence x" ==— lo og | al 
dt ie 
and x’ (i, Wi) =x (&, m) zr log sheets: Ate: Clie 


189. Exampues. (i) To find the path of a rectilinear vortex in the angle 
between two planes to which it is parallel. 


Let z/n be the angle between the planes. 


The transformation suitable to this case is 


as\ % g\ 2 
E+in=c () or t=c () Be nee aeeerces ais 


or, in polar coordinates, p=c(ri[e", o=né. 
This transforms the é-axis (o =0, = 7) into the straight lines 0=0, 0=7/n. 


* This theorem was enunciated by Routh—‘ Some Applications of Conjugate 
Functions,’ Proc. L.M.S. xu. 1881, p..83. 


ity Wake 15 
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The stream function due to a vortex II at (&,, 7;) in liquid bounded by the 
é-axis is, aS in Art. 187, 
k (£=8) F570: 
7 log Ad Pebetie veges ssunadbaaes 
ae 8 (E= 8) (ym? 
Therefore the stream function due to a vortex P at (%, y,) or (71, 6;) In 
liquid bounded by 6=0, 6=7/z is 


emer — 20 ry cos n (0-6) 
p= re og pen pm = PT ld a cOosSn (0+ 6;) . 


Again | dt/dz|=dp/dr=n (r/e)"—! ; 
so that for the path of P 


, K n- 
x’ (A, W)=x (Er; m)+7— log 7;"—}, 
where, as in Art. 187, x (6. m= = log ny. 


Therefore x’ (41, 71) =— > log 7" sin 26, + ix log 77-1 


K : 
Sie log 7, sin 76,, 


neglecting constant terms. 


Hence the path of Pis 7, sin 26, =const., 
which is a Cotes’s spiral. 


This agrees with Art. 185 for the case 7=2. The same problem might be 
solved directly by a series of images provided 7 is an integer, but this restric- 
tion is not necessary in the method used above*. 


(ii) There is a rectilinear vortex in liquid filling the space between two 
parallel planes. To find the paths of the particles. 


The relation Etin=erletin), 
or E=cP* cos py, n=eP*sin py, 
transforms the -axis n=O into the lines y=0, y=7/p, 


Taking a vortex of strength « ata suitable point (&), 7) with the €-axis as 
boundary, we get a corresponding vortex at (2, y,) between the parallel 
planes y=0, y=z/p. 


As before the stream function of the original motion is 


po log Ea +m) 

ar okt ay eye 
and we get an expression for the stream function between the. parallel planes 
by substituting for €, 7 in terms of 2, y. Thus if the distance between the 
planes be ¢ and the vortex be midway between them we have p=z/c, and 


yi=c/2, and if we take the y-axis through the vortex we also have #,=0, and 
therefore £;,=0 and n,=1. 


* Greenhill, Quart. Journal, xv. p. 15, * Plane Vortex motion.’ 


189, 190] VORTEX WITH CIRCULAR SECTION 227 


Hence we get 
et4l? cos? gyfo + (e7™!¢ sin myfe—1)? _ 
etl? cos? mye +(e"! sin wy/e+1)2 


const., 


which reduces to cosh rx/c= A sin ry/c and this represents the paths of the 
particles*, 


190. Rectilinear Vortex with circular section. 


We shall consider now some cases of vortices with finite cross 
section. Let the section be a circle of radius a, and suppose the 
spin to be uniform and equal to ¢ throughout the whole section, 
the vortex being rectilinear. 


The equations for the stream function are 


2 
a8 a8 By = 2¢, inside the vortex ; 


2 
Ng 20 NE, 0, outside the vortex. 
CL 07" 


and 


These are equivalent to 


lO Nig 
ean hs oe 2 WRONG. Sapwehe cscs eyes (UF 


and 


The complete integral of (2) is 
v=Clogr+ D, 
and a particular integral of (1) is 
v= bor, 
therefore, whenr<a, W=A logr+ B+ 96r".......cecceees (3), 
and, wheuur > @, y= Cloe Ds... sasat sete c once (4). 


Since y is not to be infinite when r= 0 we must have 4 =0. 
And if the motion is continuous at the surface we have > and the 
tangential velocity dW/dr continuous so that 

B+460? = Clog a+ D; 
and ta = Cla, 


* For other examples of this method and the extension of the method by inver- 
sion, see Routh, Proc. L.M.S, xu. p. 81. 
15—2 
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Hence neglecting an additive constant we have, 
when <a, “Pp == SOQ = 7 soos cccrnes (5), 
and, when 7 >a, = Go? 10g 7/02... 01 vessassacas (6). 
The velocity is wholly transversal both inside and outside the 
vortex, its values being €r and fa?/r. 
Outside the vortex the motion is irrotational and the velocity 
potential can be found by taking 
b+ iy = Cari log (w + iy)/a 
= Ca? (i log r/a — 8), 
for this gives the correct value for y. Hence we have 
o = — 076 or — fa? tan y/a, 
a many-valued function as we should expect, the motion being 


eyclic. If « denote the circulation or the strength of.the vortex, 
K = 27ra7F, so that 


p= —s— tan y/e and w= 5, log rs 


as for a thin filament. 


To find the eae Outside the vortex we have 
0 
=< sq + F (6), 


or, Since the motion is ane and gq = fa?/r or «/27r, 


p> pp) Ser 
where IT is the value of » when 7 is infinite. 


Inside the vortex we have the case of a liquid rotating uniformly 
with angular velocity ¢, so that 


dp 3 
pee ae dr, 
= Crd 


: pion. 
where P is the pressure at the centre of the vortex. Since the 
values of p are equal when += a, therefore 
P=II — #°p/4a°a?. 
Hence when r <a 
pool K er 
pp. 4a? iq Sra’ 
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shewing that if II < x’p/4a°a®, there will be a value of r <a for 
which p becomes negative, implying that a cylindrical hollow must 
exist inside the vortex. 


It is possible to have cyclic irrotational motion surrounding a 
hollow cylindrical space. The necessary condition is p=0 when 
=a; that is 

Il = «9/877? a?. 

The oscillations of vortices of the forms just considered were 

discussed by Lord Kelvin*. 


191. Rankine’s Combined Vortex consists of a circular 
vortex with axis vertical in a mass of liquid moving irrotationally 
under the action of gravity. The kinematical equations are as 
in the case just considered, and if a is the radius the pressure 


equations are 
2 


K 
P — const. — 73,8 9% when 7 >a, 
p La 
Dp Ker? 
and = const. + Gags 9% when r<a. 
P YiE 


The free surface has a depression or dimple over the top of 
the vortex as shewn in fig. 58. The equations of the free surface, 
obtained by making p constant, are 


K : a? 
t= goa (t “A)+6 WHET > Dewey ove oes (1), 
2 
and = Sey (7? — a?) + C, when r< a............ (2), 


the constants being arranged to preserve continuity when r=a. 


Taking the origin in the general level of the free surface, in (1) 
we can put z=0 when r=, z 
so that O 
C=— x?/87’ a’ Q. 
Then in (2) by putting r=0 
we get the depth of the central 
depression given by 


—2z=K"/47r' a?q. 
& / J Fig. 58. 


* ¢ Vibrations of a columnar Vortex,’ Phil. Mag. x. 1880, p. 155, or Math. and 
Phys. Papers, tv. p. 152, 
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192. Elliptic Section. 

To shew that a rectilinear vortex whose cross section is an 
ellipse and whose spin is constant can maintain its form rotating 
as if it were a solid cylinder in an infinite liquid *. 

We have seen in Art. 106, that if a rigid elliptic cylinder of 
semi-axes a, b rotates with uniform angular velocity in an infinite 
mass of liquid the stream function for cyclic irrotational motion 
with circulation « 1s 

ap =to (a +b) e cos 2n + KE/Qr «2.0.2.2 0s (1). 

In this case « = 27fab, where ¢ is the constant spin. 


Inside the vortex we have 

Orb 

Oa? 

with a boundary condition that the velocity of the liquid normal 
to the boundary is equal to that of the boundary, that is 


By 
oy? a6 


ao 


oe — wy [+ owe, ety re rer (3) 

Assume that ale = C( Agr ABP) 7. -aenad eet (4), 
then from (2) and (3) we have 

A+B=1, and Aa?— BP =o (a?—b?)/2¢ ...... (5). 


The further condition of continuity of the tangential velocity 
at the boundary makes the values of d¥//0& obtained from (1) and 
(4) the same. 


Putting #=c cosh & cos n, y=c sinh &sin n in (4), this gives at 
the boundary 
—1 (a+ by e-* cos 2n + Sab 
= €c? cosh sinh {A + B+(A — B) cos 2n} 
for all values of » from 0 to 27. 
Equating coefficients of cos 2n we get 
— $0 (a+ by e-* = Fc? (A — B) cosh & sinh &, 


but on the boundary a=c cosh &, b=csinh &, and a—b=ce-, 
therefore 


* Kirchhoff, Mechanik, p. 261. 
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From (5) and (6) we find 
Aa= Bbh=ab/(a+b), 
2ab 
paneeny ‘ 
This gives the velocity of rotation of the cylinder as a whole in 
terms of the spin and eccentricity of the section. 


and 


To find the paths of the particles. If a, y are coordinates of a 
particle of the vortex referred to the axes of the cross section 


L-oy= =F =— By =—yo (a+ by 
Ow 
and Y+tor=v= Ae 2gAx= zw (at b)/a. 
Therefore &=—wya/b and y= axb/a, 


which lead on integration to 

“x=Lacos(wt+e), y=Lbsin (at + e), 
so that the paths of the particles of the vortex relative to the 
boundary are similar ellipses, and the period of the relative motion 
is the same as that of the rotation of the cylinder. 


193. If an infinite mass of liquid filling all space be at rest at 
infinity we conclude from Art. 83 that the liquid must either be 
at rest everywhere, or that, if in motion, its motion cannot be 
irrotational at every point. 


We shall now prove that in such a liquid at rest at infinity the 
motion is determinate when we know the values of the components 
of spin &, 7, € at all points. For if possible let there be two sets 
of values uw, v,, W, and Us, v%, W, of the velocity components each 
satisfying the equation of continuity and the equations 

dw ov du dw ov ou 

LE SS E, ~— — =— = 2n, a TORR G 
Oy Oz 0z Ou Oa oy 
at all points of space and vanishing at infinity. 

Then the differences wu’ =u, — UW, V =U; —%, W =W, — UW, also 

satisfy the equation of continuity and 

cus ae = 0), ete. 

Oy Oz 
at all points of space and vanish at, infinity. That is, w’, v’, w’ are 
velocity components of irrotational motion of a liquid filling all 
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space and vanish at infinity. Hence we must have uw’ =v' =w’=0 
everywhere, and therefore there is only one motion satisfying the 
prescribed conditions. 


A similar argument would prove that the motion of a liquid 
contained in a limited simply-connected region is determinate 
when the motion of the boundary and the components of spin are 
known. Fora multiply-connected region a knowledge of the circu- 
lations in the several independent circuits must be included in the 
given conditions. 


194. In general there may be several contributory causes that 
go to produce motion at a point in a fluid; for example, the presence 
of sources and sinks or the motions of boundaries or immersed 
solids or the presence of one or more vortices in a fluid result in a 
general motion of the fluid. The velocities due to the several causes 
may be superposed and it is our purpose now to find expressions 
for the components of velocity u, v, w at any point in a liquid due 
to given vortices, Le. in terms of given components of spin €, 7, €. 


195. To find u, v, w from &, 7», €. 


The liquid being incompressible the flow across any two surfaces 
having the same curve for boundary will be the same, and there- 
fore depends only on the form of the boundary. If we assume that 
this flow can be represented by a line integral round the boundary, 
we get an equation 


[fw + mv + nw) as={(Fde+ Gdy + Hdz), 


where #, G, H are components of a certain vector. 


But from Art. 66 
| (Fde + Gdy + Hae) 


“(ff -2) +m Ean) 


hence we must have 


23H 3G’ Paneer 0G OF 
faaeu ay? US ae Oe be By eee eee (ays 


or as it may be expressed more briefly 
u,v, w= curl (F, G, H). 
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It is clear that w, v, w satisfy the equation of continuity, and 
substituting in the values for &, , € we get 


ow ov oO (= 0G oH 


= = = 2 9 
hee ole ieee Weis. (2), 


and similar expressions for 27, 2¢. 


Hence the assumptions of equations (1) will be justified if we 
can find F, G, H so as to satisfy the four equations 


oF 0G 0H 
ao tay tag BO eee (3), 
WP = Doe ORG = ae = 20. cs (4). 


The last equations can be satisfied by assuming F, G, H to be 
potential functions due to distributions of gravitating matter of 
volume densities £/27, /27, €/2a respectively. We then have 


meelll da’ dy’ “| 
=5-/[]* [E away ae 


for the values of F, G, H at the point (a, y, z); where 


ae) AY eye) 
and &, ’, €’ are components of spin of the element da’dy‘dz' at 
({x', y’, 2’), and the range of integration may be taken as extending 
throughout the whole liquid, though the integrand is zero at all 
points at which there is no spin. 


To complete the solution we must shew that the expressions 
(5) satisfy (8). 


UN yee eres 
We have ne 2 - || Pet a dy'dz 


-5-{I[ esol =) dal dy/ ae’; 


and integrating by parts 


ee aoa LE’ mall 10€ , 
seal | 8 +5¢ Fee AS Rs 
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Therefore 
Greg. of = 1 


1 
all BEI gees = s od / / dS 
oa * Oy  0z Pale rie) 
Ib yea of on’ on) , td. , 
ps alle (+ ay’ * Oz’ da dy az 
where (1, m, 2) are direction cosines of the normal to the element 
dS of the boundary of the liquid. 


Now the vortex filaments are all either closed or end on the 
surface S of the liquid, and in the latter case we can always con- 
tinue these filaments either on the surface S or outside it until 
they return into themselves so that a greater space exists bounded 
by a surface S’,in which exist only re-entrant vortex filaments. 
Without loss of generality we may suppose the boundary to be of 
this kind, and then at every point on it either =» =¢=0, or else 


lE+mn+nf=0, 
so that the surface integral in the last equation vanishes. And 


since 

o& On. O 

oF On oF 
vanishes identically at all points of the liquid, as can be seen by 
substituting for & 7, € in terms of w, v, w, therefore the volume 
integral vanishes also. Hence 


OF 0G , OH 
Oto, OU Ser wi 
Therefore the equations (1) give the correct values for u, v, w, 
when #’, G, H have the values assigned by (5). 


It must not be assumed however that there is a possible 
motion corresponding to any arbitrary distribution of spin com- 
ponents, for unless the components of velocity wu, v, w and the 
pressure p are continuous they do not in general represent a 
possible state of the liquid. We shall refer later to one possible 
state of discontinuity under the head of vortex sheets. 


196. Each element of rotating liquid produces a velocity 
in every other element of the liquid mass. 


In (1) of the last article let us substitute from (5) so much of 
the values of #’, G, H as are contributed by the element da’ dy’ dz 
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and call the resulting components of velocity at (a, y, 2) du, dv, dw. 


We have 
da’ dy’ dz’ \ 


1 
OES FY ¥)o — 422) )>— 

if Nees x 
dv=— 5 (e-7) F -(@-a ae: | ot. (1). 
Su=— 5) (e—a)y'-y-y) Fp 


Hence (#—2’) Sut (y—- y’) dv+(z—2’) dw=0, 
so that the resultant of du, dv, dw is at right angles to r. Also 
Edu + n/du+ Cdw=0; 
and this resultant is therefore also at right angles to the axis of 
Pepin at (x; 7/',-2'). 
. 


I 
RS 
| 
| 

‘S 

je] 

R 


= {(8u)? + (Sv)? + (Sw)y}? =" ay: eee. (2), 


where o’ is the resultant of &’, 7’, &’ and v is the angle between 7 
and the axis of spin at (w’, y’, 2’). 

Hence each rotating element A of liquid implies in each other 
element B of the same liquid mass a velocity whose direction is 
perpendicular to the plane through B and the axis of rotation of 
A, its magnitude being given by the result (2). If the element at 
A be a length 8s’ of a vortex filament of strength « we have 

wo dx’ dy dz’ =}xds’, 
so that we may write the result 
K sinvos’ 


ég=— .- 


Aor rf? 


197. The reader familiar with the theory of electromagnetism will again 
recognise the analogy to which reference was made in Art. 184. The vortices 
correspond to electric currents and the liquid velocities to magnetic force due 
to the currents. The relations between &, n, ¢ and u, v, w are analogous to 

(electric current) =curl (magnetic force) ; 
and the result of the last article corresponds to the force on a magnetic pole 
due to an element of an electric current. 
198. If the fluid be not incompressible we may write the 
equation of continuity 
ou dv ow 1 Dp 


Bit By dan p Dt’ 
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But if v be the volume of a small element of fluid its mass pv is 
invariable, so that 


_ D (pr) _ » LP Do. 
oa Dt Dee 
therefore 
ou i Ov i ow 1 Dv 
Oe Oy O02 »v Di 


= rate of increase of volume at (a, y, 2) 


= 6, say, 
where @ denotes the ‘expansion’ or rate of increase of volume 
at (&, ¥, 2). 


The expansion will cause extra terms in the expressions for the 


velocities; the expansion of an element da’ dy'dz' being equivalent 


to a simple source of strength = dx’ dy’ dz at (a, y’, 2’). 
This gives rise to a velocity potential whose value at (z, y, z) is 
i ro yd / J 
ra il {[-@ dyfdz', by Art. 45, 


and the complete expressions for the velocity are 


On Oy dz’ 
Gah g ei aees 
ey oe — lag? 
__ 2b ,aG_ak 

O25 6h OY 


199. Velocity Potential due to a Vortex in incom- 
pressible fluid. 


Considering a single re-entrant vortex filament of strength «, 
we may write the expression (1) of Art. 196 


te ra \(y — y') dz’ —(2—2') dy’}, ete. 


by putting = &7, ’, =o’ (de /ds’, dy’/ds’, dz’/ds’), 
and w da’ dy' dz’ =} «ds’. 


@ fis 50H AN) 
Hence u=— = | fae ay) it is dy ale 


where the integration is taken round the filament. 
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By Stokes’s Theorem this integral is equal to a surface integral 
over any surface bounded by the filament. Thus if we write 


uae | (Xda’ + Vdy' + Zde’), 


we also have 


al _av Ok eZ\ 0c Vac eee 
ws ie az) * alles By tas" 


VEO 1 

But aS = (- ie 24 = a(5)3 
0Z ON Gia \ Loon Ot 
merctore Oy Oe’ Feat 2) Tr On? r? 


ox eae ee S06 eee 
02 Oa’ Oar dy’ ie On’ Oy’ Oar’ Oz’ (;) 


_* [f(; 0 7) ) é (7) ‘L 

Hence wu z/If piste ec agin as BTN as’; 
, 0/1 0/1 

or since Aa (-) 7 os G) , 


= ,o " 
~~ tate [baat apt ae) 


and similar expressions for v and w. 


The velocity potential from which uw, v, w are derived is therefore 


K 0 r) a) 1 1/ 
ie Di te, 222) pi 
cos 6d’ 
-~]{ ee aE a te weer ma? (1), 


where 6 is the angle between the normal (/, m, n) to the element 
dS’ and the line r joining (2, y, z) and (a’, 7’, 2’). 


This result may clearly be written 


where © is the solid angle subtended at the point (#, y, 2) by a 
surface having the vortex filament for edge. 


This potential function is clearly a cyclic quantity increasing 
by the cyclic constant « every time the path of a moving point 
completes a circuit linked with the vortex, for in these circum- 
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stances the solid angle increases by 47. It resembles the magnetic 
potential due to an electric current 
in a closed circuit or to a magnetic Peary ee - 
shell. ie 

For a single rectilinear vortex we a 
may take oy 


0 =2 (1 —@) Fig. 59. 
and =x (1 —0)/27, 
making the velocity —0$/r0@ = «/27r, as before. 

200. From Art. 46 and (1) of the last article we see that the velocity 
potential is what would be produced by a distribution of doublets over the 
surface )S’ of strength «/4m per unit area with their axes all normal to the 
surface and directed to the same side of the surface. This can easily be 
understood from the fact that the stream lines all thread the vortex cutting 
across any surface bounded by it, and the motion might conceivably be pro- 
duced by a giving out of liquid normally on one side of such a surface and the 
absorption of it at the same rate on the other side, combined with a suitable 
flow parallel to the surface in order to give the stream lines their actual 
directions at each point of the surface. , 


201. Vortex Sheets. 


Suppose that a surface exists in a fluid over which the normal 
component of velocity is continuous but the tangential component 
has different values on opposite sides of the surface. 


Consider a small circuit consisting of two lines of length ds drawn 
on opposite sides of the surface and having their extremities joined 
by two infinitely shorter lines dx normal to the surface. Let the 
lines ds be in the direction of the relative velocity, which is clearly 
tangential to the surface and of magnitude 

{(u-w P+ (v—v P+ (w—w'}, 
if u,v, w and w’, v’, w’ denote the components on opposite sides of 
the surface. 


The circulation in this circuit is 
(u-w P+ u-vP+(w- w’)?}2 ds. 

This may be regarded as due to a stratum of vortices whose 
axes are at right angles to the direction of the relative velocity. 
If w be the spin at the point considered, the circulation is 2wdsdn, 
so that 

2odn= {(u-uP+(v— ve +(w— wy}, 
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and the components of spin &, 7, § are given by 
Edn, ndn, Sdn=4 (u—w'), (v—v'), 3 (w—w’). 


Here dv is infinitely small and &, y, ¢ are infinitely great but 
such that the products Edn, ndn, fdn are finite. 


Thus the surface of discontinuity may be regarded as a surface 
covered with vortex filaments, the spin at any point being given 
by the foregoing expressions and the discontinuity in the tangential 
velocity may be regarded as due to this vortex sheet. 


202. Kinetic Energy of a system of Vortices. 
The kinetic energy of a fluid is 7’, where 


20'=p {fete +ut) dady dz, 


which by Art. 198 becomes é 
Op of 0G op OF oH 
al Ife (- a oy sty se cles ay 2 de 
le) uf sh 


Integrating this by parts we get 
ye [[octas+p |][vddedya: 


+p] (1 (Hu — Gw) + m (Fw — Hu) + n(Gu—Fv)} dS 


wt) i | | (FE + Gn + Ht) dedydz, 
where the surface integrals extend to the whole boundary of the 
liquid and the triple integrals are taken throughout the volume. 


If the liquid extends to infinity and the vortices are all infinitely 
distant from the boundary the first integral is zero by Art. 83; 
the second is zero because V?¢=0; and the third is zero because 
at points on the infinitely distant boundary #’, G, H are ultimately 
of order 1/R?, and u, v, w of order 1/R*, Therefore 


i ae i [|e  GneHopiedude 


Substituting the values of #’, G, H from Art. 195 we get 


Tae | i | | ( | — dady dedat dy’ de’, 
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where each volume integral extends through the whole space occupied 
by the vortices. 

Another form, in which we integrate by filaments, may be ob- 
tained thus. If ds,ds’ are elements of length of two filaments, o, o” 
their cross sections, w, w the corresponding angular velocities and € 
the angle between ds and ds’, the elements of volume are ods and 
ods’, and the integrand is ww’ cose/r, so if we write 2wc =x and 
20’ o’ =x’, we get 

T= P Sex’ ||°°*dsas’, 
4ar ee 
where the integration is along the filaments and the summation 


includes each pair of filaments once. This formula corresponds to 
that obtained by F. Neumann for the energy of electric currents. 


203. Kinetic Energy Constant. 


We can also shew that the kinetic energy is constant when no 
extraneous forces act. 
The equations of motion are 
Dy, SS op Op op 
pi bE Os ae oy’ Gee 
eae these by w, v, w - adding we get 


op | Op op 
2 —— 
bp ppl ena ober (x foe Ona web). 
If now we multiply by dedydz and integrate over any region 

we get 

DL f) 

—— I | I(w eaoe twee ) dadydz 

ss [[ +mv + nw) pds, 


integrated over the boundary of the region. 
Let the boundary extend to infinity, and enclose all the vortices, 
then since 


PP se4 FO, 


therefore at a great distance R from the vortices p will be finite 
(Art. 199) and lw + mv + nw of order 1/R* while dS is of order R2. 
Hence the expression for D7 Dt vanishes and we have 


T = constant, 
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204. Circular Vortex Rings. 


We have already seen (Art. 200) that a vortex ring produces 
the same effect as a sheet of doublets bounded by the ring, so that 
at points whose distance from a circular vortex is great compared 
with the radius, we might as a first approximation replace the 
vortex ring by a doublet perpendicular to its plane. For more 
detailed treatment we proceed as follows. 


When the vortex lines are circles in planes parallel to the 
yz plane with centres on the axis of 2, we may use Stokes’s stream 
function and write, in the notation of Art. 138, 


pay 1 oy 
ee ae a oa 


the spin » at the point (#, w) being given by 
2 2 ) 
on 00 eee ony = 1 ony) 


on Oa) (Col lor (Oe) a Oe 


Pp 
Q 
t' a 
fo) g! 
x 
g 


Fig. 60. 


Let us consider the case of a single circular vortex filament. 
We may transform the expressions for F, G, H, namely 


Pall | E daldyddete., 


he taking o as the cross section and ds the length of an element 
of the filament, and putting £', 1’, [ =lo, mo, no where w is the 
spin and (/, m,n) are the direction cosines of the vortex line, so 
that 

&da'diy/dz' =locds = gxlds = }xda, 
« denoting the strength of the vortex. 


R. H. 16 
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k [da Oe (gee [= 
Hence r@,H=£[=, £/[% esd Wee 
Now let the filament have its centre on the a-axis and be 


parallel to the plane yz. 


Let (a’, y’, 2’) be any point Q on the filament, where 
y =o’ cos 0, Z=a'sin &. 
Let P be the point (a, y, z) where 


y=acos), z=asin§, 


then rP=(e—“P+oa°+a?—2a0' cos(d— 6). 
We get 
KO Bing oa Kor’ [= cos? =, 
F=0, Cas ‘ es dé’, et Pa : , dé’, 


as the values at P. 


Hence the vector whose components are F’, G, H lies in a plane 
parallel to yz and its component in the direction a is 


t por of Cape 
Ke sin (8 ?) ae 20, 


4a Jy 


Gcos@+ H sin @= 


so that the vector is perpendicular to w as well as to a. If we 
denote its value by A, we have 
Ko ig cos (0 — 6’) 6! 


A=H cos 0—Gsin 0= 
Ar J r 


Remembering that the line integral of this vector round any 
curve represents the flow across a surface bounded by the curve, 
by taking a circle of radius @ with centre on Oz, we get 


2aa@A = flow through the circle = — 27 (Art. 138), 
the How being from left to right in’ the figure. 
Therefore 


ee cos (0 — 6") d6 


i 


dar J ((2— a’ P+ o+ w? —2aa’ cos (O— 0’)\2 


and since the range of integration is round a circle we may clearly 
write ¢ for & — 0, so that 


/ 9 
Koo [2 cos ede 


bole 
. 


0 (a@-aP+e4 w?- aa’ cos e}? 
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4asas’ 


 @ aah + (wt o'y’ 
and e= 7 — 2¢ the result reduces to 


Putting ke 


pea eae Cola 1G ie k) (1—ksin? 6)? ze (1 — ie sin? 64} dp 


== teen (2-1) x22): 
7 k 

where K, E are the complete elliptic integrals of the first and 
second order with modulus k. 


205. It is clear from Art. 196 that at a point P in the plane 
of the ring the velocity due to each element of the ring is perpen- 
dicular to the plane, hence there can be no radial velocity at any ; 
point in the plane of the ring. The radius of the ring is therefore 
constant, for it could not vary without causing radial velocity in 
the particles close to it. 

To find the motion of the ring, we observe that near the ring 
x=a2, and «=a' nearly, so that k=1 nearly, and w becomes 
infinitely great. The determination of the velocity depends on the 
form of the section of the ring; an exact expression for the case 
of a circular section was given by Lord Kelvin*, but we can obtain 
approximate results for the velocity in the neighbourhood ef the 
ring as follows: 

If & denote the complementary modulus 
ers (e@—-avP+(a—a)p 

(oa + (ato)? 
then k’ tends to zero as the point (#, a) approaches the ring. 


For small values of k’, i.e. when & is nearly unity, 
K =log 4/k’ and # =1, approximately ft. 

4 
8 i 
is the principal part of when k’ is small. 


Hence 


ab 
K(@o’)” 
p=— on lo 


And taking this value for y we have 
a ee 
u=— Oa (=) log = ae (=) ss log ki. 


won 4nra\o Ir \a/) dw 


* Phil. Mag. 4th series, xxxu11. p, 511 (1867); see also Lamb’s Hydrodynamics, 
p. 233. 
+ Cayley’s Elliptic Functions, p. 54. 


16—2 
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But 
d ; oom a+ oa’ 
de 8 - Groat (ee) (o-a Peete 
and, if we take the value for a point on the ring for which a=oa 
and «= .«' +e say, where e is small, being commensurable with the 


linear dimensions of the section of the ring, we get 


re 


d : Qa’ 
and dew 08" ee hast 


Hence the principal part of the velocity parallel to the axis is 


For a ring of small section this implies a large velocity and we 
conclude that a thin circular ring will move along its axis with a 
large approximately constant velocity. 


The direction of the velocity is to the side to which the fluid 
flows through the ring. 


For a complete investigation reference may be made to Lamb's 
Hydrodynamics (l.c.). 


206. We shall conclude with some observations on the motion 
of two circular vortex rings moving on the same axis, taken from 
Helmholtz’s paper on vortex motion. “ We can now see generally 
how two ring-formed vortex-filaments having the same axis would 
mutually affect each other, since each, in addition to its proper 
motion, has that of its elements of fluid as produced by the other. 
If they have the same direction of rotation they travel in the same 
direction ; the foremost widens and travels more slowly, the pursuer 
shrinks and travels faster, till finally if their velocities are not too 
different, it overtakes the first and penetrates it. Then the same 
game goes on in the opposite order, so that the rings pass through 
each other alternately. 


“If they have equal radii and equal and opposite angular 
velocities, they will approach each other and widen one another; 
so that finally, when they are very near each other, their velocity 
of approach becomes smaller and smaller, and their rate of widening 
faster and faster. If they are perfectly symmetrical, the velocity 
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of fluid elements midway between them parallel to the axis is zero: 
Here then we might imagine a rigid plane to be inserted, which 
would not disturb the motion, and so obtain the case of a vortex 
ring which encounters a fixed plane. 


“Tn addition it may be noticed that it is easy in nature to study 
these motions of circular vortex rings, by drawing rapidly for a 
short space along the surface of a fluid a half-immersed circular 
disk, or the nearly semicircular point of a spoon, and quickly with- 
drawing it. There remain in the fluid half vortex rings whose axis 
is in the free surface. The free surface forms a bounding plane of 
the fluid through the axis, and thus there is no essential change in 
the motion. These vortex rings travel on, widen when they come 
to a wall, and are widened or contracted by other vortex rings, 
exactly as we have deduced from theory*.” 

207. Steady motion. 

When the external forces have a potential © the general equa- 
tions of motion are of the form 

Ou -0u. du Cine el op 


at ae ay” Oe On paw’ 


and similar equations. 


And if we put x= [P+ieo, 


the foregoing equations may be written 


Ou (= zn) ane (se ) 


at \dx dy 02 Om 
PeacOmsbop Ow ov ow) 
Sea cat tw ea 
Ow 5 aupEcy 
or a a 206+ 2 = — RT BR U9 SP ac (1), 


and similar equations. 


When the motion is steady we have 


Ou ov ow ; 
pe pene 
therefore 
Xa (ot—wy), X= 2(wé—ut), X= 2 (un v6) 
On "Oy * 02 


* See also a paper by Love, ‘On the motion of paired vortices,’ Proc. L.M.S. 
1894, p. 185. 
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Oy, A0X POX 
Hence | et hay Pema 
OVE SON eae 
and Uae oe tw" =0, 


Therefore + =const. represents a surface the normal to which 
at any point is at right angles to both the vortex line and the 
stream line through the point. That is, there exists in the liquid 
a family of surfaces y = const. each covered by a network of vortex 
lines and stream lines. 


In the special case in which the motion is irrotational, however, 
as we have seen in an earlier chapter, x is constant throughout the 
whole liquid. 

If for an instant we take the axis of 2 normal to the surface 
- x=const., we must have u=0, £=0; and if dv is an element of 
the normal to the surface 


Oy — Oy = ss . ‘ 
ay ae 2 (ve — wy) = 2qew-sin O ........00.0055 (2), 


where @ is the angle between the direction of the velocity q and 


the axis of spin @, i.e. the angle between the stream line and the 
vortex line. 


Hence we have as the conditions for steady motion that it 
must be possible to draw a family of surfaces in the liquid each 
covered by a network of stream lines and vortex lines and such 
that at every point of a surface qm sin @ dy is constant, where dv is 
the normal distance between the surface and the next consecutive 
surface of the family*. 


In two-dimensional liquid motion it is obvious that gév is con- 
stant along a stream line, therefore the condition for steady motion 
is that the spin € shall be constant along a stream line. This will 


be the case if we put 2¢=/(W), where is the stream function 
and f an arbitrary constant. 


ov Ou Ors OO, 
But = — 2 = ; 
E 2g Oe Oy 0a ey?” 
therefore for two-dimensional steady motion we have to satisfy 


~ Bye fC) ON (3). 


* Lamb, ‘On the conditions for Steady Motion of a Fluid,’ Proc. L.M.S. 1x. 
p. 91, or Hydrodynamics, p. 236. 

t Stokes, ‘On the Steady Motion of Incompressible Fluids,’ Trans. Camb. Phil. 
Soc. vit. p. 439, or Math. and Phys. Papers, 1. p.1, 
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This is clearly satisfied whenever the stream lines are concentric circles 
with the origin as centre. Another case is where the stream lines are a system 
of similar and similarly situated ellipses or hyperbolas ; thus 

v= 5 (aa? + 2bay + cy”) 
makes V?y=a+¢, so that equation (3) is satisfied, and the spin ¢(=3 (a+c) is 
uniform. 


In like manner a system of equal parabolas having the same axis may be 
seen to satisfy the conditions for stream lines in steady motion. 


208. Steady motion symmetrical in planes through an 
axis. 

If the motion is symmetrical about the z-axis and @ denotes 
' distance from the axis, we clearly have q¢.2a@dn constant along a 
stream line, for this represents the flow between two consecutive 
stream surfaces of revolution. But we must also have qwdn con- 
stant over such a surface from (2) Art. 207, because from symmetry 
the vortex rings must have their centres on the z-axis and their 
planes perpendicular to it, so that they cut the stream lines at 
right angles. Therefore w/a must be constant along a stream line. 
This is satisfied by making 20 = af(y), where f is an arbitrary 
function of Stokes’s stream function yy. Hence from Art. 204 (1) 
we have 


CE aN aS Se OF (sr), Woe i (1) 


022 0m”? @wda 
as the necessary condition. 


An example in which this condition is satisfied is Hill’s 
‘Spherical Vortex*.’ 


EXAMPLES. 


1, Assuming that, in an infinite unbounded mass of incompressible fluid, 
the circulation in any closed circuit is independent of the time, shew that the 
angular velocity of any element of the fluid moving rotationally varies as the 
length of the element measured in the direction of the axis of rotation. 

(M.T. 1880.) 


ax — by ay + ba 
+p?” ay? 
motion of the liquid. 


and w=0, investigate the nature of the 


Bhs. ale gps 


* ¢Qn a Spherical Vortex,’ Phil, Trans. A, 1894, or see Lamb’s Hydrodynamics, 
p. 237, 
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3. When an infinite liquid contains two parallel equal and opposite recti- 
linear vortices at a distance 2b, prove that the stream lines relative to the 
vortices are given by the equation 

w+(y—b) 4 
Beebe 2=0; 
the origin being the middle point of the join, which is taken for axis of ¥. 


lo 


4. In the last example, if the vortices are of the same strength, and the 
spin is in the same sense in both, shew that the relative stream lines are 
given by 

log (74 +4 — 2627? cos 26) — r?/2b? = constant, 
6 being measured from the join of the vortices, the origin being its middle 
point. 

5. An infinitely long line vortex of strength m, parallel to the axis of z, is 
situated in infinite liquid bounded by a rigid wall in the plane y=0. Prove 
that, if there be no field of force, the surfaces of equal pressure are given by 


{(e— a) + (y—D)} (@— a)? + (y +b} = Oly +B (e— a}, 
where (a, 6) are the coordinates of the vortex, and C is a parametric constant. 
(Univ. of London, 1909.) 


6. If x rectilinear vortices of the same strength « are symmetrically 
arranged as generators of a circular cylinder of radius @ in an infinite liquid, 
prove that the vortices will move round the cylinder uniformly in time 
877a?/(n—1) «, and find the velocity at any point of the liquid. 


7. When a pair of equal and opposite rectilinear vortices are situated in 
a long circular cylinder at equal distances from its axis, shew that the path of 
each vortex is given by the equation 
(7? sin? 6 — 6?) (r? — a)? = 4a°b?7? sin? 8, 
@ being measured from the line through the centre perpendicular to the join 
of the vortices. (Greenhill.) 


8. Obtain the distribution of the velocity round a straight vertical vortex 
core in liquid: and find the form of the dimple where the core meets the free 
surface. (St John’s Coll. 1897.) 


9. Find the motion of a straight vortex filament in an infinite region 
bounded by an infinite plane wall to which the filament is parallel, and prove 
that the pressure defect at any point of the wall due to the filament is pro- 
portional to cos? 6 cos 20, where @ is the inclination of the plane through the 
filament and the point to the plane through the filament perpendicular to 
the wall. (M.T. 1912.) 


10. A fixed cylinder of radius @ is surrounded by incompressible homo- 
geneous fluid extending to infinity. Symmetrically arranged round it as 
generators on a cylinder of radius.¢(>q@) coaxial. with the given one are n 
straight parallel vortex filaments each of strength x. Shew that the filaments 
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will remain on this cylinder throughout the motion and revolve round its axis 
with angular velocity 
Kn aah) grees 
4c? 


cn gan 
and that the velocity of any point P of the fluid is 


Roi cr — hn 


¢ a oe 
2m (7'" — Qerr cos nO + 7”)? 72” — 2b%r" cos nO + b2)2 


where a?=be, 7 is the distance of P from the axis, and @ is the angle between 
a plane containing P and the axis and a plane containing the axis and the 
instantaneous position of any one of the filaments. (M.T. 1880.) 


11. If (71, 61), (72, 42)... be polar coordinates at time ¢ of a system of recti- 
linear vortices of strength x,, kg,... prove that 


S«r?=const. 


® ; 
and S70 = = Sk 1K. (Kirchhoff. ) 
# 

12. The space enclosed between the planes 7=0, =a, y=0 on the posi- 
tive side of y=0 is filled with uniform incompressible liquid. A rectilinear 
vortex parallel to the axis of z has coordinates (z’, y'). Determine the velocity 
at any point of the liquid and shew that the path of the vortex is given by 


cot? “= + coth? ane =constant. (M.T. 1899.) 


13. An elliptic cylinder is filled with liquid which has molecular rotation 
a at every point, and whose particles move in planes perpendicular to the 
axis; prove that the stream lines are similar ellipses described in periodic 


2 2 
Pim. (M.T. 1876.) 
@ ab 


14. Find the law of velocity in a steady irrotational liquid vortex, circulat- 
ing round a stationary solid core of the form of an elliptic cylinder. Shew that 
the variable part of the pressure on the core, due to the motion, is negative 
and at each point proportional to the square of the perpendicular from the | 
centre on the tangent to its section. (St John’s Coll. 1896.) 


15. In an incompressible fluid the vorticity at every point is constant in 
magnitude and direction; shew that the components of velocity wu, v, w are 
solutions of Laplace’s equation. (Trinity Coll. 1906.) 


16. Prove that, in the steady motion of an incompressible liquid, under 
the action of conservative forces, we have 


fat tae 


and two more similar equations in v, w. 
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Hence shew that if u, v, w are linear functions of «, y, z, then 
£u+nv+(w=0, 
and that there are two and only two possible cases : 


(i) an irrotational motion with a velocity potential which is any solid 
harmonic of degree two in 4, y, 2, 


(ii) a rotational motion which may, by choice of axes, be reduced to 
the form 
u=ant+(h- Oy, v=(h+Q 2-ay, w=0. 
Find the lines of flow in case (ii); and shew that the motion is periodic if 
C>(aA+h?*). (St John’s Coll. 1902.) 


17. Prove that the kinetic energy of a vortex-system of finite dimensions 
in an infinite liquid at rest at infinity can be expressed in the form 


2p i i i fa (yo— en) +0 (0-20) +10 (209 — y6)} dandy de. 


18. Prove that a thin cylindrical vortex of strength o, running parallel to” 
a plane boundary at distance a, will travel with velocity o/47a: and shew that 
a stream of fluid will flow past between the travelling vortex and the boundary 


of total amount = {og (=) - 5 per unit length along the vortex, where c 
Tv 
is the (small) radius of the cross section of the vortex. (M.T. 1916.) 


19. If, with the usual notation, udx+vdy+wdz=d6+Ady where 6, X, x 
are functions of x, y, z and ¢, prove that the vortex lines at any time are the 
lines of intersection of the surfaces \=const. and y=const. 


20. Prove that the necessary and sufficient condition that the vortex lines 
may be at right angles to the stream lines is 
Oh cp @ 
U,V, W= pp (se. =) 


where p and ¢ are functions of a, y, 2, t. 


21. Prove that in regions remote from a single thin vortex ring the stream 
lines approximate to the curves 7 cosec? 6=const., where 7 denotes the distance 
of a point P from the centre O of the ring, and 6 the angle which the line OP 
makes with the axis of the ring. (M.T. 1910.) 


22. Find the motion of the liquid around a closed vortex-filament, shewing 
its equivalence to a double sheet of sources and sinks: deduce that the image 
of a circular filament moving in infinite liquid surrounding a rigid sphere is 
another filament; compare the circulations. Describe the behaviour of the 
filament as it approaches the sphere. (M.T. 1911.) 


23. Shew that if the velocity is stationary at a point on a stream line in 
the steady motion of a liquid, the stream line is a geodesic on a member of the 
family of surfaces that contains the stream lines and vortex lines. 


(Greenhill.) 
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24. A straight cylindrical vortex column of uniform vorticity ¢ is sur- 
rounded by an infinite quantity of fluid moving irrotationally which is at rest 
at infinity, prove that the difference between the kinetic energy included be- 
tween two planes at right angles to the axis of the cylinder and separated by 
unit distance when the cross section of the cylinder is an ellipse and when it 
is a circle of equal area A is 


a+b 

2 /ab’ 

where p is the density of the fluid and a and b the semi-axes of the ellipse. 
(M.T. 1887.) 


P e242 
no A log 


25. If the velocities at a point in a liquid in motion under a system of 
external forces having a potential be expressed by 


prove that the result of operating with 7, - 7 On the identity © 


EO Or, COA 
poe poy poz 


0, 


where &, 7, ¢ are the rotations, gives, after a reduction, 


0 0 Dr : 
in U 
(Eq,tngttz,) Di =i0) (Dublin Univ. 1911.) 
26. If 
u=—- + H,-G,, v=—db,+F,- Hy, w=-$24+Ge.-/y; 
where ox= 0/02, etc., 


prove that | i | (u? + v? + w*) dxdydz taken through any portion of space 


within which ¢, F, G, H and all their differential coefficients are finite and 
continuous, equals 


i | (o2+F2+ G2 +H, - J?) dedydz, 


taken through the same space, together with | i x@8 taken over the boundary, 


where $;2=9$,2+ $,?+ $2, with similar values for Ff, G,, 41, J=F,+@,+ 2, 
and x is to be found. (Dublin Univ. 1911.) 


27. A liquid extending to infinity moves under the influence of a finite 
system of vortices: find the force and couple resultants of the system of im- 
pulses which would produce the motion. (Dublin Univ. 1907.) 


28. Shew that every irrotational motion, whether cyclic or acyclic, of a 
liquid occupying a given region, can be produced by a proper distribution of 
vortex sheets on the boundaries, and shew how to determine this distribution. 

(Dublin Uniy. 1907.) 
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29, A liquid, extending to infinity, moves under the influence of a sphere 
composed of circular vortex rings whose planes are perpendicular to the axis 
of w, whose centres lie on this axis, and in which the molecular angular 
velocity in each ring is proportional to its radius. 


Ifthe components w, v, w of the velocity of the liquid are expressed by the 
equations 


0d 0H 0G 
Cea on 
find F, G, H at a point outside the sphere. (Dublin Univ. 1907.) 


30. Shew that the motion of the liquid outside a certain surface surround- 
ing a circular vortex ring the radius of whose core is small compared with the 
radius of its aperture, is the same as that due to the motion of this surface 
through the liquid with the velocity of translation of the ring. 


Find the equation to this surface and the length of the axis of the ring 
intercepted by it. (M.T. 1892.) 


31. Work out the analogy between a sphere in liquid and a uniformly 
magnetized sphere, pointing out the vortices in the first case, and the electric 
currents in the second, which will produce the same effect. (M.T. 1881.) 


32. When the motion of an infinite liquid is due to a single circular vortex 
ring, in which the spin at any point is proportional to the distance from the 
straight axis, and the section is taken to be a circle of radius small compared 
with the radius of the aperture, obtain an expression for the velocity at any 
point of the fluid parallel to the straight axis. 


Prove that the fluid carried forward with the ring is or is not ring-shaped 
according as the ratio of the radius of the section to the radius of the aperture 
is less or greater than a certain fraction, and find an approximation to this 
fraction. (M.T. 1897.) 


33. A uniform incompressible perfect liquid extends to infinity and is at 
rest there. Within it is a spherical vortex sheet of radius a with its vortex 
lines arranged in parallel circles, on the axis of which is a fixed point C at a 
distance c(<a) from the centre; the strength of the sheet at any point P is 
msin @, where ¢ is the angle between CP and the axis of the circles. Shew 
that the velocity at a point on the axis at a distance 7 (>a) from the centre is 


n=" n(n —1) a 6 ach—2 
2 = 
m > (a Sat) a (M.T. 1900.) 


n=2 2n—1~ 


CHAPTER X 
WAVES 


209. THE dynamics of wave motion is of great importance in 
physical investigations, as wave motion constitutes one of the prin- 
cipal modes of transmission of energy. The energy received from 
the sun is transmitted by waves in the ether, the energy of sound 
by air waves, and the theory and practical applications of electrical 
waves afford opportunity for still further developments. In the 
present chapter we shall only consider water waves, which, though 
most familiar, are not the easiest to discuss mathematically. 


210. The oscillatory nature of wave motion. By a wave 
we mean the continuous transference of a particular state or form 
from one part of a medium to another. This does not imply the 
transference of the medium itself from one place to another but 
merely the propagation through it of a particular form, state or 
condition. Thus in water waves, the fact that small bodies floating 
on the water are not borne onwards by the waves is an indication 
that the elevated masses of water are not moving forward bodily, 
and that it is only the unevenness of the surface that is moving 
from place to place. As the waves pass a floating body it appears 
to be carried forwards a small distance on the crest of a wave and 
backwards when in the trough of the wave so that on the whole 
each wave leaves the position of the body very little altered. 


The following explanation of how water waves can be main- 
tained by small oscillatory movements of each particle of water is 
due to Airy*. 


* Article ‘ Waves and Tides,’ Ency. Metrop. 1845. 
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Let ABCDEFG represent the outline at one instant and abedefg an instant 
later ; we want to shew that the displacement of the contour of the surface 
can be produced by a small oscillatory movement of each particle of water. 


Draw vertical lines to the bottom of the water and suppose the particles 
in each vertical line to be moving in the direction of the arrows in the figure ; 
that is, all particles below the crest of the wave are moving forwards, all 
below the hollows are moving backwards, and all below the midway points 
A, C, E, G are for the moment stationary. And suppose the velocities of 
the horizontal motion of the particles in the vertical lines intermediate to 
those drawn in the figure are intermediate to the velocities of the particles 
in the lines drawn in the figure. This supposition will account for the motion 
of the wave or shape. For, take points By, B, near to B: Co, Cy near to C, 
etc. : draw lines from them to the bottom and consider the horizontal motion 
of the particles in those lines. By and B, are both between the principal 
point of backward motion B and points at rest A, C, therefore the particles 


below By and those below B, will be moving backwards and with nearly the 
same speed, so that the intermediate surface at B will not be sensibly elevated 
or depressed inasmuch as the vertical boundaries 8) 8)’ and B,B, of the 
included column of water will after a short time be at the same distance 
apart as at present. But the particles in the line CoQ,’ are between a point 
of rest C and a point of backward motion B and therefore are moving back- 
wards, those in the line C,C,' are between a point of rest and a point of 
forward motion D and therefore are moving forwards; consequently the 
vertical boundaries CoC)’, C,C;' of the included column are separating and 
therefore the surface at C will drop and after a short time will be found 
depressed to c. In like manner it will be found that the particles in D, Dp’ 
and D, D,’ are moving forwards with nearly the same velocity so that in the 
intermediate part at D there is no sensible alteration of level. But in Ey) Ey 
the particles are moving forwards and in £, Z,' backwards resulting in a raising 
of the level from /# to e. Pursuing this reasoning it will be evident that 
the continuous horizontal motion of the wave or shape forwards is entirely 
accounted for by the rising of some portions of the surface and the falling of 
others and that these risings and fallings may be considered as the effect of 
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small horizontal motions of the water, some forwards and others backwards. 
And as in the progress of the waves, the same particles are alternately in the 
crest and in the hollow of the wave, every particle will be alternately moving 
forwards and backwards and alternately upwards and downwards, that is the 
particles are oscillating while the waves advance continually in the same 
direction. — 


211. Mathematical representation of wave motion. 
Graphically the equation 


YY PEP KCE LY Sc cot aes Ott ee (1) 


represents a wave motion, in which a curve of the form y = f(z) 
moves in the positive direction of the a-axis with velocity c. For 
if in (1) we increase ¢ by ¢’ and « by ct’ we leave the ordinate y 
unaltered. 


Fig. 62. 


A simple harmonic progressive wave is represented by a curve 
of sines moving with definite velocity in the direction of its length. 
Thus the equation 

Y= DSID(INL — NEL €) woerevreneisincesnwes (2) 
represents a wave moving in the positive direction of the x-axis 
with velocity n/m, called the velocity of propagation, V say. 
The distance between two consecutive crests of the curve is 27/m; 
this is called the wave length and denoted by A. The period 
of the wave is 27/n or A/V, for the wave at time ¢ = 27r/n presents 
the same appearance relative to the origin as at time t=0, each 
crest in this interval moving forward a distance 2, Le. to the 
position occupied at the beginning of the interval by the next 
consecutive crest. : 


The maximum value of y, viz. a, 1s called the amplitude. 
Equation (2) may also be written 


y = asin =" (@— Vite) Beside Sy. (3), 


i ae 
or y= asin 2n (= —" +e) Gare aitale gale vow onis.e (4), 


where in the latter case rt denotes the period X/ V. 
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The reciprocal of the period is called the frequency; it 
denotes the number of vibrations per second. 


Phase. In equation (2) e represents the phase of the wave 
at the instant from which ¢ is measured. If we compare the 
equations 

y =a sin (mz — nt), 
and y =a sin (ma — nt + €), 


we see that both represent wave motions having the same ampli- 
tude, wave length and period, but that they differ in phase. As 
regards position the one'is a distance. ¢/m in advance of the other, 
or as regards time the one has a start of e/n from the other. 
Strictly speaking the difference of phase is a number e, representing 
radians, but in such a case as we are considering it is not unusual 
to speak of the phase in terms of either distance or time; thus, if 
e = 77/2, one wave is one-quarter of a wave length in front of the 
other; or, in terms of time, one is one-quarter of a period ahead 
of the other, and we may say that the phases differ by a quarter 
of a wave length or by a quarter of a period. 


212. Standing or stationary waves. If two simple har- 
monic progressive waves of the same amplitude, wave length and 
period travel in opposite directions the resulting disturbance of 
the medium is represented by the equation 


y = asin (mx — nt) + a sin (mz + nt) 
= 2a sin me cos nt. 


Such a wave is called a standing or stationary wave. At any 
instant the equation represents a sine curve but the amplitude 
2a cos nt varies continuously. The points of intersection of the 
curve with the #-axis are fixed points called nodes. 


In the same way a progressive wave system can be regarded 
as the combination of two systems of standing waves of the same 
amplitude, wave length and period, the crests and troughs of one 
system coinciding with the nodes of the other and their phases 
differing by a quarter-period. 


For if y.=asinmz cos nt be one of the standing waves the 
other must be y.=acos ma sin nt, and by combining the two we 
get y= + y= asin (mex + nt) representing a progressive wave. 


211-214] LONG WAVES 257 


213. We propose to consider waves in incompressible liquid 
under the action of gravity. Such waves in water are generally 
produced by disturbing forces such as wind pressure, by the 
relative motion of a body such as a ship on the water, or by such 
causes as irregularities in the bed of a stream, so that, neglecting 
viscosity, the motion is irrotational. Roughly speaking the cases 
that we shall consider fall into two classes: (1) Long waves in 
shallow water, where the depth of the water is small compared to 
the wave length and the disturbance affects the motion of the 
whole of the liquid; (2) Oscillatory or surface waves, where the 
wave length may be small compared to the depth so that the 
effects of the disturbance cease to be appreciable below a certain 
depth. 


214. Long waves. Let us consider the case of waves 
travelling along a straight canal of uniform section. Take the 
axis of # in the direction of the length of the canal and y vertically 
_ upwards, and let 7 be the elevation of the free surface above the 
equilibrium level at the. point whose abscissa is # at time ¢. If 
the wave length be large in comparison with the mean depth, 
the vertical acceleration can be neglected in comparison with the 
horizontal, so that as far as vertical forces are concerned we may 
regard the liquid as in equilibrium and take for the pressure at 
any point the statical pressure due to the depth below the free 


surface. 


Therefore the pressure p at a point (#, y) is given by 
| D— Po = GP YoT NY) —cirvcrscarsveresss (1), 
where y, is the ordinate of the undisturbed free surface and p, 
is the pressure above the liquid supposed constant. Hence we 


get 


and as this is independent of y, and the horizontal acceleration - 
of an element depends on the diffeneivée Spzpressure at its ends, 


Le. P day it follows that the horizontal acceleration of all points 
ae 


in the same vertical cross section of the canal is the same, and 
consequently that points that are once in a vertical plane are 
always in a vertical plane. 


R. H. uly 
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Considering a small horizontal cylinder PP’ of liquid of length 
dx’ the difference of pressure at its ends is gp ot ,dx. And if « 


be the abscissa of the vertical plane of particles through P in its 
equilibrium position and & the horizontal displacement of this 


plane of particles, 
CAO dee tek. pedo ete-apy (3) 


and the horizontal acceleration is 0?£/d¢?. 


If « be the cross section of the cylinder PP’, the mass is xpd’ 
and the equation of motion is 


or 32° dat Slee: ee ai6-o.0c cis a's Petes omer 


If now we suppose the motion to be small and neglect the 
squares of small quantities, we get from (3) and (4) 


a) 


We have now to form the equation of continuity. Let A be 
the area of the cross section of the canal, and b the breadth at 
the surface. In the position of equilibrium the volume of liquid 
between the planes # and x+dazis Adz. At time ¢ the distance 
between the bounding planes of this liquid is dx + = dx, and the 

x 


area of the cross section of the liquid is A +6n; therefore 
(A + bn) ( d+ ae) ie 


Neglecting the product of the small quantities this becomes 


A? 
: ot ear ORE RIE oe lors (6), 
and we therefore obtain from ie 
OF _ gA ve 
7 lea alr 0 (7). 


To integrate this equation we write 
gA/b= ce, 


and x—-ct=2,, £c+ct=aX, 
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0 0 a Otey ode 0 
so that — = — t — aes pane Ea _— 
Saar IDR ae Tibia tant 


reducing equation (7) to the form 


OE 


OX, OM. On, 


’ 


the solution of which is 


E= f(m) + F(a), 


where f, F are arbitrary functions. 


Hence the solution of (7) is 
Bf Cb) A (Ge Ch) nes tonne avevienss (8), 
representing two waves travelling in opposite directions with 


velocity c=(gA /b)?. 


If the canal be of rectangular section and depth h the wave 


velocity is ( gh)? ; le. a velocity due to half the depth of the liquid. 


The displacement being given by (8), the elevation 7 is given by 


__ Ade 
a a ae from (6), 
that is, n=-5f' (wot) — 2 F (x + ct). 


We should expect the expression for 7 to contain two arbitrary 
functions because the elimination of & between (5) and (6) shews 
that 7 satisfies the same equation (7) as &. 


The particle velocity £ is given by 
&=—cf' (a#—ct)+ck’ (w+ ct). 

The meaning of the solution that we have obtained is not that the 

hypothesis of the existence of a ‘long wave’ involves a complicated 

motion represented by arbitrary functions, but that all possible 

motions subject to the limitations we have imposed are included in 

the general solution (8); and the forms of the functions f, F’ to suit 

any special case must be determined from given initial conditions. 

A discussion of the adaptation of the solution to special cases will be 

given in a later chapter. At present we will confine our attention 

to the determination of the motion of the individual particles. 
17—2 
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215. Assuming the canal to be of rectangular section it is clear 
that the particles move in planes parallel to the length of the canal. 
A vertical column bounded by two such planes and two others at 
right angles to them remains a vertical column ona rectangular base, 
but the area of this base changes during the motion and the height 
of any particle in the column changes in such a way that the volume 
of the part of the column below the particle is unaltered; hence the 
vertical displacement of any particle is proportional to its height 
above the base. Therefore when the motion of a particle at the 
surface is known the motion of any particles in the same vertical line 
is found by diminishing the vertical displacement in a given ratio 
without altering the horizontal displacement. 


To trace the motion of a surface particle when a progressive wave 
passes over it in either direction, we may take 


E= f(x—ct). 
Then from (6), putting A = bh, we have 
ery ve! Cae ee ee 
n= ta hf’ (# Gh & 
: U] 
or E =C h RG eTa sine kicle, kigictalcleletnialy elute iata’eittelere (1). 


The particle is at rest until the wave reaches it, then it moves forward 
as well as upward with a velocity proportional to the elevation of the 
wave above the equilibrium level; when the crest of the wave 
reaches the particle the upward motion ceases but the horizontal 
velocity is a maximum, 7 then decreases and & increases less rapidly 
and as the wave leaves the particle 7 = 0 so that the particle is at the 


same height from the bottom as before; but €= ine at= a [one dt 


and when the wave has passed the particle this expression represents 
the total volume of the elevated water divided by the sectional area 
of the canal. Hence the particle is finally deposited in front of its 
initial position by this distance. 


If the wave consists of a single depression instead of an elevation, 
everything is the same as before except that the particle moves 
backwards instead of forwards, 
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216. To recapitulate—the results of the foregoing Articles have 
been obtained on the hypothesis that the motions are so small that 
squares and products of € and 7 can be neglected, and that the 
vertical acceleration can be neglected in comparison with the hori- 
zontal. We may observe that if we consider the passage of a wave 
consisting of a single elevation of length \ and maximum elevation » 
the time taken to pass a particular particle is /c, where c is the 
velocity, and the vertical velocity will be of order ye/d, and the 
vertical acceleration of order nc?/A?. But from Art. 215 (1) the 
maximum horizontal velocity is cn/h, and taking c? = gh, we get that 
the ratio of the maximum vertical and horizontal velocities is of 
order h/d, and the vertical acceleration being of order gnh/d? can be 
neglected if h/X is a small quantity. This shews that waves of the 
type described are propagated only when h/A is she and | justifies 

the application to them of the term ‘long waves.’ 


The foregoing discussion 1s based on an article by Stokes*. 


217, Long waves—general equation. Reverting to Art. 
214, if we form the equation of motion for the liquid which in 
equilibrium occupies the space between two cross sections at a 
distance da, « and «+d being the abscissae in the undisturbed 


ae dz the abscissae at time t, of the 


bounding planes, the mass is pAdw and the equation of motion 


state, and«+é&and #+&+dr+ 


vs _ 
0 a) 
where as before - =9/ 7 ; 
so that the equation of motion is 
Or Ete on a) 
2 = — ha, POR rene oer lip 


The equation of continuity 1s 


(A + bn) (de +5 fe * de) = Ade, 


or of a (1+ +2)" We aHeset AAR Oe (2); 


* «On Waves,’ Camb. and Dub. Math, Journal, tv, p. 219, or Math. and Phys. 
Papers, 1. p. 222. 
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and the elimination of 7 between (1) and (2) gives 


OE AOE o£\-3 3)* 
Top aa btae) cece (3) 


Our former equation is an approximation to this in which the 
squares of small quantities are neglected. Airy’s discussion of this 
equation shews that waves cannot be propagated to infinity without 
change of form. 


218. Long waves—another method. In any case in which 
waves are propagated in one direction only without change of form, 
the problem of finding the velocity of propagation can be simplified 
by imposing on the whole mass of liquid a velocity equal and opposite 
to the velocity of propagation of the waves, the wave form having the 
same relative velocity as before becomes fixed in space, and the 
problem becomes one of steady motion. 


In the case of long waves, neglecting the vertical velocity, let U 
denote the velocity of propagation, and uw the small additional 
velocity due to the wave motion at points where the elevation is 7. 

The equation of continuity is 

CAP On) CU Bay OF HOY, a (1), 
where A is the area of the cross section and b the breadth at the 
surface. 


If sp denote the excess of pressure due to the wave motion 
we have 


P+ + 4(U + w= 30" EE (2), 
2 A? 
therefore 5p =p UV? {1 = aos —9pn 
(2Ab + b’n 
= {3 0 ae = g ee (3) 


If » be small compared to A/b, this reduces to 
dp = {U*b/A — g} pn, 
and if U?= gA/b the surface pressure is constant to a first approxi- 
mation, so that a free surface is possible. This value of U gives the 


velocity of propagation of a long wave in still water, or the velocity 
of the stream for a stationary long wave. 


* Airy, ‘Tides and Waves,’ Encyc. Metrop. 1845. 
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Assuming that U?=gA/b and substituting in (3) we get 


as the second approximation, shewing that the pressure is defective 
at all parts of the wave at which 7 is not zero. Hence, wnless 7? 
can be neglected, it is umpossible to satisfy the condition of a free 
surface for a stationary long wave; that is, it is impossible for a 
long wave whose height is not small compared to the depth of the 
water to be propagated in still water without change of type. 


From (3) we see that 6p will vanish if 

»_ 2g (A + bn) 

~ QAb+B%y ’ 
2g(A+bny gA_. (84 +2bn) 
2Ab+b'n  b 9! GA+by ” 
it follows that if 7 1s positive everywhere the conditions for the 
propagation of the wave are more nearly satisfied by taking a 
value of U greater than (yA/b)2, and if 7 is negative everywhere 


a value less than (gA/b)?. Hence an elevation in the surface 
travels rather faster than a depression *. 


and since 


219. Oscillatory or surface waves. We shall first consider 
waves on an unlimited sheet of water under no force but gravity. 
The motion is supposed to be two-dimensional, the ridges and 
hollows of the waves being all parallel to one another. The axis of 
« is taken in the undisturbed surface in the direction of propagation 
of the waves and the axis of y vertically upwards. The motion 
being such as could be produced from rest by natural forces is 
irrotational and the velocity potential ¢ has to satisfy the equations 


x 


Oa? ~ Oy? 
throughout the liquid, and 


ee od 


at a fixed boundary. 


* Lord Rayleigh, ‘On Waves,’ Phil. Mag. 1. p. 257, 1876, or Sci. Papers, 1. P. 251, 
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The pressure is given by 


bP —gy- te + FO Saree (3). 


The free surface is a surface of equipressure p = const., therefore 
as in Art. 14 


or writing —0/dx for wu and —d¢/dy for v we have 


Op 2 OP Ci OO ne (4), 
Ot Oxox Ody oy 


at the free surface. 


If now we suppose the motion so small that the squares of 
small quantities (e.g. velocities) can be neglected we may neglect 
q’ in (8), and if we also regard the arbitrary function /’(¢) as 
absorbed in d¢/dt and then substitute the value of p from (3) in 
(4) we get 


ep df Pd ee me J=o 
Of On dudt Oy \dyot 9)” 

or, neglecting the second and third terms which are of the same 

order as q’, 

a op _ 0 

ot 


This condition holds at the free surface. 


If 7 denote the elevation of the free surface at time ¢ above the 
point whose abscissa is x, the equation of the free surface will be 
of the form 


n —f (a, t) = 0, 
and this being a boundary must satisfy the condition of Art. 14. 
Hence 
Pere hl OS 
ap ae TO 0. 


But df/ot is 4, and df/dx or dn/dw is the tangent of the slope of the 
free surface which by hypothesis is small so that the second term 
can be neglected and the equation becomes 


at the free surface. 
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Hence in a wave motion in which the squares of the velocities 
can be neglected, the conditions to be satisfied are— 
equation (1) throughout the liquid, 
(2) at.a fixed boundary, and 
(5) and (6) at the free surface. 


220. Let us apply these equations to the case of water of uni- 
form depth h either of unlimited _extent_or contained in a. canal 
with parallel vertical sides at right angles to the ridges and 
rolws, | 

If simple harmonic waves as defined in Art. 211 are propagated 
we may try to satisfy the equations by assuming that ¢ is 
proportional to e’(”*—™ or taking the real part only let us write 


b =f (y) cos (ma — nt). 


Substituting this value in (1) we obtain 


5 — mf = 0; 
so that fly) = Aemy + Bem, 
and b = (Ae™ + Be-™) cos (max — nt). 
This value of ¢ must satisfy (2), Le. 06/dy =0 when y =—h. 
Hence Aer Mn Be ah say, 
so that $ = Ccosh m (y+ A) cos (mx — Nt) ..cceeeeeees Ce 


Again if we substitute this value in the surface condition (5) 
and put y =0, we get 
ORY CALLING 33.0 029 To ace ne asavoh as (8). 

Now if U(=n/m) denote the velocity of propagation and 
X (= 22r/m) denote the wave length it follows that 


h 
U?=7 tanh mh= gx tanh ne ee eee (9). 
m 2ar r 
If we write 2mh =, we have 
5 log U?= ut + cosech p, 6 


and u« being positive by hypothesis, this expression is negative if 
w<sinhw or <w+p3/3!4+... 

which is the case. Therefore U decreases as mw or m increases, the 

depth being fixed; that is, for water of given depth the velocity 

of propagation increases with the wave length up to the value 


(gh)?. Also it follows that (8) can only be satisfied by one value 
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of m corresponding to a given value of U, and therefore ¢ contains 
only one value of m. 

The constant ( of (7) can be expressed in terms of the ampli- 
tude of the wave by means of (6). If we assume that the wave 
profile is represented by 

=a sin (max — nt), 
we have, by substituting in (6) and putting y = 0, 
—na=— mC sinh mh, 
na eal m(y+h) 
sinh mh 
ga oa m(y+h) 
n cosh mh 


so that p= cos (ma — nt), 


or using (8) $= Cos (me — Nt) bs. ees (10). 


221. Deep w water. 


If the “depth / h of the water be sufficiently great in comparison 
with » for e~”* to be neglected, we must have B=O in the last 
article, so that we have + 


b= AC COs GGE— 0b) vesancsconssameie (7) 
instead of (7), and instead of (8) 
| ue 1) (OO Sees PE eet." (8’), 
or TB ed apes Se ore ee sere OL) 
2ar 


Also if 7 =asin (ma# — nt) is the free surface we get from (6) 
na= mA, so that 


p= on cos (ma — nt), 


or p= m GRYCOB (M0 — ME wag o.oo pee (10'). 


We may also deduce from Art. 220 the case of long waves in 
shallow water by taking h/X to be small, when (9) becomes 
U? = 9h, 
222. The paths of the particles. 


If x,y be the coordinates of a ‘particle relative to its mean 


position (#, y), neglecting the squares of small quantities we may 
write 


oo od — cosh m(y+h) . 

=~ ba 0¢ sinh mh saree ae 
_ Ops sinh m (y +h) 

hoy Gif ae 0. sss ele dnd ne 
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Whence by integrating, we get 


2 cosh m (y+ h) 


sinh mh °°» Berar: 


sinh m(y+h) . 
ara oe sin (mx — nt); 


y=a 


so that the particle describes the ellipse 

x’/cosh? m(y + h) + y?/sinh?m (y + h) = a?/sinh? mh 
about its mean position. For a given particle ma — nt plays the part 
of the eccentric angle in the ellipse; so that the eccentric angle 
increases at a uniform rate, as in an orbit described under a central 
force varying as the distance. 


The distance between the foci 2a cosech mh is the same for 
all such ellipses, their major axes are horizontal, and both axes 
decrease as the depth of the particle increases, the minor axis 
vanishing when y=—h. When the depth is such that e~” is small 
enough to be neglected, we have 

x=ae"’ cos(mx—nt), y=ae™ sin (max — nt), 
and the path of the particle is a circle 
w+ y? = vem, 
described with uniform angular velocity n, which in this case is 


equal to (gm)? or (2arg/r)?. 


223. Standing or stationary waves. 

The velocity potential for a system of stationary waves can be 
deduced from Art. 220 by regarding the system as the result of the 
superposition of two such trains of waves as we have just been con- 
sidering moving in opposite directions as explained in Art. 212. 


Thus corresponding to a wave profile 


EOS ME COS NL. a.'taas cian ee (1) 
we shall have 
sh Dyk : 
p= — ne ; ) SIAN SIM bs asses des cabin (2), 


Sit me Sin Nhs. ee (3), 


Pr ies ga cosh m (y +h) 


n cosh mh 
for ¢ clearly satisfies Art. 219 (1) and (2), and 7 and ¢ together 
satisfy (6) of the same article. 
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It is not necessary to regard standing waves as a case of stper- 
position of progressive waves, we might investigate this form for 
independently, starting with an assumption 

o =f (y) sin me sin nt, 
and proceeding as in Art. 220 we get the same equation for f as 
before, and hence the result follows as in that article. 


For Standing waves in deep water, as in Art. 221, equations (2) 
and (8) above take the forms 


na t : 
¢=— ee” sin mz sin nt, 
m 
a : é 
and p= J” omy sin me sin nt. 
n 


224. Paths of the particles in stationary waves. 
With the same notation as in Art. 222 we have 


P h h : 
x= ue Na] cosh 2 Gee cos mz sin nt, 


On sinh mh 
SOs. sinh m(y+h) . a 
and y=- ae na mh Sia mw sin nt, 
so that, by integration 
= Sra ee) COS MZ COS Nt, 

sinh mh 
and y=a soma ky th) sin mx cos nt. 

sinh mh 

Hence y/x =tanh m(y +h) tan ma, 


and since this is independent of ¢ the motion of each particle is 
rectilinear, the direction varying from vertical beneath the crests 


and troughs (mw=(«+4)), to horizontal beneath the nodes 
(ma = Kt). 


225. We have supposed that the liquid is unlimited in the 
direction of the axis of w, so that there is no restriction on the 
value of m. But if the liquid be confined in a canal with closed 
vertical ends, say at # =0 and «=1, then there is a restriction on 
the value of m, for as we shall see only waves of a certain length 
can exist in such a canal. The extra condition is that 0¢/dx = 0 
when #=0 and «=/. The form for din Art. 223 is unsuitable 


223-226 ] STEADY MOTION 269 


because a occurs as sin ma, but a similar form with cos ma instead 
of sin mw will clearly satisfy the conditions for a system of standing 
waves (for we have merely altered the position of the origin), and 
it makes 0¢/da =0 when #=0; and when # =1 we get sin ml = 0, 


or ml = «7, where « is any integer. Hence possible wave lengths 
are included in the formula \ = 21/e. 


Standing waves are really the principal or normal modes of free 
oscillation of (usually) a restricted system, and from this point of 
view the periods are fundamental and they determine the possible 
wave lengths. 


226. Progressive waves reduced to a case of steady 
motion. 


The method of Art. 218, of finding the velocity of propagation, 
namely, imposing on the whole mass a velocity equal and opposite 
to the velocity of propagation of the waves, may also be applied to 
the case of progressive waves considered in Art. 220. The wave 
form having the same relative velocity as before becomes fixed in 
space and the problem becomes one of steady motion. As the 
problem is a two-dimensional one it only remains to determine 
suitable expressions for the velocity potential and stream function 
so that the free surface and the bottom of the liquid may satisfy 
the conditions for stream lines. | 


Consider the relation 
w= Uz + P cos mz — iQ sin mz, 
or fb +ip=U (a + ty) +P cos m (a + ry) —1Q sin m (a + ty). 
It gives 
= Ux + (P cosh my + Qsinh my) cos ma ) ; 
and w= Uy— (Psinh my + Q cosh my) sin ma)" os 
These expressions satisfy Laplace’s equation and give the 


general superposed velocity — U. 


For the bottom to be a stream-line we must have y constant 
when y= —h, so that — P sinh mh + Q cosh mh = 0. 


Hence the expressions (1) may be written 


$= Ux+ A cosh m(y +h) Lumet 2) 


y= Uy—A sinh m(y +h) sin ma 
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If the free surface be a simple sine curve 7 =a sin ma, equations 
(2) will make this the stream-line y= 0 provided y 
Uae A sinh ip OR A. tina de. dockkes (3), 


neglecting squares of small quantities. 
Again, the formula for pressure is 
Pp 1 (sey (se) = 
grey + 3 | ae zh ay f constant. 
At the free surface this becomes 


y) : 
Pp + ga sin mx + 4U? {1 —2macothmh sin ma} = const., 


neglecting a’. 
But p is constant at the free surface, therefore the coefficient 
of sin m# must vanish, that is 
g = mU* coth mh, 


or U? = on Be ag crea (4). 


Another way of regarding this problem is as follows: 


Imagine a straight horizontal pipe of rectangular section, the 
upper surface of which has small corrugations of the form 
m =asin27a/d. Water filling this pipe can be made to flow along 
it at any speed, but we have found in (4) the particular speed that 
the water must have if the removal of the corrugated upper surface 
of the pipe would leave the water flowing with the corrugations in 
its surface unaltered. 


We observe that the expression for @ in (2) is the steady 
motion value, and the expression (10) of Art. 220 corresponding 
to the progressive waves can be obtained from (2) and (3) by re- 
imposing the velocity U, which amounts to omitting the term Uw 
and writing mx — nt for ma. 


227. Waves at the common surface of two liquids. 


Suppose a liquid of density p’ and depth h’ to be moving with 
velocity V’ over another liquid of density p and depth / moving 
in the same direction with velocity V; the liquids being bounded 
above and below by two fixed horizontal planes. 


Let U be the velocity of propagation of oscillatory waves at 
the common surface in the direction in which the liquids are 
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moving. Taking the axis of x in this direction in the undisturbed 
common surface and y vertically upwards, as in the last article, 
let us make the motion steady by superposing on the whole mass 
the velocity — U, thereby bringing the wave form to rest in space. 


Let ¢=—(V—U)a+A cosh m(y +h) cos max (1 
and y=-(V—U)y—Asinh m(yt+h)sin mel 
relate to the lower liquid, and 

pg =—(V' — U) «+ A’ cosh m(y —h’) cos max (2) 


and yy’ =—(V'—U)y—A’sinh m(y—h’) sin ma 


relate to the upper. These expressions for W and wy’ clearly make 
the boundaries y=—h, y=/h’ stream-lines; and if 7» = asin mx 
gives the displacement of the common surface and the liquids do 
not separate this must be a stream-line for both surfaces. We can 
satisfy this condition by taking the stream-line to be p= y' = 0, 
which gives 
—-(V-—U)a-A siti mh = 0 

and —(V’—U)a+A’sinh we 


neglecting the squares of small quantities. 


The expressions for the pressure are 


Ps gy +t i(58) + (5 “= const., 


p 
Pp 11 (ehy oy ie 
and E+ +h |(e) es = const. 


At the common surface, neglecting a’, these become 
; +gasin ma +4(V—U)(1 — 2am coth mk sin mex) = const., 
E + ga sin ma +4(V' — U)?(1 + 2am coth mh’ sin mx) = const. ; 
and p=p’. 
Hence we must have 
g(p—p)=(V — U) mp coth mh + (V’ — Uy mp’ coth mh’...(4). 
This equation determines U when p, p’, h, h’, V, V’ and m are 


given. 


= 
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228. Special cases. 

(i) If the depths of the liquids are so large compared to the 
wave lengths that we may put coth mh =coth mh’ =1, and the 
liquids have the same velocity V, then (4) reduces to 


(ii) If the liquids are at rest save for the wave motion, the 
wave velocity is given by 


pte stage kat: Linn : 
U =r pcoth mh + p’coth mi (6). 


(iii) The foregoing results obtained for incompressible liquids 
will be applicable to the case of waves propagated along the surface 
of water exposed to the air, provided that in considering the effect 
of the air we neglect terms which, in comparison with those retained, 
are of the order of the ratio of the lengths of the waves considered 
to the length of a wave of sound of the same period in air. Thus, 
in (6), making h'=o we have 


U2= = tanh mh i — (1+ tanh mh) . ; approx. ...(7) 
These results were obtained by Stokes*. 


229. It has been shewn by Greenhill+ that if the velocities 
V, V’ of the currents make angles a, «’ with the direction of wave 
propagation, equation (4) of Art. 227 only needs modifying by the 
insertion of V cos a, V’ cos a’ instead of V, V’, the components 
V sina, V’ sina’ of the currents perpendicular to the direction of 
propagation of the waves having no effect upon the determination 
of U. 


230. Stability. 


The motion considered in Art. 227 is really a case of small 
oscillations about a state of steady motion. To examine the stability 
of the motion, we have a quadratic equation (4) for the velocity of 
wave propagation U and we require that the roots of this quadratic 
should be real. 

* «On the Theory of Oscillatory Waves,’ Trans. Camb. Ph. Soc. vin. p. 441, or 


Math. and Phys. Papers, 1. p. 197. 
+ ‘ Hydromechanices,’ Encyc. Brit. 9th edition. 


228-230] STABILITY 273 


The condition for real or imaginary roots in U is 
m? (Vp coth mh + V'p' coth mh’? 2 m (p coth mh + p’ coth mh’) 
{mp V? coth mh + mp’ V"? coth mh’ — 9 (p — p’)}, 
or 
9 (ep — p’) (p coth mh + p’ coth mh’) 
2 mpp’ coth mh coth mh’ (V — V’). 


This means that the stream motion is stable or unstable according 
as 

coth mh + p' coth mh’ g(p—p oe 

pp coth mh coth mh’ * — m 


(v- a 


We remark that if p <p’, that is, if the upper liquid is denser 
than the lower, there is instability for all wave lengths. The same 
is true when p=p’, that is when two streams of the same liquid 
are flowing with different velocities and a horizontal common 
surface. 


In fact when p =p’ and the depths are so great that 
coth mh = coth mh’ =1, 
we get U=4{(V+V’)t+i(V—-V")h. 


We may consider the case V = V’ by first putting V’= V (1 +4) 
and then making a tend to zero. 


The common surface in the steady motion being given by 
=asin mez, for progressive waves the corresponding form is 
n = asin (mx — nt), when . 

n=mU =tmV {2+ F ra}. 


Hence n=asinm{a— Vt—ta(1 $2) Ve}, 
and as a tends to zero we may write this 
n =asin m (#— Vt)—4ama(1 + 2) Vt cos m (a — Vt), 
or n=asinm(a#— Vt) —bmVt cos m (« — Vt). 
This shews that the corrugations of the surface increase in height 
indefinitely with ¢. 


This case is of special interest as it explains the flapping of 
sails and flags. The uniform medium can be regarded as divided 
by a thin membrane on both sides of which the medium moves 
with the same velocity, the motion is unstable and a slight disturb- 
ance will result in a larger departure from the steady motion. 


R. H.. y 18 
~~ 
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This and other cases were considered by Lord Rayleigh in a paper 
‘On the Instability of Jets*.’ 


231. Group Velocity. 


In general when waves are started by a local disturbance such 
as, for example, the dropping of a stone into a pond or the motion 
of a boat through water, the successive waves have different lengths 
and are propagated with different velocities. Let us examine the 
phenomena that arise from the simultaneous motion in the same 
direction over the same water of two simple harmonic trains of 
waves of the same amplitude and slightly different wave lengths. 


We may write for the elevation at any point 
n= asin (me — nt) + asin (m'e — n't) 
= 2a cos {(m — m') «# —(n— 7’) t} sin {(m + m’) &— (n+ W’) t}. 


If m =m’ nearly, (m —m’)«# varies with « much more slowly 
than does (m +m’), so it is convenient at any instant to regard 
the equation as representing a sinuous curve obtained by drawing 
the curve 7 =2asin {(m+m’)x—-(n+n’)t} and multiplying the 
ordinates by cos {(m—m’)«—(n—n’)t}. Hence the result re- 
presents a train of waves whose amplitude 

2a cos {(m — m’) # —(a—n’) t} 
is periodic, varying between 0 and 2a. The profile of this train 
will be a group of sinuosities of amplitude gradually increasing 
from zero to 2a and then decreasing to zero followed by a succession 
of equal groups. The appearance on the water will be that of 
alternate groups of waves separated by intervals of nearly still water. 


The velocity of propagation of the groups is given by 


TU =e 


dn 
Or = ee Gl) t: 


* Proc, L.M.S. x. p. 4, 1879, or Sci. Papers, 1. p. 361. On the general question 
of{stability and instability of a perfect fluid see a paper by W. M&F. Orr, Proc. 
RLeA. Xxvil. p. 9, 

+ The theory of group velocity is generally attributed to Stokes, who set a question 
on it in the Smith’s Prize Examination in 1876, Math. and Phys. Papers, v. p. 362, 
but the result (1) appears to have been obtained first by Hamilton in a paper on 
‘ Researches respecting vibration connected with the Theory of Light,’ Proc. R.I.A.t. 
p. 341. For this reference the author is indebted to Professor Sir Joseph Larmor. 
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when the difference of the wave lengths of the original trains is 
small. 


And the velocity of propagation of a single wave is 


pee : 
m 
d dv 
th f iy = —_—— = Sisk . 
erefore U as (mV) Ven meh cds Stt ate 3S (ay; 
or if X be the wave length (2z/m), 
dV 
U=V-2xr TA ee (3) 


Thus it appears that the group velocity, in general, differs from 
the velocity of propagation of the separate waves. This is in ac- 
cordance with the results of observation, for when the eye views 
a group of waves advancing over deep sea water, single waves are 
seen to advance through the group, their amplitudes increasing 
and then dying away as they give place to others. 


In the case of waves on the surface of water of depth h, we have 
V2 = (g/m) tanh mh, 


so that U=4V (1 + 2mh cosech 2mh). 
Hence the ratio of the group velocity to the wave velocity is 
h et : 
pra he : 
2 hon ai When h is small compared with the wave length 


this ratio is unity, and as A increases to infinity the ratio decreases 
to 4; or the group velocity for deep sea waves is half the wave 
velocity, 


232. The theory of group velocity has been treated in a more general 
manner by Lord Rayleigh*. We assume that a disturbance travelling in one 
dimension can be resolved by Fourier’s theorem into infinite trains of waves 
of harmonic type and of various amplitudes and wave lengths. Thus the only 
case in which we can expect a simple result is that in which a considerable 
number of consecutive waves are sensibly of a given harmonic type, though 
the wave length and amplitude may vary within moderate limits at points 
whose distance amounts to a large multiple of 2. 


Assuming that the complete expression by Fourier’s series involves only 
wave lengths which differ but little from one another, we may write 
n= sin {((m+ 8m) e— (n+ 8m) t+} 
+ ay sin {(m+dme) &— (n+ dng) t+e}+... 
=sin (ma — nt) Da, cos (#bm, — t6n1 + &) 
+cos (mx — nt) Sa,sin (# dm, -- td + €)- 
* ¢On the Velocity of Light,’ Nature, xxv. p. 52, or Sci. Papers, 1. p. 540. 
18—2 
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bn, _ bnq _ dn 


8m, dm. ~" dm’ 


Also by hypothesis 


and the first term in the expression for n represents a simple train of type 
sin (ma—nt) with varying amplitude 3a, cos (#6m,—t6n,+«,), and the ampli- 
tude itself is propagated as a wave with velocity dn/dm; and similarly the 
second term. Hence we arrive at the idea of groups of waves of a more 
general kind, but the velocity of propagation is given by the same formula as 
in the special case considered in Art. 231, 


233. The Energy of Progressive Waves. 


; Considering a train of progressive waves at the surface of water 
of depth h, given, as in Art. 220, by 


i =O GUECMS — 1b) Site cass enensteas (1), 


and 


gate oe mY) 


oe Gs a 9 ee ae. (2), 


if we calculate the energy of the water between two vertical planes 
parallel to the direction of propagation at unit distance apart, we 
have, for a single wave length, the potential energy 


Xr 
V=39p | nda 
0 
=4¢gpa?d; since X = 27/m. 


The kinetic energy is given by 


f A 1 (/Ad\? /Ah\2 
=1 ae ele 
S of), \() fh Gs) } deay 
and, as in Art. 77, this may be transformed to 
od 
=—1 Eas 
r 2 pfe on ds, 


integrated along the profile of a wave length, where dn is measured 
along the normal into the water. To the order of small quantities 
we are using this may be written 


a» 

=t9pw i cos’ (ma — nt) dx 
0 

=t9pvr. 


Hence it follows that the total energy per wave length is }gpa?A, 
and that it 1s half kinetic and half potential. 
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Also considering any length in the water, in direction of the 
wave propagation, which is either an exact number of wave lengths 
or is so long that the energy of a fractional part of a wave length 
may be neglected in comparison with the energy of the whole, it 
follows that it is correct to say that the energy of a progressive train 
of waves is half kinetic and half potential. 


234. The Energy of Stationary Waves may be calculated 
in the same way. Thus if we take 


n =asin mex cos nt, 


auc oe Co Tagish) 


ond n cosh mh 


sin mz sin nt, 


as in Art. 228, we find for the potential energy of a wave length 
 V=+tgparr cos? nt; 
and for the kinetic energy 
T = 4 gpa?r sin? nt. 
Hence the total energy per wave length at any time is }gpa?r 


and the amounts of kinetic and potential energy change continuously 
with the time. 


235. Transmission of Energy. 


We have just seen how to calculate the energy of a progressive 
and a standing wave. In the case of a progressive wave the wave 
form advances with a definite velocity but it does not follow that 
this is the rate of transmission of energy, for it is the particles of 
water that possess the energy and there is no reason to suppose 
that they hand on the energy at the same rate as the wave form 
advances. This question was discussed by Prof. Osborne Reynolds, 
in a paper* from which we borrow some illustrations :—If a number 
of small balls are suspended by threads so that the balls all hang 
in a row, the threads being of the same length; and if the balls 
be then set swinging in succession in planes perpendicular to the 
row, as by running the finger along them, the motion will present 
the appearance of a series of waves propagated from one end of the 
row to the other, but in reality each pendulum swings indepen- 
dently of its neighbour and there is no communication of energy. If 


* «Qn the Rate of Progression of Groups of Waves and the Rate at which Energy 
is Transmitted by Waves,’ Nature, xvi. p. 343 (1877). 
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however the balls are connected by an elastic string and any one 
be given a transverse motion, it will communicate its motion to 
the others, so that now there is a transmission of energy and the 
rate at which the first ball gives up energy to the others will clearly 
depend on the tension of the string. 


As another illustration :—If a rope be laid out on the ground in 
a straight line with one end fixed and an upward jerk be given to 
the other end, a wriggle will travel along the rope to the other 
end leaving the rope straight and at rest on the ground behind it. 


This is a case in which the energy is transmitted at the same rate 
as the wave. 


The particular case with which we are concerned, that of surface 
waves on water, is a case intermediate between the two just con- 


sidered ; energy is transmitted but at a rate less than the wave 
velocity. 


236. Rate of Transmission of Energy in simple har- 
monic surface waves, 


The rate of transmission of energy is measured by taking a 
vertical section of the liquid at right angles to the direction of 
propagation and determining the rate at which the pressure on one 
side of this section is doing work on the liquid on the other side. 

Considering liquid of depth h, we have, as in Art. 220, 


op, deucoeh mek sh fh) 
n 


? cosh mh 
And neglecting squares of small quantities the variable part of 
the pressure 1s given by 


cos (mx — nt). 


Sp = pod/at, 
and the horizontal velocity is — 0¢/dz. 


Hence the work done in unit time or the energy carried across 
unit width of the section is 


Lyeseeif Mahe, Ob 
w=-[ Pay 


Gpavm sin? (ma — nt) [° 
n cosh? mh | a: cosh? m (y + h) dy 


_ 9G pam sin? (ma — nt) (= 2mh re “) 


n cosh? mh 4m 2 


235-237 ] CAPILLARY WAVES 279 
and since n?= gm tanh mh, this may be written 
W=tgpa = (1 + 2mh cosech 2mh) sin? (ma — nt). 


The mean value of this expression over a complete period or 
any number of complete periods, or any interval that is so long 
compared to a period that the part corresponding to the fractional 
part of a period can be yey in comparison with the whole, is 


i t gpa — eae + 2mh cosech 2mh)*. 


Referring to Art. 231, since n/m= V, this expression for the 
energy transmitted in unit time is equal to 
49pa’ x group velocity. 
And from Art. 233, $gpa? is the whole energy per unit length 
at any instant. Hence the energy is transmitted at a rate equal to 
the group velocity. 


237. Capillary Waves. When surface tension is taken into 
account, the surface conditions p=const. (Art. 219) and p=p’ 
(Art. 227) no longer hold good. They must be replaced by the 
condition that, if 7’ denotes the surface tension or energy per unit 
area due to capillary forces, the difference of the pressures on 
opposite sides of the surface is given by+ 


ewe 


where p and p’ are the principal radii of curvature of the surface. 
Op 


SS 


Fig. 63. 


In the case of two-dimensional waves we have p' =o, and, if 
n denote the elevation, 1/p =— d*n/da’*, neglecting squares of small 
quantities. So if dp, dp’ denote the variable parts of the pressure 
below and above the surface, as in the figure, we have 


7S" + ip — Bi Oe tere... (1) 


as the surface condition. 


- *Lord Rayleigh, ‘On Progressive Waves,’ Proc. L.M.S. 1x. p. 21 (1877), or Sei 
Papers, 1. p. 322, or Theory of Sound, 1. Appendix. 
+ v. Hydrostatics, p. 168. 
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238. Capillary waves on a canal of uniform depth. 
Taking the case considered in Arts. 219 and 226, let us use the 
method of Art. 226, reducing the problem to one of steady motion 
by superposing a.velocity — U on the whole mass, where U is the 
velocity of propagation. As in Art. 226, we have 


ap = Uy—A sinh m (y +h) sin ma, 


and for the free surface 
n=asin me, 


provided Ua—A sinh mh = 0. 
And the variable part of the pressure is given by 
op 


+ g@sin mx + $U?(1 — 2ma coth mh sin mz) = const. 


But from (1) Art. 237, since in this case we regard the air pressure 
as constant, we have 


ad? 
dp=-T = Tam? sin mz. 


Substituting this value in the last equation and equating to zero 
the coefficient of sin ma, we get 


U?2= (2+ > =") tanh mh 


(P4222) conn 2 
= € +S ) tan So vvvesesssennee (1). 
When h is large compared to d, this becomes 
page eee See (2) 
Qa Xp 


239. Capillary waves at the common surface of two 
liquids. Proceeding as in Art. 227 the investigation is the same 
until we arrive at the equations for the pressures on either side of 
the common surface, which may be written 


) : 
vam gasinme +4(V— UP(1 — 2am coth mh sin ma) = const., 
and 


dp’ : 
= +gasin me +$(V’ — U)(1 + 2am coth mh’ sin Hema es 


ree 
where at Sp — Sp’ =0, and » =asin ma. 
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Hence dp — Sp’ = Tam? sin mz, 
and by eliminating dp, dp’, we get 
Tm? + g(p — p’)=(V — U) mp coth mh + (V’ — UP mp’ coth mh’ 


As a special case, if the liquids are so deep compared to the 
wave length that we may put coth mh =coth mh’=1, and the 
liquids are undisturbed save for the wave motion, then the velocity 
of propagation U, is given by 


, gryp-p QrT - 
Ue Fe pp Np 
Again we get the case of the effect of wind on deep water, 
regarding air as incompressible, if we retain V’ but put V=0, 
(1) reducing to 
Tm +(p — p') g/m = U?p + (V' — UY’ p’, 


or pete Dpaipl; ae alpra pped o, 
pt+p p+p 
where U, denotes the velocity of propagation when there is_no 
wind. 
re “Vx Vitae 
This gives ee ; {Ue ore | Se er 3). 
: Pane te pa). 


This result was obtained by Lord Kelvin*, who considered some special 
cases as follows :—For a given wave length 27/m, the wave velocity U is 
greatest when the wind velocity V’=U)(1+ op), U having then the same 
value as V’. Hence it follows that “with wind of any other speed than that 
of the waves, their speed is less. For instance, the wave speed with no wind, 
which is U), is less by approximately p’/2p of Up (i.e. about z¢eq of Uo) than 
the speed when the wind is with the waves and of their speed. The explana- 
tion clearly being that when the air is motionless relatively to the wave crests 
and hollows its inertia is not called into play.” 


From (3) we draw the following conclusions :— 
al 
“(1) When P'/Oy= (1+ 8)" =287 (1+ reso) 


one of the values of U is zero, that is to say, static corrugations of wave 
: : i 
length 22/m, would be equilibrated by wind of velocity Up (1+ p/p’). 
But the equilibrium would be unstable. 
(2) When V'/Uy=(p + p')/(pp’)? =28°7 (1 + 545), 
the two values of U are equal. 


* Letter to Professor Tait, August 16,1871. Printed in Math. and Phys. Papers, 
rv. p. 76, also in Baltimore Lectures, p. 590. 
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(3) When V'/U>(p+p')I(pp")*s 
both values of U are imaginary, and therefore the wind would blow into spin- 
drift waves of length 27/m or shorter. 


Looking back to (2), we see that it givesa minimum value for Up equal to 


[eee 
1+p'/p 


Hence the water with a plane level surface would be unstable, even if air 
were frictionless, when the velocity of the wind exceeds 


gee =p /p%) » 


p'/p 


240. Ripples. Referring to Art. 238, we may write (2) in the 
form 


U2=(Vgr/2ar — V2rT/Apy? + 2 VgT/p, 
shewing that U has a unique minimum value 2 Vg T7/p when 
X=22VT/gp. Lord Kelvin has defined a ripple as any wave on 
water whose length is less than this value of \. The corresponding 


value when the air is taken into account is obtained from (2) Art. 
239 which gives as the critical value 


d= 2 VT/9 (p—p’). 


Ripples may be seen in front of any solid cutting the surface 
of the water and moving horizontally at any speed, fast or slow. 
The ripple length is the smaller root of the quadratic in 2, 


gyp—p 2rT 

lal ed I ea) 

2rp+p A(ptp)  ° 
where U, is the velocity of the solid. “The latter may be a sailing- 
vessel or a row-boat, a pole held vertically and carried horizontally, 
an ivory pencil-case, a penknife-blade, either edge or flat side fore- 
most, or (best) a fishing-line kept approximately vertical by a lead 


weight hanging down below water, while carried along at about 
half a mile per hour by a becalmed vessel*.” 


241. Waves due to a given local disturbance on the 
surface of water, We shall consider first a simple case where 
the liquid is hmited by vertical planes, distant J apart, parallel to 


* Letter from Lord Kelvin to Professor Tait, of date August 23, 1871, loc. cit. 
p. 281. 
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the crests of the waves, and suppose that the motion starts from 
rest with a given initial elevation 


n= f (a). 
The motion is therefore irrotational and if the liquid were unlimited 
in extent there would be no limitation on the lengths of the waves 
but the motion would be the result of the superposition of waves 
of infinite variety of lengths. In this case, as we shall see, there is 
a limitation on the possible wave lengths. If h be the depth of the 
liquid, a suitable solution: of Laplace’s equation for the velocity 
potential is 
¢ =A cosh m(y +h) cos mx sin nt, where n?= mg tanh mh, 

making ¢@ zero when t=0, also when y=—h. But we also require 
that dd/dv=0 when #=0 and when w#=/; and this makes 
sin ml = 0, or ml = im where 7 is an integer. 


Again the pressure equation 
ee 
peer LED 

gives initially at the free surface 

Od hs 
ap = 97 = OF (2). 
And the most general expression for ¢ is 
go = 2 A; cosh 4 (y+h) cos T= sin nt, 
i=1 

and, substituting this value in the last equation, we get 
S nA, cosh eS cos 7 = of (2). 
i=1 

But by Fourier’s Theorem we have 


Py 273 uma ft vm 
fay=7] flodv +7 Rica. dv, 
and, by comparing the series, we get 


nA, cosh —— ue =2f SF (v) cos ~ dz, 


so that 
T 
cosh — (y +h) 
eee) $ : => cos | Fo) cos F" du sin nt 
ane neosh ~7— 


a inh 
where ay 7 ta nh. 
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If we require the form of the surface at any subsequent time, 
the relation 


2 11 
> cos 
al l 


2 
i. 


v 


ea 
gives n= a | F (v) cos a dv cos nt. 
0 


242. We may now consider the case in which the liquid is un- 
limited in extent, the initial disturbance being of the same type as 
before, that is, given by 

1 =f (2); 


so that we are still dealing with two-dimensional motion. To 
simplify the expressions we shall suppose the depth of the liquid 
to be infinite, then from Art. 223 we can write down as a typical 
solution for a wave of length 27/m the equations 


sin 
n= Mx COS nt, 
cos 


oe sin : 
and g= J gy mg sin nt, 
n cos 

where n? = gm. 


To obtain general expressions which embrace the superposition 
of all such solutions and give the initial values 


n=f (x), 6=0, 
we must make use of Fourier’s double integral theorem 
fl2)= = | am | F (a) cos m (a — a) da, 
a) —2 


and the required expressions are 


fees es: 
= ={ dm | F(a) cos nt cos m (x — a) da, 
0 a 


20 ) . i t 
o= ff dm| f(a) — e"¥’ cos m (x — a) da; 
0 ==) 


for these expressions clearly satisfy all the conditions specified, 
and as an additional verification they make 7 =— (0f/0y)y =o, in 
virtue of the relation n? = gm. 


243. A similar method may be adopted when the surface is 
initially horizontal but subject to initial impulsive pressure. Thus 
we may suppose that initially 


¢ =F (a) and n =0. 
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Then, taking as the typical solution 


sin 
od =e mx cos nt, 
cos 


nsin : 
n=-- max sin nt, 
g cos 
where n= mg, 


we have for the general solution 


g== |" dm | F(a) cos nt e™ cos m (a — a) da, 
0 J —a% 


n=- | dm {- F(a) n sin nt cos m (a — a) da. 
9T™s 0 -% 


For a full discussion of these results see Lamb’s Hydro- 


dynamacs, S§ 238—240 and Lord Kelvin’s papers on ‘Deep- Water 
Waves*,’ 


244. Stationary waves in running water. The waves pro- 
duced in a stream by obstacles or by inequalities in its bed have 
been discussed at length by Lord Rayleight and Lord Kelvint. 
We shall consider two examples which serve to illustrate different 
methods :— 

(i) A stream flowing with uniform velocity over a corrugated bed whose 
section represents a sine curve. 

Taking axes as usual, let the bed of the stream be given by 

y= —h+xsin me, 
and let V be the mean velocity. 
The conditions of the problem will be satisfied by the equations 
p= — Ve+(A cosh my +B sinh my) COS ML v..sereereeee. @; 
and v= — Vy—(Asinh my+B cosh my) 8M MH... eeeeeeeee (2), 
provided they make the bed a stream line and the free surface a surface of 
constant pressure as well as a stream line. 
The condition that the bed 
y= -h+K sin me 
may be a stream line is that 
— V(—h+«sin mx) —(-A sinh mh+ Beosh mh) sin me 
may be constant for all values of 2. 


* Phil. Mag. June, Oct. 1904, June 1905, Jan. 1907, or Math. and Phys. Papers, 
Iv. pp. 338—456. 

+ ©The Form of Standing Waves on the surface of Running Water,’ Proc. L.M.S. 
xy. p. 69, or Sci. Papers, 11. p. 258. 

+ ‘On Stationary Waves in Flowing Water,’ Phil. Mag. Oct. 1886, or Math. and 
Phys. Papers, 1v. p. 270. 
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Therefore kV=A sinh mh— B cosh MA .....cscsceencseecsoness (3). 


If we assume for the free surface 


this will be the stream line ~=0, provided 
BV — Bi OGG as o8is csasiooinseccsdas ree (5). 


Again the pressure equation in the steady motion is 
+ GYAFGZHCOMSE.. ... 0. ceccesseserecesveeeeneses (6), 


and at the free surface p is constant, so that by substitution from (1) and (4) 
in (6), neglecting squares of small quantities, we must have 


gasin mz+ VAm sin mz=constant 
for all values of 2. 
Therefore G+ WV AM=O sapeautgeavaiae readies ieseasan (7); 
and from (3), (5) and (7) we get A, B and a, and the free surface is given by 


K 


7 cosh mh — g/m V2. sinh mh 


SUN INE ever necsaet neees (8). 


Taking « to be positive, the multiplier of sin mz in the last expression is 
positive or negative according as V* is greater or less than (g/m) tanh mh. 
That is, according as V is greater or less than the velocity in still water of 
depth / of waves of the same length 27/m as the corrugations. In the former 
case the ridges and hollows of, the free surface are vertically over the ridges 
and hollows of the bed of the stream, and in the latter case the ridges of the 
free surface are over the hollows of the bed. 


(ii) If water flows along a rectangular canal which consists of two uniform 
portions of slightly different breadths, with a gradual transition, the free surface 
will be lower where the canal is narrower, or contrariwise, according as u2S gh, _ 
where u is the mean velocity, and h the mean depth. [The motion is supposed to 
be steady. | (M.T. 1912.) 


Let A, B denote points on the free surface of the two portions, h+a, 
h+q’' the depths, b+8, 6+’ the breadths, and w+v, u+v’ the velocities in 
the two portions, 6 denoting the main breadth. 


A 
pn 
b>ute uto! 
h+a: h+a' 


Fig. 64. 


From continuity we have 


(h+a) (b+8) (u+v)=hbu=(h+a’) (b+8) (utr’). 


Therefore v= —u (G+ i) , and v’ = =u(§ oe y 
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If p, p’ denote the pressures at A and B 
a = —(h+a—h—-a')g—3{(utvP—(utv)%. 


But the pressures at 4 and B on the free surface are equal, therefore 
O= -(a—-a))g-—u(v—-v) 
wu 


2 
and Gua (9 ~*) =" 6-8), 


Hence a—a’ and 8—#’ have the same or opposite signs according as wu? <gh, 
i.e. the free surface is lower where the canal is narrower or contrariwise ac- 


cording as u?< gh. 

245. Gerstner’s Trochoidal Waves. An exact solution of 
the equations representing wave motion on the surface of deep - 
water was discovered by Gerstner in 1802 and re-discovered by 
Rankine in 1863*, but the motion represented is rotational and 
cannot therefore be brought about by natural causes in frictionless 
liquid. 

Consider the equations 


1 ; 
e=a+—esin « (a+ ct) 


Lee 
a aa cosn (at ot)) 


where the Lagrangian notation is employed, a and 6b being 
parameters which specify a particular particle whose coordinates 
are x, y at time t¢. 


: O(a, y) _ A . 
Since wee DOME Tease ss uncial evn “Tales (2), 
therefore the equation of continuity of Art. 9 is satisfied. The 

equations of motion of Art. 30, in this case, become 


lop Oy  Oudu yoy 


poa' 7 da df da ot? da’ 
hop ov Pxdx yoy. 


poe pab 936 ~~ a ab dt ab’ 
or kis (2 + gy) = «ce sin x (a + ct)e 
da\p © 
and s fe + ay ) = «cre — «ce cos x (a + ct). 


* ‘On the Exact Form of Waves near the Surface of Deep Water,’ Phil. Trans. 
1863, p. 127. 
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If we multiply these equations by da, db, add and integrate we 
get 
p te i 
~ = const. — g {b — — e? cos « (a + ct 
5 g Z ( ) 
— ce cos « (a + ct) + 4c°e?...(3). 
At the free surface the pressure must be constant, which 
requires that 
Cpt || SP Ree ae eer (4). 
Now the periodic form of equations (1) shews that they repre- 
sent a wave motion, the waves of length 277/« being propagated 
_ with velocity ¢ in the negative direction of the w-axis; and the 
relation (4) shews that the velocity is what we have previously 
found for deep-water waves. 


If we substitute from (4) in (3) we get 


: = Const, — 90 PACerO. voses ceases. geet (5). 
This shews that p is constant when b is constant, hence if the 
motion were converted into ‘steady motion by superposing a 
velocity equal and opposite to that of propagation all stream lines 
would be curves of constant pressure. This is a peculiarity of this 
type of wave motion, for in general it is only necessary that the 
particular stream line at the surface shall be one for which p is 
constant*. . 


To shew that the motion is rotational, we have 


u=a&= ce cos x (a+ ct) 
Pe; 7 oe i reyinis « eee (6); 
and the spin is given by 
Dee ee 
OM. a OG 
ov 0(v,y) /O (a, y) Ou O(a, u) /0 (a, y) 
But = aay aL 
z on. O(a, BGs. dy (a, b)/ (a, b)’ 
O(a, y) O(v,y) 0a(a,u) 
theref 2 Sle 
ea ~” A(a,b) (a,b) d(a,b)’ 
and on substituting from (1), (2) and (6) we get 
"CeO Te os Aes ee ee Coy 


* See Stokes, ‘On the Theory of Oscillatory Waves, Appendix A,’ Trans. Camb 
Phil. Soc. vit. p, 441, or Math. and Phys. Papers, 1. p. 219. ; 
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From.(1) it is clear that the path of the particle (a, 6) is a circle 
of radius «le, | 


The curves of equi-pressure are the paths of the particles when 
the motion is made steady by superposing the velocity —c, that is 
they are given by 


I aaa Teg: 
e=a+—esinkxa, y=b— ee cos Ka, 
K K 


or, putting ca = 9, 
£=K70+ ee sin 0, y=b—K«e® cos 0. 


These equations, for any constant value of b, represent a trochoid 
traced by a point at distance xe? from the centre of a circle of 
radius « which rolls on the under side of the line y=b+x«7% 
Any one such trochoid may be taken to represent a possible form 
_ of the free surface, the extreme case corresponding to b= 0 being 
a cycloid with cusps upwards*. 


EXAMPLES. 


1.. Assuming that the velocity of propagation of long waves in a canal ig 
J/(gA/b). where A is the area of the section and 0 is the breadth at the water - 
surface, apply the formula to obtain numerical results for a water-trough, the 
top being of width 20 inches, the base of width 12 inches, and the depth 
10 inches, (St John’s Coll. 1911.) 


2. Find the velocity of ocean rollers, 20 yards long from crest to crest, in 
miles per hour. (St John’s Coll. 1901.) 


3. Find the type of waves that would travel on deep water at 30 knots. 
How much is the velocity of the waves affected by the presence of the atmo- 


sphere above the water, its density being ‘0013? 
(St John’s Coll. 1897.) 


4, A fixed buoy in deep water is observed to rise and fall twenty times in 
a minute, prove that the velocity of the waves is about ten and a half miles 
per hour. (Coll. Exam. 1907.) 


5. Prove that if a wave-system is travelling over water with velocity JV, 
the kinematical condition to be satisfied at the free surface is y+ Vy=const., 
where yf is the stream function, and the motion is supposed two-dimensional, 
the waves advancing along the axis of «. 

Find the value of V for water-waves on a canal of depth 4, when the wave 
length is A, gravity alone being considered. (St John’s Coll. 1911.) 


* For a diagram see Lamb’s Hydrodynamics, p. 413, 
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6. Shew that when irrotational waves of length \ are propagated in water 
of infinite depth, the pressure at any particle of the water is the same as it 
was in the equilibrium position of the particle when the water was at rest. 

(Coll. Exam. 1908.) 


7, A wave consisting of a single elevation and a single depression travels 
along the surface of water contained in a straight uniform canal. The slope 


of the wave is gradual, and its length is great compared with the depth of the ; 
water. Trace the motion of a particle on the surface. 


Shew that the potential energy of the wave is equal to the kinetic energy. 
(St John’s Coll. 1901.) 


8. From considerations of dimensions alone shew that the period of 
oscillatory waves in a deep cylindrical tank varies as the square root of the 
diameter and inversely as the square root of the intensity of gravity. 


(M.T. 1879.) 


9. Prove that in a uniform heavy liquid, of depth A, there is not more 
than one wave length corresponding to any given velocity, and that any 


velocity less than ,/gh is the velocity of some wave. (Trinity Coll. 1902.) 


10. If a horizontal rectangular canal of great depth has two vertical 
barriers at a distance / apart, prove that the periods of oscillation of the water 
are 24/7d/,/sg, where s is a positive integer; and that corresponding to any 
mode, all the particles of fluid oscillate in straight lines of length inversely 
proportional to exp (s7z/l), where z is the depth. 

(Coll.. Exam. 1906.) 


11. If in the irrotational motion of homogeneous liquid in two dimensions 
under gravity there be a free surface exposed to an atmosphere of constant 
pressure, shew that there must be a surface of equal pressure at which 


Op Op _ fee Op , dh Op 
I oy * oe An dxdt ' cy dy ot 


{EY ce Bt 5 COS 
Be) Gat Ge dy Cady * \oy ei 
Work out the case d=bcos ra/acosh m (y+h)/a sin pt and give it a 
possible physical realisation ; b being so small that its square is negligible. 


(St John’s Coll. 1906.) 


12. The space between two infinite horizontal planes is filled with two 
fluids, one of density p and depth ’ and the other of density p’ and depth h’. 
Shew that the velocity of a long wave on‘the surface of separation is 


9 (p—p’) hh’ 
Z one ra (Coll. Exam. 1897.) 
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13. Let a shallow trough be filled with oil and water, and let the depth 
of the water be & and its density a, and the depth of the oil / and its density 
p. Then shew that if g be gravity, and v the velocity of propagation of long 
waves, 


Pig =k (h+h) +h (h—kP + 4hkp/o}?. 
Note that there may be slipping between the two fluids. (M.T. 1882.) 


14, A harmonic train of surface waves, of wave length X, impinge directly 
upon a breakwater with a vertical sea front, and are reflected. The maximum 
variation of the surface level about the mean height on the face of the break- 
water is a. Prove that the extra pressure on the breakwater per unit length 
of sea front is 


Gpa \i+z ar ~ tanh The cos —— 7 


where V is the wave velocity and / the depth of the sea. 
(Trinity Coll. 1897.) 


V 15.. Prove that in a fluid of depth fh, limited by two vertical barriers, 
distant 7 apart, at right angles to the direction of propagation of straight 
crested irrotational waves, the periods of the waves are found by giving 7 
positive integral values in the formula 


2 (= coth a (Coll, Exam. 1899.) 

16. Two fluids of densities p,, pz have a horizontal surface of separation 
but are otherwise unbounded. Shew that when waves of small amplitude are 
propagated at their common surface, the particles of the two fluids describe 
circles about their mean positions; and that at any point of the surface of 
separation where the elevation is 7, the particles on either side have a relative 
velocity 4m Vn/d. - (Trinity Coll. 1997.) 


17. If acanal of rectangular section contain a depth h of liquid of density 
p on which is superposed a depth /’ of liquid of density p’, the free surface of 
the latter being exposed to constant atmospheric pressure, prove that the 
velocities of propagation of waves of length 27/m are given by V?=gu/m, 


where 
p (wcoth mh —1) (u coth mh’ —1)=p' (1—u?). 


(Coll. Exam. 1907. ) 


18. Two-dimensional waves of length 2/m are produced at the surface 
of separation of two liquids which are of densities p, p’ (p > p’) and depths , h’ 
confined between two fixed horizontal planes. Prove that, if the potential 
energy is reckoned zero in the position of equilibrium, the total energy of the 
lower liquid is to that of the upper in the ratio 
p{(2p—p’) coth mh +p’ coth mh’} : p’ {(p — 2p’) coth mh’ —p coth mh}. 
(M.T. 1899.) 


19-—2 
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19. If there be two liquids in a straight canal of uniform section, of 
densities o;, o2 and depths /,, 7, shew that the velocity V of propagation of 
long waves is given by the equation 


es Fe ke 
(rs -1) (aaurge 


where oy> 0}, and it is assumed that the liquids do not mix. 
(St John’s Coll, 1900.) 


20, Shew that 
Wi= V[-y+sin xv cosec xe (a sinh x (y+e)— > sinh ay he Seid) 
—We= Vi -y+6 sin kw exp « (y+ce)] 
may be used to find the velocity of small periodic waves in a system, made up 
of a layer of thickness ¢ and density o resting on an infinitely deep mass of 


fluid of density p, the origin being taken in the free surface. Shew that the 
possible values of V are given by 


V2=9/« and V2=g (p—oc)/k (p coth xe+ca). 
g gp 
(St John’s Coll, 1900.) 


21. An open rectangular box of length a contains two liquids of densities 
p, p’ and depths Af, 4’ respectively, that of density p being at the bottom. Prove 
that the periods of oscillation when the liquids are slightly disturbed so that 
there is no motion perpendicular to the sides of the box are determined by 
equations of the type 
G coth = - on) (e eee > am ap a (w' or) =0, 


a a p 


where 7 is an integer. (M.T. 1906.) 


22. A layer of fluid of density p, and thickness h separates two fluids of 
densities p; and p;, extending to infinity in opposite directions. If waves 
of length A, large compared with 4, be set up in the fluid, shew that their 
velocity of propagation is either 


(Trinity Coll. 1906.) 


23, A canal, of infinite length and rectangular section, is of uniform depth 
4 and breadth 6 in one part but changes gradually to uniform depth A’ and 
breadth 0’ in another part. An infinite train of simple harmonic waves 
travelling in one direction only is propagated along the canal. Prove that, if 


a, a are the heights and 27/m, 27/m’ the lengths of the waves in the two 
uniform portions, 


mtanh mh=m’ tanh mh’, 
and 


ab sech* mh (sinh 2mh + 2mh)= ab! sech? m’h’ (sinh Qm'h' +2m’l’). 
(Coll. Exam. 1903.) 
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~ 24, Shew that waves are propagated in a liquid mainly by gravity if 


longer than, and mainly by molecular forces if shorter than 27 Ae a where 
p 
7 is the surface tension and p is the density. . (M.T. 1875.) 


25. Shew that, if the velocity of the wind is just great enough to prevent 
the propagation of waves of length \ against it, the velocity of propagation of 


waves with the wind is 2V{o/(1 +o)}, where o is the specific gravity of air 
and V is the wave velocity when no air is present. (Coll. Exam. 1897.) 


26. Determine the velocity of propagation V, of waves of length i, along 
a canal of depth 4 in terms of the gravitational and capillary forces, neglecting 
the density of the air above, and shew that, for such waves on deep water, 
there is a wave length Xo for which the velocity is a minimum. 


Shew that the velocity of a group of waves of sensibly the same length is 
ue (mV), where m=27/), and that, for waves on deep water under gravita- 


tional and capillary forces, the group velocity is greater than the wave velocity 
according as A Spo. (M.T. 1908.) 


27. Find the velocity of straight ripples of length A, on water of density 

p, surmounted by air of density p’, as maintained by gravity and the surface 

tension 7, and if r=81 ¢.a.s. for water, find for what wave length the velocity 
of propagation is least, and also the value of this minimum velocity. 

(St John’s Coll. 1899.) 


28. If water of depth ’ be flowing with velocity proportional to the dis- 
tance from the bottom, V being the velocity of the stream at the surface, 
prove that the velocity U of propagation of waves in the direction of the 
stream is given by 
(U—V)?+V(U—V) W?/gh— W?=0, 
where W is the velocity of propagation in still water. (M.T. 1881.) 


29. A stream of water is running steadily with uniform velocity Uin a 
horizontal canal of depth / of which the bottom is slightly undulating: shew 
that there will be a depression yn in the steady free surface, above each 
elevation 7; in the bottom, and vice versa, given by 


h | 
m= G al 1) : 


What happens as U2? approaches and passes the value gi? Explain the 
general principle of which this is an example. (St John’s Coll. 1899.) 


30. Prove that, if a canal of rectangular section is terminated by two 
rigid vertical walls whose distance apart is 2a, and if the water is initially at 
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rest and has its surface plane and inclined at a small angle 8 to the length of 
the canal, the altitude 7 of the wave at any time ¢ is given by 


8a8 _1 —) . win. _wiet 


Wy 2 


vs 


where ¢ is the velocity of a wave of length 4a/i on an infinitely long canal, and 
> implies summation for all odd integral values of 7. (M.T. 1893.) 


31. Find the possible periods of standing oscillations in a trough of depth 
hand length /, and shew that, if initially the water be at rest with its free 
surface plane and inclined at a small angle a to the horizontal, the velocity 
potential and the stream function at any time are given by 

Fs iy et * 422 p, sin pst cos {(2s+1) m (x+wy)/U} 
ea Fess mw (Q2s+1)3 sinh{(2s+1)7A/ ” 
where p,/2m is the frequency for the vibration of type s. 


(Trinity Coll. 1908.) 


32. The free undisturbed surface of a liquid of great depth is the plane 
y=0, and it extends to infinity in both directions of the axis of . In the 
surface there is a shallow depression, bounded by the planes +.7/a=1+4y/e, due 
to the presence of a floating body. Everything being at rest, the floating body 
is suddenly removed. Shew that after the lapse of a time ¢ the equation to 
the free surface is 

ts 4e [(*coska. sin’ yk. cos (t,/ gk) dk. 


-T. 1902. 
maul Bi (M.T. 1902.) 

33. A rectangular trough containing water of given depth is slightly 
tilted at one end, and then let fall again into the horizontal position: find 
the period of the to-and-fro oscillations of the water that are thus set up. 


Shew that, if the tilt is removed suddenly in comparison with this period, 
but without jarring, the surface of the water will assume, at the end of each 
swing, the form of an inclined plane, until friction and other causes modify 
the motion ; and also that, if the water is shallow, its surface will at any inter- 
mediate time be in part horizontal, and in part a plane of constant slope. 


(St John’s Coll. 1896.) 


34, Prove that the free oscillations of water in a straight tank of uniform 


depth are represented by certain curves of sines which are stationary save for 
the variation of their amplitudes with the time. 


Regarding the resolution into such curves of sines of an arbitrary initial 
displacement of the surface as a Fourier series, shew that the latter refers to a 
function supposed known for a range equal to double the length of the tank ; 


what is there in the physical conditions that enables us to double the range 
over which the function is known 2? 


Work out the case in which the liquid starts from rest with its surface 
plane but slightly inclined to the horizon. (St John’s Coll. 1905.) 
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35. If the bottom of a horizontal canal of depth 4 be constrained to 
execute a simple harmonic motion such that the vertical displacement at 
distance « from a fixed line across the canal and perpendicular to its length 
at the bottom be given by kcosm («—vt), k being small; shew that, when 
the motion is steady, the form of the surface is given by 


2 


v 
Loe COs m (@ — vt). (M.T. 1879.) 


yah+ 


36. Shew that, if water is flowing with velocity V along a horizontal canal 
of rectangular section and depth f, and the bottom of the canal is agitated so 


that its form is given by a cos m(w—vt), wheré ais small, the form of the free 
surface is given by 


Y=W Cosm (x — vt), 


where a=a {aaa mh — asimiele sinh mh 
li m (V=v) ; 
T is the surface tension of the water and p its density. (M.T. 1898.) 


37. The bottom of a straight uniform canal of rectangular section has 
the form y=asin (27z/) referred to horizontal and vertical axes Ov and Oy 
through a point O in itself, and is moving with uniform velocity V in the 
direction Ox, a being small. If the mean depth of the liquid in the canal be 
h, find the velocity potential of the wave motion generated, and shew that 
the form of the free surface is given by 

y=h+asinh ALLIS. BEE sin Eom 
r r d , 
referred to fixed axes originally coinciding with Ox and Oy, H being the depth 
of the liquid corresponding to the free propagation under gravity, with velocity 
V, of waves of length X. (M.T. 1900.) 


38. Shew how to take account of a variable pressure acting on the surface 
of a uniform canal; and in particular examine the effect of a travelling distri- 
bution of surface-pressure of the type 


A+B cos k (ct—2x), 


where « is the longitudinal coordinate, the canal being supposed infinitely 
long. (M.T. 1911.) 


39. Find, at any time, the form of the free surface of an infinite canal, of 
uniform breadth, and uniform equilibrium depth A, if the initial conditions 
are n=asinke and 7=0. 


If the variations of pressure on the surface of such a canal are given by 
bsin kx sin kuyt, where 6 is small, then the form of the surface at any time 
will be 


7=— sin ke sin kvgt, 
V2 
gp i ia 
where v is the velocity of propagation of waves of length (27 |k). 
(Coll. Exam. 1906.) 


CHAPTER XI 


VIBRATIONS OF STRINGS 


. 246. IN the last chapter we considered some cases of small 
oscillations of fluids regarded as incompressible. The theory of the 
oscillations of elastic fluids is also a branch of Hydrodynamics and 
it includes the theory of sound or waves in the atmosphere. The 
theory of sound is too extensive a subject to receive adequate treat- 
ment in an elementary text-book on hydrodynamics; but we propose 
in this chapter and the following to give a short account of some 
of the elements of the theory of sound waves together with the 
kindred subject of the vibrations of stretched strings. 


247. Transverse vibrations of a stretched string. By 
transverse vibration we mean a motion in which each point is 
displaced at right angles to the equilibrium position of the string, 
and the shght extension of any element of the string is of the 
second order compared to the displacement. In fact the string is 
regarded as inextensible “ or rather the elastic modulus of extension 
is indefinitely great. The very beginnings of a local disturbance 
of tension will then be equalized along the string with speed prac- 
tically infinite*” ; and we may take it that the tension P remains 
constant along the string and throughout the motion. Let the string 
be of uniform line density p. Take the z-axis in the equilibrium 
position of the string, and let y be the displacement at the point x 
at time ¢. If W be the inclination to the w-axis of the tangent to 
the string we shall suppose that W is small. 


The equation of transverse motion of the element Sz is 
pov j =— Psiny + Psiny + 8(Psin wy), 
for the forces acting on the element in the direction of motion are 
* See a paper ‘On the Dynamics of Radiation’ by Sir Joseph Larmor, Inter- 


national Congress 1912, Proceedings, Vol. 1., where the motion of a string is used as 
an illustration. ‘ 
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the components of the tension at its ends; viz. P sin at one 


end and Psinw+8(P sin vv) at the other, and siny = 2H = ~ 
x 

approximately, neglecting (dy/dx); therefore 

Subst, Ot) 

7 p Ox? 

Fig. 65. 
If we put P= pc? we may write the result 
(il yO de ea aa (1) 


This is the same equation as we obtained in the theory of long 
waves in shallow water and as in Art. 214 the solution is 


Uma JT Cb ie et MCh) | vanes voscct went (2), 


where f and F are arbitrary functions. 


If, for the moment, we take F’ to be zero, we have 


TET A CRT) RR etiersst ere (3). 


This represents a wave form travelling with velocity ¢ in the posi- 
tive direction of the «z-axis. For, if we increase w and ct by the 
same amount, we leave y unaltered, which means that the displace- 
ment which exists’at the instant ¢ at the place # will at time t+7 
be found at the place # + cr. 


In the same way the equation 
OE Mae BR bah ats Shas Sener eee (4) 
3 : : 2 Te 
represents a wave form travelling with velocity ¢ in the negative 
direction of the w-axis. 


Referring again to equation (3) we find by differentiation 


OY 1 141 OY) 
a = Cc As HOGUOOSREROOOU DS Gane (5), 


which is a relation connecting the velocity at any point with the 
slope of the string. It is obvious that motion might be begun 


4 
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with arbitrary velocity and arbitrary slope, but unless the two are 
connected by equation (5) the resulting motion cannot be given by 
a relation of the form (3). In the same way a motion represented 
by (4) implies a relation 


between velocity and slope. 


The general motion of the string may be regarded as the result 
of the superposition of two such wave systems travelling in opposite 
directions; and in this case the initial values of dy/dt and dy/ox 
may be regarded as composed of two parts which separately satisfy 
equations (5) and (6). 


248. Unlimited string with given initial conditions. 
Suppose that, when ¢= 0, we have 


Tie 6 Bibs cp eR Oey er (1), 
and PS WORE) .ceeleerontas Opeee eer een (2). 
Taking for the general solution 
Y =f (Ch—L) EP (EE) 2.0. sccncscereeess (3), 
we have, when ¢=0, © 
bays f oO) bP a)» seaalaw- eeeer (4), 
and — v (eyeof! Cay Fer) SAAR Le (5). 


By integrating the last equation we get 


| ee my Pe (6); 
and then from (4) and (6) 


f-2)=16@)-5] ¥Ods 


and P)=36@) +5 [ ¥Ode; 
so that 


iy tbh (@rnict) idle ance x | vee sy (7). 
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249. A given initial displacement. In the special case in 
which there is no initial velocity but merely an initial displacement, 
the last result reduces to 


y=2 |b (w- ct) + h(w+et)}, 
in which the two component waves resemble the initial form of 
the string but are of half the height at corresponding points. 


The form of the string at any subsequent time may be con- 
structed by drawing a curve in which the ordinate of each point 
is half the initial displacement of the point, imagining that two 
such curves initially occupy the same position and then moving 
them in opposite directions along the a-axis with velocity c. ‘The 
sum of the ordinates of the two curves at any point at any instant 
will give the displacement of the point at that instant. 


250. Energy. The kinetic energy of any portion of the string 
‘is given by 
Leet [NF Oi aa chan 1st chide sh sis 45 es (1). 
For the potential energy V it is necessary to calculate the work 
done in the slight extension of the string against the tension P. 


The increase in length in the element ba 


7 
= a dy\?) * 
= 85 = 80= 8041 + (52) — 62 


oy\* 
Therefore V=%4P 64 Le ER Clee ey (2). 


Now P= pc?, and in either component wave from Art. 247 (5) 
and (6) ; 
dy/ot = F cdy/oz, 
hence in any single progressive wave the kinetic and potential 
energies are equal. 


251. String of limited length. Suppose that the origin is 
a fixed point on the string. In this case we must have y=0 when 
a =0, for all values of t. Hence, in the equation 


y =f (ct —«x)+ F (ct +2), 
we have 0 =f (ct) + F(ct), 
or F(z)=—f(z). 


300 | STRING WITH FIXED END [CHAP. XI 


The general solution in this case is therefore 

y= (ct-—v)—f (ct +2). 

As applied to the string on the left of the origin this means the 
superposition of an incident wave, represented by the first term, 
travelling towards the origin, and a reflected wave, represented by 
the second term, and travelling away from the origin. The waves 
ave similar in profile, their amplitudes being equal in magnitude 
and opposite in sign. 
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Let us consider the case of a disturbance represented by 


Y= (Cb ee ee (1) 
advancing towards the origin, the disturbance being confined to 
a length J of the string, and suppose the string to be fixed at the 
origin-O. Until the head of the disturbance reaches O the motion 
is represented completely by (1), but when this instant arrives we 
must take as the equation that represents the motion 


y =f (ct — x) —f (ct + @) ALN Ml ha (2). 
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The terms of this equation do not both apply to the same range 
of the string continuously. Thus if t=0 when the head of the 
disturbance reaches O, then when 0<t<J/c the first term applies 
between «= 0 and «=-/+ ct, and the second term between «= 0 
and «=—ct. When t=1/c the first term ceases to apply and ee 
subsequent motion is represented by 


OF FEL ih I) cays fe oi OG 0 Be deamys bese ¢ (3) 
alone, or the reflexion of the wave is complete. 


When the initial form of the disturbance is given the form of 
the string at any time can be constructed graphically. Thus in 
the accompanying diagram the figures on the left represent the 
components of the displacement at intervals //3c before and after the 
head of the disturbance reaches 0. They are obtained by drawing 
the curve that represents the disturbance with its head at O and 
drawing a similar curve so that the two are anti-symmetrical with 
regard to O, and then displacing these curves to the right and left 
respectively with velocity c. The resultant form of the string, as 
shewn on the right, is obtained by taking the sum of the ordinates 
of the component waves on the left. 


Later this will be seen to represent also the reflexion of a sound 
wave at the closed end of a straight pipe. 


252. If however the end of the string at the origin is capable 
of free transverse motion—it might, for example, be attached to a 
ring of negligible mass free to slide on a smooth wire along the 
y-axis—the condition is dy/da=0, when #=0, for all values of t. 
This follows from the equation of motion of-the massless ring along 
the wire, which shews that there can be no component of tension 
along the y-axis. 

Taking y =f (ct — @) 
for the incident wave, and 

y=f (ct — x) + F(ct+2) 
for the complete disturbance, we have 
0=—/f' (ct) +E" (ct) 

for all values of ¢. 

Therefore B' (a) =f" (2); 
or F(Z)=f(2); 
so that y=f (ct —#) +f (ct.+ 2). 
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The reflected wave is therefore exactly the same in form as the 
incident wave, the amplitude being unchanged in sign. 

This case corresponds to the reflexion of a sound wave at the 
open end of a straight pipe. 


6 


253. String fixed at both ends. Let the fixed points be at 
x=QOand v=l. Then we have 
y=f(ct—2)+ F(ct+2), 
and the condition that y= 0 when #=0, for all values of t, makes 
F =—f, as before. 
Hence y =f (ct — 2) —f (ct +2). 
Also y=0 when «=, for all values of t, so that 
0=f(ct-l)—f(et+1); 
or, putting 2 for ct — J, 
F(e+2l) =f (2). 

Therefore f(z) is a periodic function with a period 2/ in z. 
Hence the motion of the string is periodic with respect to ¢, the 
period being 2l/c, or twice the time taken by a wave to travel the 
length J. 

It is otherwise evident that if a disturbance starts from any 
point A of the string, and moves with velocity ¢ in either direction, 
it will after successive reflexions at the two ends pass the point 
A again in the same direction with its original amplitude and sign 
in time 2l/c. 

254. Plucked string. When the string starts from rest with 
a given displacement, as for example when the string is drawn aside 
at one or more points and then set free, we have initially 

y = $ (a), say, and y=0. : 
And by substituting in the general solution 
y=Sf(ct— a) + F (ct +2), 
we get $(#)=f(—#)+ F(a), 
and 0=cf'(—«#) +c” (a). 
Therefore, by integrating the last equation, 
O=-f(-a)+ F(a); — 
whence Ff (—#) =F (4) = 40 (2). 
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Hence y= (a—ct) +h (e+ ct), 
as might have been written down from Art. 249. 


Again y vanishes when « =0 and when #=1 for all values of t, 
so that 


0 = (= ct) + $ (ct), 
and 0=¢o(l—ct)+ (1 + ct). 
Therefore b(- z)=— (2); 
and, putting ct= 2+ J, we have also 
b (z+ 21) =— 6 (—2) = $2): 
| | y ‘ ' 


Fig. 67. 


Hence we get the following method for constructing the succes- 
sive forms of the string :—draw the curve y= f(x) between «=0 
and «=1 and continue it in both directions subject to the foregoing 
conditions, Le. draw a similar curve in the third quadrant between 
7=0 and «=—J and then repeat the whole figure in every suc- 
cessive space of length 2/. Imagine curves of this type to travel 
in both directions with velocity ¢ and take the arithmetic mean 
of their ordinates at any instant. The resulting curve represents 


304 NORMAL MODES OF VIBRATION [CHAP. XI 


the form at that instant of an unlimited string moving in such a 
manner that the points « =0, +1, + 2/, etc. are at rest, and there- 
fore the portion between «=0 and #=/ satisfies all the required 
conditions. See fig. 67. 

In the case of a string plucked at one point and then set free 
the string at any instant consists of either two or three straight 
portions, generally three; and the two outer portions are always 
in the directions of the two portions in the initial position, while 
the gradient of the intermediate portion is a mean between the 
gradients of the other two, having due regard to sign. Thus fig. 67 
shews the form of a string of length / plucked at one point after 
three intervals of time 1/3c. 


255. Normal modes of vibration. ‘lhe position of a system 
which possesses m degrees of freedom and vibrates about a position 
of stable equilibrium can be defined by the values of m parameters 
or coordinates q:, G2, +». Ym: The kinetic energy T is given by 

2T = ang," == hoy Jo” + tee + 2the Gr qo + eae ; 
and the potential energy is given by 

2V = Cu gr? + Cade? +... + 262919o + +e, 
where the a’s are generally functions of the q’s, but in small vibra- 
tions they may be regarded as constants. 

In the case of free vibrations, Lagrange’s equations give 

Aud ap he Jo qe 56b Se Ore + On + CyoQo + «es + CmYm = 0 
and m—1 similar equations. 

If, to solve these equations, we substitute 

qi: = A, cos (nt + €), 
go = A, cos (nt + e), 
ete., 

we get m equations of the form 

LO Ayn) A,+ (Cz — Ny) A,+...+ (Gm — Nim) Ay, =O, 
These m puehions give the ratios of oe amplitudes A,, As, ey res 
in terms of the a’s, the c’s and n. 


If we eliminate A,, A,,... .A,, from the m equations we get a 
determinantal equation for n? of the mth degree. Taking any one 
of these values of n, there is a corresponding set of values of the 
coordinates 9, G2) ++» Ym mvolving only two arbitrary eonstants; 
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viz. the absolute value of one of the amplitudes, say A,, and the 
initial phase e. In the corresponding motion the system vibrates 
sa that the coordinates q%, go, ... Im bear constant ratios to one 
another. This is called a normal mode of vibration. The physical 
characteristic of a normal mode is that it is periodic with regard 
to the time, and in general the different normal modes have 
different periods. In general there are m such normal modes all 
distinct from one another. These various m normal modes of 
motion each with its arbitrary absolute amplitude and phase may 
be superposed ; and the complete solution is given by m equations 
of the form 


qh = By, cos (mt + &) + By cos (nt + &) +... + By COS (nt + €m), 
and contains 2m arbitrary constants, namely B,, B,, ... Bm and 
€1, €, --- €m- These are all the arbitrary constants because the 


quantities corresponding to the B’s in the expressions for the other 
m —1 coordinates are all constant multiples of the B’s. 


It is shewn in books on Dynamics* that it is possible to choose 
the coordinates of a system so that the expressions for kinetic and 
potential energy only contain squares and not products of the q’s 
and the qg’s. When the coordinates are so chosen they are called 
the normal coordinates or principal coordinates of the system and 
each normal mode of vibration affects one and only one coordinate.. 
For we have 

2T = Ay qi + op Qa” Steers, 
and 2V Cig + Cae tees: 5 
so that by Lagrange’s equation we get m equations 
anh + 6nd = 0, Coe Jo + CooG2 = Oni ShGe 
and the complete solution is 


q = A,cos(nmt+4), =A, cos (nt +e), etc, 


where 1 = C/G, CLC. 
containing as before 2m arbitrary constants A,, A,, ... A, and 
Cou ea tee ein: 


256. Normal modes of vibration of a finite string. Since 
a string has an infinite number of degrees of freedom it has an in- 
finite number of normal modes of vibration. To find these normal 


* Whittaker, Analytical Dynamics, § 77. 
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modes let us assume that the displacement of every point of the 
string is proportional to cos (nt + e). 


The differential equation to be satisfied is 


and if y « cos (nt + €), we have ¥=—n’y, therefore 
oy n 
aa? a e a 0. 
The complete solution of this equation, including the time factor, is 


y= (4 cos ~ + Bsin ~) cos (nt pe) elie secu (2). 


If the ends of the string are fixed at the points z=0 and «=1, 
we must have A =0 and sin nl/c=0. 
TG. 26. Sm 
ay Bee 
This gives the infinitely many values of n that correspond to the 
different normal modes, and the solution corresponding to the sth 
normal mode may be written 


y = B, sin ie cos oe + “| AM. ae (4). 


The gravest or fundamental note of the string is that for which 
s=1. Its frequency is 


Re u¢ sdeot 
On 2k. VOL a’ 


The facts embodied in this formula, namely that the frequency 
varies inversely as the length and the square root of the density and 
directly as the square root of the tension, are known as Mersenne’s 
Laws. They are capable of experimental verification by fixing 
one end of a string and then passing the string over two edges or 
‘bridges,’ whose distance apart can be varied and measured, and 
suspending a weight from the other end of the string. 


Hence n= 


Peteniaeaie. RAO (3). 


In the next normal mode to the fundamental s=2 and the 
middle point of the string «= 41 remains at rest throughout the 
motion. In the sth normal mode of which the frequency is sc/2I, 
the (s— 1) points 


_! 2 (s—1)1 


5 ig a6 f 


are at rest throughout the motion. These points are called nodes; 
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the points midway between them are the points of maximum am pli- 
tude and are called loops. Each segment into which the s—1 nodes 
divide the string vibrates like the fundamental mode of a string of 
length l/s. 


A general vibration of the string is obtained by the super- 
position of the several normal modes with amplitudes and phase 
constants chosen to suit whatever may be the given initial con- 
ditions. The equation that represents this rhotion is therefore 

y = >B,sin 


STL os ) 
—— cos | —— + ¢, J, 
i l 
where B, and e, are chosen to suit the initial conditions and the 
summation extends to all integral values of s. 


257. T’wo special cases. 


(1) If the string starts from rest at time t=0, then y=0 when 
t=0 for all values of a, so that all the e’s are zero, and 


8TH smrct 
—— co 


l l 

(2) If the string starts from the equilibrium position at time 
t=0, then y=0 when ¢=0 for all values of 2, so that all the e’s are 
odd multiples of $7, and 


y = 2B, sin 


= BBs sin“ sin pas 
258. Plucked String. Let the string be drawn aside through 
a small distance 8 at a distance b from the end «=0 and then 


released. 


Fig. 68. 


We have to determine the coefficients B, in the solution 
4 . STL smct 
y = 2B, sin PCOS Fr seaeee ene eseoeens (1). 


The initial values of y are 
y=Balb, (0<«x<b); and y=B(l—a)/(l—)), (b< w<)). 
TL 


Multiply both sides of equation (1) by sin a and integrate be- 


tween the values 0 and J of a, giving y its proper values in terms 
20—2 
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of « for each part of the range, and taking t=0. Then, since, 
when r+s, 


l 
| sin oe” sin” dx = 0, 
0 l l 
therefore 
>B 1 
: ® sin do + [ Ea 7) sin a de = | B, sin?” da; 
0 l 0 l 
: ; 28P ; b 
which gives B= ae by sin a ‘ 
260? L.- sorb... sire sict 
so that Y= ab) 2 asin —- sin cos >. 


259. Energy of a string with fixed ends. If the string 
be vibrating in its sth normal mode we have from Art. 256 


SIT STrct 
y = B, sin —- cos (7 +4). 


The kinetic energy 7 is given by 
1 
T=4p[ sae 


pe 2 
we sin? “Te sint (7 +44) da 


TO Beary | ore ) 
= Fy Be sin ( Tt 8) vere Stavthanisetret on (1). 
And the potential energy, as in Art. 250, by 


Z 2 
Va4P (52) ie 
da 


_ 80 2P 
4h 


B, cos? a + «| sb iciotige ue wens (2), 


in the same way. 
Also since P= c’p, Art. 247, therefore 


s*r*c*p 
DP Vie TE BF veclessecesendee (3) 


gives the whole energy of the vibration in the sth mode. 


_ Again if the motion be of the general type 


y= 2B,sin > cos (“ + «) ‘ 


we have 


a Pegi meep SS a es 3 
= 9 diz = ae |sB, sin 7 sin (" +a)t] dx, 
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Now [ sin 552 sin ™™ de =0, 
and ' sin? = a 
Therefore T=" s PSsBesin® ("+ es) SE CET ee (4). 
Similarly we get 
Vz ea >s°Be cos? (== + 9) be ear tty fick (oye 
and 3 T+V= mee ie RR ce (6). 


In these results it appears that the whole kinetic energy, con- 
taining square terms but no product terms, is the sum of the kinetic 
energy due to each separate normal mode of vibration, and similarly 
in regard to the potential energy, which is of course in accordance 
with the general theory of normal modes as explained in Art. 255. 


260. Normal functions and coordinates*. When a vi- 
' brating system has a finite number (m) of degrees of freedom, 
we saw (Art. 255) that its position could be specified in terms of 
m normal coordinates each corresponding to a normal mode of vi- 
bration, and that the kinetic and potential energies contained only 
squares and not products of these normal coordinates. A vibrating 
string has however an infinite number of degrees of freedom and 
therefore infinitely many normal coordinates, and when we express 
the form by the equation ‘ 


y = SB, sin cos s (+4) eons ee (1), 


the coefficients of sin ——~ for all integral values of s are the normal 


l 
coordinates and the typical one may be denoted by ¢s, so that 


Taking the ¢’s as the coordinates that determine the position and 


* This use of normal coordinates is due to Lord Rayleigh, see Theory of Sound, 
1, § 128. 
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motion of the string we may use Lagrange’s equations. As in the 
last article we have 


- : 
T= tpl3du! and V= yor Sethe Saew thane Fite (3). 


And if ®, is the force tending to cause a displacement $¢, (using 
the word force in a generalized sense) we have 


G:(/OT\ YePodV- 
dt ss) rr we rik 
; “ — 
That is Det Pg Dog oe cccecssneveceescren (4). 
If we write this equation 
EP ye 3 
gst nbs = a SRS SER or Ts a (5), 
for a particular integral, using D for d/dt, we have 
27. wh 
ds pl DP rs nn s 


1 1 1 
=a \Dom- Dem? 


1 bis ithe & Anriese 
= wal jem i ent ®, dt #2, e int | ent ®, at} 
0 /0 


inp 


mal. (em (¢(—t’') _ eee (tt’) )) ®, dt’ 


~ inl 


2 [sinne-1)@, Chan 


~ npl 


and adding the complementary function, the complete solution is 


sin nt 2 
+ pl. 


ds = (ps)o Cos nt +(e) ['sinn(e—e) ® dt. (Oy, 


where the zero suffixes denote values when ¢= 0. 


If the impressed force is a single force Y at the point 2=6, 
then 


X05, = Ydy, 
| oy smb 
so that ®, = Hee | po Visi > eset ceeseni(T). 
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261. Examples of use of normal coordinates. Plucked 
_ string. Taking the case considered in Art. 258, ®, is zero except 
stb 
RE 
by which the string is held. Since the string starts from rest 
($s)) = 0 and (5) gives 


when ¢=0, and then its value is Ysin , where Y is the force 


2 2 . smb 
2 — _—} ee ——— 
n a Y sin a 
And at time t we have from (6) 
Ve 


hs = (Ps)o COS nt = oie sin oe cos nt. 


l 


Therefore 


Y= Xd sin 


i sin ] ~ 


Pye12s 1. sab. sma sact 
~ prc? . & l l fev 


; 2VY. . srb . sracosnt 
“Ley rie 


which agrees with the result of Art. 258, if we note that Y is equal 
to the resolved part of the tensions perpendicular to the a-axis; 
that is 
y=pP(2 op g Re) af f 
= (5 r=) o the first order of 8 
_ eplB 
~B(L—b) 


262. String set in motion by an impulse. Let an impulse 
I be applied at the point =b. We may regard this as the limit 


of i 7 ‘dt’, where I’ is a force that begins to act when the string is 
0 


at rest and ceases to act after a short time 7. Then using (6) of 
Art. 260, (ds))=0 and (¢5))=0 so that 


QP we 
= —t') B.dt’ 
ds pl [‘simne ) 


i = sin nt | edt, 
npl 0 
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neglecting the term sin nt’ for the range t’=0 to ¢/=7 since 7 is 
small. But from Art. 260 (7) 


®,= 1’ sin a ; 

“ f ee ! b 
therefore i ®,dt’ = sin mf I'dt =I sn 
0 0 

Hence d;= a sin sap sin rg } 
sTrcp l l 
OT = 1, -sarbid) saa? sire 
and y =—— 2 - sin—— sin—,- sn —_. 
mp 18 l l l 


263. Forced vibrations of a string. There are two cases 
to be considered ; the first, when a given point #=6 is given an 
arbitrary transverse periodic motion; the second when a given 
periodic force acts at «= b. 


In the first case let the given motion at «=b be represented 
by 
y=y cos (pt+a). 


We have to satisfy the equation 


OY _ 2 FY 

of Oa?’ 
and if we assume that y varies as cos(pt+a), this equation be- 
comes 


the solution of which, including the time factor, is 


y= (4 cos 4 BsinP) cos (pt + a). 


Cc 
We have now to determine A and B so as to satisfy the con- 


ditions belonging to each portion into which the string is divided. 
For the one portion 


y=0 when «=0, and y= + cos (pt +a) when #=b, 
so that A =0 and Ban/sin® ; 


and we may write 


___ sin pa/c 
AY sin pb/e 


cos (pt +a), O<a<b ............ (1). 
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For the other portion y=0 when «=1, and y=ycos(pt+a) 
when x=), so that 
ATM B 4] Y 
sin pl/e —cospl/e sinp(l—b)/c’ 
and for this portion we may write 
__ snp(l—2)/c 
2 7 sin p (L—b)/c 
In the second case, let there be a force Fcos(pt+a) at the 
point «=b. We may deduce the solution for this case from the 


last by the consideration that the resultant of the tensions at the 
point must balance the impressed force. : 


That is, if P denotes the tension 


cos(pt+a), b<a<l....... (2). 


Fos (pt +a) = P&H _ pe, at «=b. 


0 
Therefore, by differentiating (1) and (2) 
_ Pyp sin pl/c 


e sin pb/esin p (1 — Bye’ 

whence we get 
_ Fsin p(l— b)/csin pa/c ; 
Gory ~~ pjesinplic cos (pt + a), 0<a<b coaes)s 


F sin pb/c sin p (1 — «)/e ee : 
ip p/esin pl/c cos(pt+a), b<a<l ...(4). 


and Yo= 


This is an example of a reciprocal theorem that the motion at «# 
when the force acts at 6 is the same as would be the motion at b 
if the force acted at z. 


264. Vibrations of a string carrying aload. Let a particle 
of mass M be attached at the point «=. 
If we assume that the motion of the particle M is given by 


Dery COS (Ab TO) 2 aie ime cis\si ciicitele tee (1), 
then the motions of the two parts into which it divides the string 
are given by (1) and (2) of the last article. And the frequency 
p/2m is to be found from the equation of motion of M; namely 

My =— Ph, pos 
at c«=b, P denoting the tension of the string. 
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Substituting from (1) and (2) of the last article and from (1) 
above, we get , : 


[ay 
Sp eee? chy he ADE one h 4 
C C C C 


Ie sin pl/c 
c sin pb/c sin p (J — b)/c 


Therefore pM = 


This equation must be satisfied by p, and the form of the string 
at time ¢ is then given by (1) and (2) of the last article, y and @ 
being arbitrary constants depending on initial conditions. Since 
those normal modes of motion which have a node at «=b could 
exist without causing the motion of this point, it is clear that the 
presence of M will not affect these normal modes. Thus if M be 
at the middle point of the string, the normal modes of even order 
are unchanged, and we can shew that the frequencies of the odd 
components are diminished. For, in this case 


b=l—b=4l, 
so that (2) becomes 
2P\. pl 
pM =—~ cots” 
or a ne Fibs iat 


267° "oe OM MN’ 
The frequencies of the normal modes concerned are therefore given 
by 
pli26 = 2,, Ge) he..-, 
where @, %, @,... are the successive roots of the equation 


pl 
t =>. 
 & ban & uM 
By drawing the curves y=tanw and y=pl/Mzx it is easily seen 
that the roots lie between zero and dor, 7 and 3 


§7, 27 and $7 and 

so on. 
But the natural frequencies of the unloaded string are given by 
pl/2c= 4a, am, Bar, Qa, Sr... (Art. 256). 


Hence it follows that frequencies of the normal modes of odd 
order are decreased. 


265. Finite string with ends not rigidly fastened. We 
will consider two cases, namely when one end of the string is 
attached to a mass M capable of moving transversely, either 
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(1) as a bead'on a smooth wire, or (ii) under the control of a spring 
of strength yw, the other end of the string being fixed. 


As solution of ey = td 
ot? Ou? 

we take y= (4 cos = +Bsin me) CON THe) cas won een CDs 
the terminal conditions being 

(i) My = Poy/ox when «=0, 
and y=0 when 2=]. 

Therefore —VAM=PBn/c, 
and A cos nl/e + Bsin nl/c =0; 
whence de tan a! ate eaGh whittle Salis (2), 


which is the same equation for the frequencies as if the particle 
were at the middle point of a string of length 2/; as is otherwise 
obvious. 


(ii) The terminal conditions in this case are 


My + py = Poy/dx when x =0, 


and y=0 when v=l., 
Therefore (u—vM) A =PBr/c, 
and A cos nl/e + B sin nl/c=0; 
whence tan “ = . Git aya ‘fe = fe ee (3). 
In either case equation (1) takes the form 
y= Osin™ 2 cos (nt + €) beth ALE eH (4); 


and equations (2) and (3) both have an infinite number of solutions 
so that the motion in general will be given by equating y to the 
sum of an infinite number of terms like (4). 


266. Damped oscillations. If the motion of the string be 
retarded by a force acting on each element of mass and propor- 
tional to its velocity, the equation of motion of Art. 247 becomes 


0 Oy oy 
a ae eo cece ceecerccervoces (1). 
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If we put y =ze~**', this reduces to 


and we may obtain solutions of this equation to suit particular 
cases. Thus to find the frequency p/27 of waves of length 2ar/m, 
if we assume that 
Zn eime. 
Oz 
we get aa t Be = 0, 


where p?= c?m? — 4x. 
And the solution is 
L 
y = Ae E+ me cos {(c°m? — fx)? t+ al, 
or, rejecting the imaginary part, 
nh 
y =Ae~ **t cos ma cos {(c2m? — ke?)? t+ a} weseeeeee (3). 
This represents 9, vibration whose amplitude diminishes con- 


tinuously because of the factor e~2**. The time 2/« in which the 


amplitude is reduced to e of its former value is called the 
modulus of decay. 


267. If the resistance is so small that x? may be neglected, 
(2) becomes 
Cig *s Ole 
oe Ba2’ 
the solution of which, as in Art. 247, is ~ 


z=f(ct—«)+F(ct+2), 
and therefore \ ) 


y =e 4 F (ct — a) +67 Feb 4-2). coches (4). 
Since the functions are arbitrary we may write 
$k (: - :) . 
€ °/ f(ct— x) instead of f(ct—~2), 
3K (: *) : 
and é “/ F(ct +a) instead of F(ct + £);3 
so that y =e eaPe Pct — x) + exe F (ot + iy ee Rs (5) 


is also a solution. 


For example, suppose that the string is of inftnite length and 
is subject to a forced motion EF cos pt at a particular point, which 
we may take to be the origin, the motion will be represented by 

y= He“ 0eos'p (Sialic), See (6) 
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on the positive side of the origin; and by 
Gm EPO CORD AL tt /C). siscccciss chen. (7) 


on the negative side; these equations representing a progressive 
wave whose amplitude decreases in the ratio 1:e as the distance 
from the origin increases by 2c¢/«, i.e. at intervals of time 2/x, since 
c is the wave velocity. 


i 


268. Longitudinal vibrations. 


Suppose the string to be elastic and stretched and to obey 
Hooke’s Law. If P, Q@ are two points whose coordinates are «, 
«+ da in the equilibrium position and these are displaced to P’, Q’ 
where the coordinate of P’ is «+ &, then that of Q’ is 


oF. 
at da + E+ ~" Ou. 


If T be the tension at P’ and E the modulus of elasticity 
P'Y — Po 
T == fi : 
P.Q 
where P,Q, (= om) | is the unstretched length of PQ. 
Therefore | T= (80 aa a3 6a — ey / 


da 0& én — Say, 
aig by ied le OL, 


Now 6x/82, is the ratio of the equilibrium stretched length to 
the natural length for the whole string, so we may write H’ for 
E$a/6a,, where E’ is a definite constant ; and then 


[= Bek 4 ,, 


where 7, is the equilibrium tension. 


Let p be the line density and X the external impressed force 
per unit mass at P’ acting on the string; then the equation of 
motion of the element PQ is 


Apo Ts (7+ = 80) + pX8n, 


ot? 
PGs ol OE 
oe ot p ox? 
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If there be no impressed force, and we write H’ = pc? the equation, 
takes the form 


—— Col 2 66a 08 616 05.010 010 0 80s 2 6.6.4 p00 018 


ot? Ou? 
This is the same differential equation as for transverse vibrations 
and its solutions may be interpreted in a similar manner when 
applied to the propagation of longitudinal vibrations, but it is im- 
portant to observe a difference in the form of terminal conditions. 
Thus, at a fixed end we have €=0, and d&/ot = 0, for all. values of 
t; while at a free end 7’ =0 and therefore d&/dx = 0. 


oe ae (2). 


The arguments of this article also apply to the longitudinal 
vibrations of bars. 


269. Effect of an obstacle or of a sudden change of density. Reflec- 
tion and transmission of waves. When a train of waves advancing along 
a string encounters an inequality such as a massive particle or a change of 
density the waves are partly reflected and partly transmitted. The method of 
treating such a case will be evident from the solution of the following 
problem :— A uniform elastic string of very great length is stretched on a smooth 
horizontal plane and has attached to it at one potnt a particle whose mass is 
equal to that of w length x of the stretched string. Shew that a train of longi- 
tudinal waves of length travelling along the string, will undergo partial 
reflection at the particle and that the transmitted waves have their amplitude 
diminished in the ratio 1/,/1+ 7? x?X—?, and their phase altered by tan-* (mx/d). 

(Math. Tripos, 1902.) 


Since the density of the string is the same throughout, the equation 


must be satisfied by all the waves; where, if # denotes a certain constant 
and p the line density, c?=Z/p. We may represent the incident train by 
E=A cos (max —nt), 

but for facility in working it is better to take it to be the real part of 
Ag (m=—m), Tf we assume similar expressions A’e!(™*-"') and 4,et(me—nty 
for the reflected and transmitted waves, continuity requires that the period 
shall be the same for all, so that x;=2' =n ; and as the velocity of propagation 
e has the same numerical value for all three waves therefore m’/=—m and 
m,=m; or, the wave length 2d is not altered by reflection or transmission. 


Hence taking the origin at the particle, we may write 
Sag! en A ene ee (2) 
for the one portion of the string, and 
& = Aye! (mam) 
for the other portion. 
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For the motion of the particle we have 
pré=T,—T, 


where the 7”’s denote the tensions on opposite sides of it. That is, 


iF (EH )=0(8-¥), 


when 7=0, 
Hence —xn? (A+ A')=ic?m (A,—-A+<A’) 
and n= c?m?, 
therefore ORB = AW Ay AA coi ccstecsccsvcesesceses (4). 
Again, when #=0, we have é=&,, so that 
A + Al Ay Benet ace meee e teeters eee sneer enneeeee (5) 
From (4) and (5) we get 
QA 
Att 2Z—-—ixm’ 
2A (2+iKm) . 
therefore é\= “Fegga ie (ma — nt) 
= se BAT er (manic) 
J 44+ x2 m2 


where tane=3«m=rk/Q. 


Therefore the amplitude of the transmitted wave is reduced in the ratio 


2//4+2m? or 1/./1+72«2A-%, and the phase is altered by the amount 
tan! (wkK/X). 


270. Transverse vibrations of a stretched membrane. 
We shall suppose the membrane to be perfectly flexible and of 
uniform material and thickness and so stretched that the tension 
at every point is the same in every direction and constant through- 
out the motion. If 7, denote this tension, then, as in Hydro- 
statics, Art. 145, there is a normal force on an element of area dS 
surrounding a point P equal to 


Tas (5+ 5), 


where p, p’ are the principal radu of curvature of the surface at P. 
If «, y, z are the coordinates of this point in the displaced position, 
the wy plane coinciding with the equilibrium position, and the 
displacement is such that squares of dz/da#, and 0z/dy can be neg- 


lected, we have 
deca Darian ots 
pp aa? * ay? 
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Hence if m is the mass of unit area 


0?z 02z Cz 
S = S ete ee 
a ge ee Gee ay) 
Oz (82, ez . 
i aaa (a5+ aH) 50 (1), 


where ¢? = T;/m. 
When the membrane is circular it is convenient to change 2, y 
for polar coordinates and the equation becomes 
Ohh, — ah (3 1 ) 
—_ = aes es 
ot? OT eT OT, 
which is the form suitable for a drum head. 


The hypothesis z oo e’?t reduces the equations to the form 


dat t Dy? De G =O \ge. dot eee (3), 
eC ae 
and ae se ap + ine Os: rene tetas eRe (4). 


If the membrane be rectangular and bounded by the axes and 
x=a, y=b a particular integral is clearly 


g=sin ” sin“! cos pt 
= Si Fea FAS, ms = S 
a b DM 
nm 
yes te 5) ua 
where paom (+o), 
and m and n are integers; and the general solution is 
ec oO 
o. Mme. NT : 
z= ; > sin — Sin = (Aim,n 0s pt + By, » sin pt). 
m=1 n=1 


The solution of (4) involves the use of Bessel’s Functions. 


EXAMPLES. 


1. Shew that, if a string is of infinite length and the disturbance at time 
t=0 is given by 
7= x (#) and j=60 (x), 


+et 
then n=dix lw+et)+y (et +2 f. "6 (2) de, 
2¢ | x—ct 


Prove further, that if the initial disturbance is confined to a finite portion 
between the points «= +a and be such that 7=0 and 7=6 (x), then, for any 
time ¢ greater than a/c, there will be a portion of length 2ct—2a which will 


be straight and parallel to the axis of w and at a distance = | 5s 6 (2) dz 
ay Pe 
from it. (Coll. Exam. 1908. ) 


EXAMPLES oo 


2. A stretched string is drawn aside at x—1 points and let go from rest. 
Shew that generally the string consists of 22-1 straight portions; and in 
the case where the two points of trisection are drawn aside equal distances in 
the same direction, draw the shape of the string after three intervals each 
one-twelfth of a complete oscillation. (M.T. 1896.) 


/ 3. If in an infinitely long string of line density p stretched to tension P 
the initial transverse displacement and velocity of any point are xv? and dv 
respectively, shew that at any subsequent time ¢ the displacement is 


K0r+hat+K?P/p. (Coll, Exam.) 


4. A uniform stretched string of length J, line density p and tension ap 
is initially at rest and the displacement of any point at a distance w from one 
end is $e (7—.) where ¢ is small, so that the curvature is constant and equal 
to «. Prove that at any subsequent time ¢ less than //2a it consists of ‘an are 
of constant curvature e and length /—2at¢ and two straight pieces, which are 
tangents at the ends of the arc. (Coll. Exam.) 


5. A uniform string whose length is 27 and mass 2/m is stretched at 
tension 7’ between two fixed points, the middle point of the string being dis- 
placed a small distance 6 perpendicular to the string and then released, shew 
that the subsequent motion of the string, referred to axes through its middle 
point, along and perpendicular to the string, is given by the equation 


aes a 1 a (2r+1) wx ie (2r+1) wat 
Late Teall CSG hy ie 5) sinkal iv Giles 
where a@ is given by the equation ma?= 7. (M.T. 1900.) 


6. A string of length 7+’ is stretched with tension P between two fixed 
points. The length 7 has mass m per unit of length, the length /’ has mass m’ 
per unit of length. Prove that the possible periods ¢ of transverse vibration 
are given by the equation 


tan ea We ») 
tivion ; 
Ql’ m 
tan ae 4 (Coll, Exam. 1898.) 


7. If aslightly elastic string is stretched between two fixed points and 
motion is started by drawing aside through a distance 6 a point on the string 
distant one-fifth of the length 7 of the string from one end, the displacement 
at any instant will be given by the equation 


D5b 2 (Loe. Vt Ue, ue) 
==>; 2>{|-—,s1n sin cos , 
y oa 2, (s Ree? I 


Find the energy of the vibrating string. (Coll. Exam. 1895.) 


8. A stretched string of length 7 has one end fixed and the other attached 
to a massless ring free to slide on a smooth rod. If the ring is displaced a 
small distance } from the position of equilibrium and the system start from 


2 
R. H. 21 
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rest, shew that the displacement at time ¢ of any point of the string at 
distance « from the fixed end is 


865 (=) .. (28+1) r# (2s+1) rat 
> : fee tle OU 
at Ore ES ag Rn ge 


where a is the velocity of transverse vibrations. 


Shew that, if at </, the shape of the string is given by 
y=ba/l from «=0 to l—at, 
y=b (l—at)/7 beyond. (Trinity Coll. 1905.) 


9. One end of a string of length 7 is fixed at A and the other end is 
fastened to the end B of a rod BC of length b which can turn freely about C. 
Shew that the period of a principal transverse oscillation is 2/cé, where 
é is a root of the equation 

j ME /3p —1/b=é cot lé, 
p being the density of the string and M/ the mass of the rod. (M.T. 1899.) 


10. If a stretched string be acted on at two points equidistant from the 
two ends by equal transverse forces Y, prove that the modes of vibration of 
even order are not excited and the modes of odd order are excited in the 
same way as if a single force 2Y had acted at one of the points. 


(M.T. 1895.) 


11. A string is stretched between two given points and a given point of 
_the string is (1) drawn aside and then let go, (2) struck by a sharp point ; 
shew that the relative intensity of any upper partial tone to the fundamental 
tone is greater in the second case than in the first. (M.T. 1897.) 


12. A stretched cord is held displaced from the natural straight position 
at a number of points, so that it assumes the form of a series of straight 
lines: shew that when it is let go, the form assumed at each instant in the 
ensuing transverse vibration will be a series of straight lines. 


In the particular case when the two points of trisection of the cord are 
held displaced transversely by equal amounts, compute the ratios in which 
the harmonics of the fundamental enter into the tone of the note emitted by 
the cord when released. (St John’s Coll. 1896.) 


13, A uniform sphere of mass Jf and radius a is capable of moving about 
its centre, which is fixed. Three uniform inextensible strings are attached at 
the extremities of three mutually perpendicular radii and drawn tight, and 
have their other ends fixed so that the directions of the strings pass through 
the centre of the sphere. Prove that the periods P,, P,, P3 of the small 
oscillations of the sphere are given by equations of the form 

TM rm, TP, 7M 7 lemg  L 
2 | de eon 3 bak P3., 'giMe , b3ms3 
ae ee . Pip P, bg ape? aps”? 
where 1,, /2, 73 are the lengths and m,, m2, m3 the masses of the strings, and 


P1, P2, P3 are the fundamental periods of their natural vibrations when they 
are fixed at both ends. (M.T. 1904.) 
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14. A uniformly stretched string, of which the extremities are fixed, 
Mare 
ha 
the distance between the fixed extremities. Prove that, if the resistance of 
the air be taken into account and be assumed to be 2k times the momentum 
per unit length, the displacement after any time ¢ is 


starts from rest in the form y= sin , Where m is an integer and @ 


Re. _ Maw 
gees Ae * (cos mn t en sin mt) sin —— 
aye 
5 a7 ; ees 
where m/’?= ae #? and a is the velocity of waves of transverse vibration. 


(Coll. Exam.) 


15. A uniform string of length 2(/+0’) and line density p is stretched 
between two fixed points; a length 27’ in the middle is uniformly wrapped 
with wire so that its line density becomes p’. Prove that, if the tension 
T=a?p=a" 9’, the periods of the notes which can be sounded are 27/p, where 
p satisfies either of the equations 


@ tan (pl’/a’)+a tan (pl/a)=0 and tan (pl’/a’) tan (pl/a) =a'/a. 
(Coll. Exam. 1901.) 


16. If a stretched string be held at its middle point, drawn aside at a 
point of quadrisection, and released from rest, prove that in the ensuing 
vibration the energy in the harmonic of order 7 is proportional to 


#—? sin? (72/4) sint (7°27/8). (St John’s Coll. 1908.) 


17. Find the periods of the normal modes of vibration of a tense string 
fixed at the ends. Prove that the period of the gravest mode is almost exactly 
nine-tenths of that of a simple pendulum whose length is equal to the sag in 
the middle (due to gravity) if the string be horizontal. 


If the string consist of two portions of lengths a, a, and different 
densities p;, pz, prove that the periods (27/p) are determined by the equation 


ky cot ky ay + £2 cot hy Ag=0, 
provided ke=p?pi/T, kee =p? p2/T7, 


7 being the tension. : 


Examine the case of pp=0, and explain how the resulting period-equation 
may be solved graphically. (M.T. 1911.) 


18. A uniform inextensible string is stretched, at tension 7’, between two 
points A and B, distance J apart; and the wave velocity for small transverse 
vibrations is a. At the middle point a particle of mass m is attached. The 
ends A and B are given small inexorable transverse vibrations, the displace- 
ment of each at any time being xsinmat. Find the corresponding forced 
motion of the particle. (Trinity Coll. 1898.) 

21—2 
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19. The ends of a stretched uniform string, of length J, are attached to 
small rings without mass which can slide on two parallel rods at right angles 
to the string. The middle point of the string is acted on by the transverse 
force F'sin pt. Prove that the forced vibration at a distance & from either end 
is given by 


OF seq Ot cog YE si 
y= pT COB 5 O08 sin 7, 
where a isthe wave velocity and 7’ is the tension. (Trinity Coll. 1902.) 


20. Two uniform strings are attached together and stretched in a straight 
line between two fixed points with tension 7’ and carry a particle of mass / 
attached at the point of junction. Their line-densities are p and p’ and their 
lengths 7 and /’. Shew that, if 7=a?p=a’?p’, the periods 27/n of transverse 
vibration are given by 


Mn= ap cot ee ap’ oot : (Coll. Exam. 1905.) 


21. <A pressure p sin nt acts for a time w/z at a point distant € from one 
end of a stretched string whose length is /; find the displacement at any point 
at any subsequent time provided €>amn/n, /> &+am/n. (M.T. 1898.) 


22. <A transverse force y sin pt acts at the point of junction of two strings 
of different mass per unit length which are joined at this point and stretched 
between two points at distance / apart, the lengths of the strings being 6 and 
t—b. Prove that, if a, and a, be the velocities of transverse waves in the 
two strings, the displacement of the point of junction of the strings at the 


time ¢ is 
ysin pt/ {ee cote BE cot C—O} 
ay ay ap) a2 
where 7’ is the tension. (Trinity Coll. 1896.) 


23. A string is stretched between two fixed points on it and a point at a 
distance b from one end is compelled to move so that for it y= sin nt; shew 
that, for any point at a distance 7 <6 from that end, 

¥=7 sin (na/c) cosec (rb/c) sin nt, 
and find y for a point at a distance v> 6 from that end. 


Explain the case when nb/zc is an integer and find the amplitude of the 
vibration in this case when the equation of motion is 


ay dy _ ot 
Wat qa as (Coll. Exam. 1897.) 


24. Ifthe density of a stretched string be m/z, where w is measured from 
a point in the line of prolongation of the string, the ends of the string being 
“=l,, =ly, shew that the frequency equation is 
4p? a? = 1 + {2nm (log 1,/2,)}?, 
where a@=T7'/m and 7 is the tension in equilibrium, the vibrations being 
transversal. (M.T. 1905.) 
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25. If a string of length 7 and tension 7 stretched between two fixed 
points be not uniform but of line density po/(1+x«)? where w is the distance 
from one end, shew that the transverse vibrations are of period 27/n when 


a! 4n? — 2a? log (1+ «/)=2akr 


when «= 7)/po and 2 is a positive integer. Examine the case of 7=0. 
(Coll. Exam. 1898.) 


26. A tight string of length / hangs in the catenary y=c cosh w/c, under 
the action of gravity, from two points, distant / apart, in the same horizontal 
line. If gravity be supposed suddenly to cease to act, prove that after a time 
t the form of the string will be given by the equation 


Aci? 21 sin? 3rm Ge. Al vey 
ka osh \3 2 ;" pte at mas 
y apne (5) 2 Rt pam sin 74 ( + 7 cos ~-+¢ cosh 5 


e being very large compared with /. ne 4 Exam. rae 


7 


27. A particle of mass M is suspended by a string whose mass is m. 
Shew that if the particle be slightly displaced in a vertical direction the 


periods of the vibration are the values of = = , Where z is given by the 
equation z tan =F Z being the natural length and A the modulus of 
elasticity of the string. (M.T. 1899.) 


28. Two long strings of the same material and thickness are united to a 
mass M and stretched in a straight line with tension 7. Harmonic waves of 
transverse vibrations of period 27/n are propagated along the first string ; 
prove that the phases of the reflected and transmitted waves will be different, 
and that the ratio of their amplitudes will be Man : 27’ where a is the wave 
velocity. (Coll. Exam. 1900.) 

29. A very long uniform flexible string is stretched in a straight line, the 
tension being 7’, and the line-density m. <A portion of the string of length J, 
far from the ends, receives a small transverse displacement, and is released 
from rest. Describe the ensuing motion, and find an expression for the dis- 
placement at any point of the string at any subsequent time, the given 
displacement being denoted by f(), where O<a#</. Shew that the ratio of 
the kinetic energy to the potential energy of the string changes in time 


41 (m/ Ty from 0 to 1, and afterwards remains equal to 1. 
A bead of mass J/ is fastened to the string at a point 7=0, and a train of 


waves in which the displacement is Asin = (w—at) advances towards the 
bead. Shew that after passing the bead the energy per unit length of the 
waves is diminished in the ratio 

1:1+(Mr/\n}? ; 


and find the change of phase on passing the bead. (M.T. 1910.) 


326 EXAMPLES [CHAP. XI 


30, A uniform string of great length and of line density 7'c~* has one end 
fixed, carries a mass Mat a distance a from the fixed end, and is stretched 
with tension 7. A train of transverse waves of period 27/p is coming along 
the string and is being reflected; prove that the change of phase that 
accompanies the reflexion at Wis 


2 cot~1 foot le ~ wide, é (St John’s Col]. 1905.) 
eae hoe ite 
31. A uniform string is of indefinite length, stretching from «= -—@ to 


2 =0, and is at tension 7’; at its end (#=0) it is tied to two strings of similar 
make to the first, each at tension $7’, which stretch from r=0 to r=+0 
nearly parallel to each other. A harmonic train of waves of transverse 
vibrations perpendicular to the plane of the string, is continually advancing 
on the first string along the axis of x towards the junction; its amplitude is 
k. Prove that the amplitude of the transmitted trains and that of the reflected 
train are 2(V2—1) k and (V2-1)?& respectively, where the mass of the knot 
is neglected. (Trinity Coll. 1908.) 


32. If a stretched elastic string is of great length and its end A is 
fastened to one end of an elastic string of different material, whose other end 
B is fixed, shew that if a train of longitudinal waves of period 27/p advances 
upon A, the reflected train is of equal amplitude. Shew also that each portion 
of the string forms stationary waves, the amplitudes of the waves in AB and 


in the rest of the string being in the ratio sina : sin x where m’, a’ are the 
line-mass and wave velocity for the portion AB, m, a are the corresponding 
quantities for the rest of the string, 7 is the length AB and 


tana=—“ tan =. (M.T. 1908.) 


33. Longitudinal waves come from infinity along the string (0), are 
transmitted through a string of length 7 and proceed to infinity along the 
string (1), shew that the amplitude is lessened in the ratio 


2 2 
{(Q + es cos? (nl |e) + (22 + = sin? cate)” :2, 
poo PE Poo 


where 7/27 is the frequency. (St John’s Coll. 1895.) 


34. A stretched string, infinite in both directions, is of density p, when 
undisturbed, and has attached to it a single particle of mass m. The velocity 
of waves of longitudinal displacement in the string isa. An infinite harmonic 
train of such waves, such that the period of the displacement of each point of 
the string is 27/p, impinges on the particle. Prove that the train is partly 
transmitted and partly reflected: that the energies per wave length of the 
incident, the reflected, and transmitted trains are as m? p+ 4p?.a? to m*p? to 


4p?a*: and that the change of phase of the transmitted train is tan—} a : 
pa 


(Trinity Coll. 1897.) 
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35. <A stretched string is in equilibrium with its ends fixed; shew that, 
on being slightly disturbed from its position of equilibrium, the potential 
energy of deformation per unit length of stretched string is 


m[Paet tte Ge) +[ (2) * GE) ]} 


where m is the equilibrium line-mass, and a, } the longitudinal and transverse 
wave velocities. Deduce the equations of vibration. (M.T. 1905.) 


36. A uniform extensible string is stretched with its ends fixed and 
simultaneously executes in a plane free longitudinal motions, which are not 
necessarily small, and transverse vibrations which are small. The coordinates 
of any point in the string when undisturbed are (& 0) and at the time 
t(€+2, y), prove that 

02z LEX 02z 


one Pi 0g?’ 


oy _ Ty Py A 0 (e Oz (1+3)h 
Oe — py of tp, OE ae ae /\) tae 


where 7, p; are the undisturbed tension and line density, A is the coefficient 


of elasticity and y, &Y ave assumed to be always small. (Trinity Coll. 1903.) 


a 


37. A uniform rod of mass Y is freely pivoted at its mid-point, and its 
ends are fastened to the mid-points of two stretched strings, one elastic, the 
other inextensible. There is equilibrium when the rod is vertical, and the 
strings are straight, horizontal, and perpendicular to one another. Shew that 
the period 27/p of a small oscillation of the system satisfies the equation 


F ot eis cot Pr 
1Wyn = — a = & 
4Mp 7 Cot Signs ola! 
where 7, 21, 2/7'/a”, are the tension, length, and mass of the inextensible 
string, and £, 2/’, 27'Z/6?, the modulus, equilibrium length and mass of the 
other. (St John’s Coll. 1903.) 


38. A uniform extensible string has its two ends fixed, and is stretched 
when in equilibrium to a length 7,+/,. Ata distance / from one end a ring 
of mass m is attached, which can slide on a smooth fixed rod making an angle 
a with the undisturbed string which is straight. Prove that the periods 27/p 
of small oscillations of the system are given by 


mp = pb cos?a (cot pl,/b + cot ply/b) + pa sin?a (cot pl,/a+ cot pl/a) ; 


where p is the density per unit length and @ and b are respectively the wave 
velocities of transverse and longitudinal disturbances of the string as thus 
stretched. (Trinity Coll. 1899.) 
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39. Ifa membrane be a rectangle of edges a and b shew that 


mre. Nari 
sin —~ 


z=A sin pt sin i 


is a possible form of stationary vibrations, where 


‘p\? ‘me 2 
(2) -¢ are): 


the origin being at a corner, and c being the velocity of propagation of a recti- 

linear disturbance across the membrane. If b=a/V 2, shew that there are two 

such modes of vibration of period r/V 11, + being the period of vibration. 
(Uniy. of London, 1911.) 


40. If a stretched membrane be of the shape of a sector of a circle of 
angle 72°, shew how to calculate its natural tones. 
(Univ. of London, 1907.) 


CHAPTER XII 


SOUND WAVES 


271. A FEW simple appeals to experience shew that sound is 
transmitted by waves in the atmosphere. If a bell is rung under 
the receiver of an air pump from which the air is gradually ex- 
hausted the sound becomes fainter and soon ceases to affect the 
organs of the ear; shewing that atmospheric communication is 
necessary between the ear and the disturbance that causes the 
sound. We infer that sound is accompanied by the motion of the 
intervening medium from the fact that a musical note sounded 
on any instrument may produce a vibration, in unison with it, 
in another body not in contact with it. That the motions of the 
medium are small is evident from the fact that sound will travel 
through a dust-laden atmosphere without perceptible motion of 
the dust. 


In this chapter we shall consider the propagation of waves in 
an elastic fluid, confining our attention for the most part to plane 
waves. 


272. General equations. 


In considering the propagation of sound waves we shall regard 
the velocities of the elements of fluid as so small that their squares 
may be neglected. In the kinetic theory of gases, a mass of gas 
is regarded as composed of a large number of separate molecules 
moving in different directions with velocities which undergo fre- 
quent changes owing to the collisions of the molecules; but the 
hypothesis that we now make about the magnitude of the velocity 
of a fluid element in wave propagation does not contravene this 
conception of a gas, because what we take to be the velocity of a 
fluid element in a given direction is the average velocity in that 
direction of the molecules composing the element; and there is 
nothing in the molecular hypothesis to prevent this average 
velocity from being small, since molecules may move in opposite 
directions. 
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Neglecting friction, the motion being due to natural causes 
must be irrotational, so that the pressure equation ‘is 


dp _°) _ya_ 
[argerat V+ F(t) ww di 9:9) e wie 6) e\sie\e ereinie (i 
If p, denotes the equilibrium density of a mass of fluid which 


is compressed until its density becomes 


p =po(1 +8), 
s is called the condensation. 


When the condensation s and the velocities u, v, w are small, 
the equation of continuity 


Op , Opu . Opv . dpw _ 
prea Bares aeae 
ds Ou. ov dw J 
becomes asin | Sutuder ik 
pers os eb 
or ot => Vv f) oer eeececcccccrccensosesee (2). 


Again, if p= p,.+ dp denotes the pressure when the density is 
Pp, Po being the equilibrium pressure, and if we neglect gq? and all 
impressed forces, (1) may be written 


op _ 0p 
s Paar ee (3). 
If c?=dp/dp, so that dp = c*pys, the last equation becomes 
~ op 
CS Dp ieeteteseeesseeesnaee (4); 
and by eliminating s between (2) and (4) we get 
Hh vist 
OR = ae Vb oon e eer evccearereesscces (5). 


273. The simplest case is that in which the wave fronts are 


planes. If we take the # axis perpendicular to the wave fronts the 
last equation reduces to 


the solution of which is 


p= (a — et) +F (@+ et) 2.0... aut (7), 


representing the propagation of independent waves in the positive 
and negative directions with the same velocity c. 
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274. The velocity of sound. The quantity c of the last 
article which represents the velocity of propagation of sound waves, 
within the limits of the approximations which led to (5), is clearly 
independent of the form of the waves. It was defined in Art. 272 
by the relation c?=dp/dp ; and it is possible to calculate a numerical 
value when the relation connecting p and p is known. Newton 
adopted Boyle’s Law p = xp as the basis of his investigation. This 
makes ¢ = /« = V/(p%/) = 279945 metres per second at 0° Cent., 
falling short of the result: of observation by about one-sixth part*. 
The discrepancy is due to the fact that Boyle’s Law requires the 
compressions and rarefactions to take place isothermally, whereas 
it isa matter of observation that the compression of a gas is always 
accompanied by a rise in temperature. The hypothesis that the 
vibrations are so rapid that there is no time for a gain or loss 
of quantity of heat, i.e. that the relation between p and p is the 
adiabatic one p=x«pY+, leads to a result more in accordance with 
observation. This makes 

c? = dp/dp = ypo/ po; 
and if we take y=1'41, we get c = 332 metres per second at 0° Cent., 
which agrees with the result of experiment. 


275. Intensity of sound. The rate at which energy is 
transmitted across unit area of a plane parallel to the front of a 
progressive wave may be taken as a measure of the intensity of 
the radiation. 


Considering a simple harmonic wave, let 


$= A cos —” (w ~ ct) Seca tacky oachgeon et (Ly: 
"Then if £ denote the displacement of a particle at «, the velocity 
. Cf ote, i Ae 
=-p = ——(@— Cb) errcseeeens 2), 
at. A sin = (a — ct) (2) 
Als +2 ‘ 
so that f= % 008 a (i OL) cccasctts aoa: «2 (3). 


The pressure is p=, + dp, where 
2 bulge? 
dp = pdg/ot = ae pocA sin = CeCe er. ctkcaeas (4). 


* Rayleigh, Theory of Sound, 11. p.19. 
+ Hydrostatics, Art. 119. 
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Hence if W denote the work transmitted across unit area of the 
plane at # perpendicular to the # axis in time t 


sue = (py + op) E=1p,¢ (=) 4 + periodic terms ...(5). 


This expression is the required measure of intensity. By integra- 
tion we get the work transmitted in any given time, and if the 
interval be an exact number of periods, or be so great that the con- 
tribution arising from the fraction of a period is negligible compared 
to the whole, the periodic terms may be neglected and we may 
take as the measure of intensity 


2 2 2s y 2 
tno (B) as on ECE) AH ov ane 


where 7'=X/c is the period, and &, is the maximum displacement. 
| Hence in a given medium, the intensity varies directly as the 
'|square of the amplitude and inversely as the square of the periodic 
' time. 


276. Energy. In a plane progressive wave the energy is half 
kinetic and half potential. 


The kinetic energy is 


where dv is an element of volume and w is the velocity. 


The potential energy of an element is the work stored up in its 
compression, or the work that can be done by its expansion from 
its actual to its equilibrium volume; the expansion being opposed 
by the equilibrium pressure py. If p, dv and po, dv, be corresponding 
values of the density and volume, the latter being the equilibrium — 
values and the former the actual values, we have 


Pod) = pdv = py (1 +s) do, 
so that dv =(1 +s) dv. 


If at an intermediate state the condensation is s’ the effective part 
of the pressure is 

Sp = pos” (Art. 272), 
and a small increment in volume is dvds’, so that the work done 
in this small expansion is 


dpdvds’ = p,c'dv. s‘ds’. 


275-277] EXACT EQUATION 333 


The potential energy of the element is therefore the integral of 
this as the volume expands from dv to (1+) dv, that is 


s 
poordv | s‘ds’ = kp,c?s*dv. 
0 


Hence the potential energy of the whole mass of gas 1s 


po] | ferstdr Sys as se Oe Se (2). 


p =f (e am ct), 

so that 28 ibe 
0x ot 

or by Art. 272 u— ces = 0, 


Whence it follows that the expressions (1) and (2) for the kinetic 
and potential energies are equal. 


277. Exact equation in terms of displacement. So far 
we have based our investigation on the velocity potential and the 
general equations of motion. We may also express the motion 
of a plane wave in terms of the displacement & of the layer of 
particles whose abscissa is # Thus the layer which in equilibrium 
lies between # and «+d becomes at time ¢t a layer between «+ & 


and # + E+ de+ de. 
x 
The equation of motion of unit area is 
p.dut = — dp, 

or po&b=— FE (1). 

But pda = p (dx + d£&/du.dx), and p= py (p/po)”, 
therefore p=p(1+oF/d«x)-7; 

g_ Po ( =) 

and ee a Oe 1 Ha) teteteeeeeeeeeee (2). 


This equation is an exact equation giving € in terms of # and t. 
If the motion be assumed to be small, we may neglect d&/dx and 
(2) takes the form 
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with a general solution 
E=f(w—ct) + FP (LACE) cecerceerereeeeee (4). 


The connecting link between these last two equations and (6) 
and (7) of Art. 273, lies in the fact that £=—do/da, and if we 
differentiate (7) with regard to # and then integrate with regard 
to t we get for & the sum of two arbitrary functions of « — ct and 
a+ ct, so that (4) follows from (7). — 


278. We may obtain the differential equation which gives 
the actual position of a layer at time ¢ in terms of ¢ and the 
equilibrium position x, by writing y=«+&, when (2) takes the 
form 


oy & oy oy VR u 
ap =o age (52) BE EE Pre etoe Neri, (5). 
To solve this equation let 
dy _ ¢(9Y\. 
at ri aa : 
Oy ., (Oy\ Oy , (OY\\? ey 
h =f" (= = 
SS, ot? I Gs oxot \f (2) 6a?’ 


and by comparing this equation with (5) we get 


f' () Sie oe ee 


0x 


Oy _ oy Se 2° oy =—aAy al) 7 
so that at = (2) = A af peed (2) e oepte « Wanton de (6). 

Again for a progressive wave with no translation of the medium 
as a whole dy/et =0 when p= pp, that is when dy/éa=1; therefore 
A = F 2¢/(y—1), and 


Opec dy\2 (1-7) 
ya Foot - (4) ' 5. ee (7). 
The complete integral of this differential equation is of the form 
y =an+ Bt+C, 


provided the constants a, 8 are chosen so as to satisfy (7), that is 
provided 


repens - 
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Hence the complete integral is 
2G 1 
y = on = (1 ab! Mt+O 
and the general integral is the result of eliminating a between 
: ae 
and O=a2F ca~tlt+Nt4d' (a) 
where ¢ is an arbitrary function. 
Taking the upper sign, if w denote the velocity 7, we have 
2¢ 
u Fad (ig |, 
and, eliminating « from (9), 
t 
- A 2= (y+ I abt} + (a) ab (a), 
so that y—{et+t(yt+1])ult=¢(a)— af’ (a). 
Hence y—jc+43(y+1)u}t is an arbitrary function of a and 


therefore of wu, and conversely wu is an arbitrary function of 
y—{e+4(y4+1) ut, and we may write 


u=fly—{o+k (yt uh t] occa (10), 
where f is an arbitrary function. 


= 


This equation was given by Poisson for the special case y= 1*. 
The equation shews that a progressive wave in air cannot be 
propagated without change of type. A relation u=/f(y—ct). 
would represent the propagation of w with uniform velocity c, 
and relation (10) shews that if we draw a curve whose ordinate 
represents the value of w corresponding to the abscissa y at any 
instant, then the form of the curve at time ¢ later is got by 
moving each point of the original curve a distance fe +4 (y+1)u}t 
in the direction of propagation, and as this is a different quantity 
for the different points of the curve it follows that the curve is 
continually changing shape and a discontinuity will occur as soon 
as the velocity curve has a vertical tangent, after which we cannot 

infer that the integral has a real application. 


279. Condition for permanence of type. ‘To find the 
condition that a train of plane waves may be: propagated un- 


* Journal de V Ecole Polytechnique, t. vit. p. 319. 
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changed in type, we impose on the whole mass of air a velocity 
equal and opposite to that of propagation so that if the wave 
form is permanent it becomes stationary in space and the motion 
becomes steady. 


If w%, Po, Po denote the velocity, pressure and density in the 
undisturbed state of the fluid and wu, p, p are the corresponding 
quantities at a point in the wave, the equation of continuity 1s 


PUT a dar aneneto ence gad cemeeas ‘ess 
and the pressure equation is 
p 
| bia OE 7 nie Bre er (2) 
Do P 
If we eliminate u we get 
p dj 2 2/9 2 . 
| oP = fue (Vpelp'y se ee (3); 
po P 
d oss 
so that FF SG vd: a at ot ee nd (4), 
or p= const. Se pe) pe (5). 


This relation must exist between pressure and density in order 
that the wave may maintain itself. As this relation between the 
pressure and density of the atmosphere is an impossibility a train 
of waves cannot maintain itself unchanged in form. If however 
the variations in density are small the condition is approximately 
satisfied by taking u,=/(dp/dp), and this hypothesis is the basis 
of our theory to the order of approximation to which it is carried. 


280. In developing the theory of plane waves it is open to 
us to make our investigation in terms of the velocity potential 
¢ or the displacement & In the former case we use the equations 
of Arts. 272—8, and in the latter case the equations of Art. 277 
and we observe also that since, as in that article, 


Spee ots 
p=p (1458), therefore Srtoipen 


281. Vibrations in tubes. Using & to denote displacement 
the general solution for a plane wave is, as in Art. 277 (4), 


F= f(a a2)4 POET) hoe eee Li. 
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If there be a fiwed barrier at the origin parallel to the wave fronts 
then €=0 when 2 =0 for all values of t; therefore 
0 =f (ct) + F (ct), 

or '=—f; so that 

E=f (cb — a) —f (EG): ececreraerdneesss (2). 
The first term may be regarded as a wave system approaching the 
origin from the left and the second term as the reflected system. 
‘The two have equal amplitudes, the velocity £ is reversed in the 
reflected system, but the condensation s (=—d€/da) has its sign 
unchanged. 


Another type of boundary condition is the hypothesis of a 
surface of constant pressure, i.e. Sp =0, but dp =c’?p,s (Art. 272), 
therefore s=0, or 0&/dx=0. If this condition holds at the origin 
for all values of t we have 

—f’ (ct) + F” (ct) =0. 
Hence fand F differ only by a constant which we may omit as 
it would merely imply a displacement of the whole mass; therefore 
in this case 

E=f(cb— “yt f+ @) .ncccrcissecls cose (3), 
and as before the first term may be taken to represent an incident 
train on the left of the origin and the second term the reflected 
train. The velocity & is now reflected unchanged but the con- 
densation s (=—o&/dx) has its sign reversed. 


The condition s = 0 is realized approximately at the open end 
of a tube whose diameter is negligible compared to the wave length. 


282. Normal modes for a uniform straight tube. The 
equation to be solved is 


oe = ae Bi Ac aA A ie CER ES (1) 
and, as in Art. 256, to find the normal modes we assume that 
£ x cos(nt+e), so that £ = — n®&, and the equation becomes 

ie si > € aor ridi ait at Oe Bore, (2), 
and the complete solution including the time factor is 
£=(A cos na/o + Bsin na/c) cos (nt + ¢) .....- (3), 


representing stationary waves, the corresponding progressive waves 
in free air being of length X = 2-re/n. 


R. H. 22 


338 VIBRATIONS IN TUBES [CHAP. XII 


(1) Tube closed at both ends e=0 and a=1l. We have £=0 

when «=0 and#=l. Therefore 
A =0 and sin nl/c =0. 
Hence nl/c=mz7, where m is an integer, gives the frequencies of 
the normal modes, and 
E= S By, sin oo cos (“= oo én) 
m=1 

The frequency of the gravest tone is n/2a or c/2l; that is, the 
period 2//c is twice the time taken for a pulse to travel the length 
of the tube. In any particular normal mode, say the mth, there is 
a series of nodes, or points for which €=0, at intervals //m along 
the tube, and a series of loops or points of zero condensation 
(0£/0a = 0) half-way between the nodes. 


(2) Tube open at both ends. We have —0&/d2=s=0 when 

“x=0Qanda#=l. Therefore 
B=0 and sin nl/c =0, 
so that the frequencies of the normal modes are the same as in 
the last case, and 
Ex vA wees = cos ee 4 én). 
m=1 é 

The nodes and loops are distributed at the same distances as in 
the closed tube, but in the open tube the ends of the tube are 
loops. 


(3) Tube open at «=I and closed at x =0. Now we have 
£=0 when # =0, and —0&/0v=0 when «=/. Therefore 
A =0 and cos nl/c = 0. 
Hence nl/c = mz/2, where m is an odd integer, gives the frequencies 
of the normal modes, and 


ca . (2041 2 1 
f= > Bones an P 2] ) lhe COS ae ) i == eps) 5 


21 

The frequency of the gravest mode is now n/2m or c/4l, so that 
the period 4d/c is in this case four times the time taken by a pulse 
to travel the length of the tube. In the pth normal mode the 
nodes will be at distances 2//(2p—1) apart.and there is of course 
a node at one end of the tube and a loop at the other. 


p=0 


The period of the gravest mode in each of the foregoing cases 
may also be obtained from the considerations of the last article 
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by considering a pulse of condensation to start from a point P in 
the tube and travel towards the end A, if A is a closed end in the 
reflected wave the sign of s is unaltered and that of £ is reversed, 
and the same happens when the reflected wave reaches B, and 
after time 2l/c the wave is passing P again under the same con- 
ditions as at first. A similar argument holds for a tube open at 
both ends. 


For a ‘stopped tube,’ ie. a tube open at one end A and closed 
at the other B, under similar circumstances, at the reflections at 
A the sign of s is changed and that of € is unchanged and at the 
reflections at B the sign of s is unchanged and that of & reversed, 
so that it is not until after four reflections or an interval 4//c that 
the pulse passes through P again under exactly the same con- 
ditions as initially. 


B| P iA 
Fig. 69... 


Hence in every case the frequency of the gravest mode varies 
inversely as the length of the tube and for a stopped tube the 
gravest mode has half the frequency or is an octave lower than for 
an open or closed tube of the same length. 


283. Since the velocity potential ¢@ satisfies (1) of the last 
article its value is also given by 
$ =(A cos nz/c + B sin naz/c) cos (nt + €) 
with the conditions d¢/dz=0 at a closed end of the tube and 
0¢/0t = 0 at an open end, since c’s =0¢/dt. This method of course 
leads to the same results as are obtained in the last article. 


284. Forced vibrations in a tube. Leta vibration of given 
frequency n/2 be maintained at one end of a straight tube. The 
motion may be due for example to the inexorable motion of a 
piston at the origin, so that = C'cos (nt + €) when #=0. Taking 
the solution 

£=(A cos na/c + Bsin na/c) cos (nt + €) 
we must have A = (, and if the tube be closed at w=1, 
0 = Ccos nl/e + Bsin nl/c, 


so that ge C 
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But if the tube be open at #=1 so that d£/d# = 0 at this end, then 
0=— Csin nl/e + B cos nl/c, 
and E=C 0 Oe COBATbirhe BV cad. acerion «sath (2). 

In the first case the amplitude of the displacements is a 
minimum if sin nl/ce=+1, ie. if J is an odd multiple of we/2n or 
4, and as, in this case, x =/ is a closed end this makes =O a 
loop. If J is an even multiple of +A, the amplitude appears to be 
infinite, but the origin would have to be a node which is precluded 
by the conditions of the forced motion at the origin. 

In the second case, in like manner, if J is an odd multiple of 
mc/2n or #A, the amplitude according to (2) is infinite, but if #=1 
were really a loop the origin in this case would have to be a node 
and so the solution again fails. 

In cases in which sin nl/c or cos nl/¢ is small the amplitude 
will be large, and if the tube contains a little fine sand, or lyco- 
podium powder the positions- of the nodes will be rendered visible. 
This method was used by Kundt* in experiments for comparing 
the velocity of sound in different gases. 


285. Piston controlled by a spring. As another example 
let us find the velocity potential and frequency equation when the 
end «=1/ of the tube is closed and, at the end #=0, there is a 
piston of mass M controlled by a spring of strength yp. 


Let $ = (A cos na/c + B sin na/c) e™. 
When «w = 1, we have 0¢/0x = 0, therefore 
0=—Asinnl/ce+ Boos nb/e ...ccc.cceecee (1). 


For the motion of the piston, supposed to be of unit area, 
ME + pE =— 8p = — pdd/at, at « = 0 


=—ipnAe™, 
p being the equilibrium density of the gas in the tube. 
er ipnAem 
Therefore E= Mies 
But at # = 0 we have — 0¢/da = €, so that 
ah gre 
PT Meng eee (2); 


* Pogg. Ann. t. cxxxv. p. 337. 1868. See also Rayleigh’s Theory of Sound, 11. 
Art. 260. 
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and from (1) and (2) we get the frequency equation: 9 i 
tan nl/c= 7 oe be cots esa icin Be 
The velocity potential is of the form 
~=\2C,.cos ——— a Ge MGs 2) CRE ee ee ee (4), 


where the summation extends to the values of n given by equa- 
tion (3). 


286. Sound waves in a branching pipe. 


Seas 


A 2 C 
Fig. 70, 


A solution may be obtained by assuming expressions of the 
form 
(E cos na/c¢ + F'sin na/c) e™ 
for the velocity potential in each branch A, B, OC and determining 
the constants so as to satisfy the conditions at the junction OQ, viz. 


(i) the pressure at O must be the same in each branch, i.e. 0¢/0t 
has the same value at O for each branch ; 


(i) velocity x cross section in A = sum of velocity x cross section 


in B and C. 


These conditions together with the conditions obtained from 
data as to whether the ends of the pipe are open or closed will 
suffice to give the ratios of the constants and an equation for the 
frequency. 


287. Reflection and Refraction of plane waves. When 
a train of plane waves reaches the surface of separation of two 
distinct media, there is a reflected and a transmitted train of 
waves. Let the plane yz separate the two media and let the wave 
fronts be oblique to this plane, the z-axis being taken parallel to 
the line of intersection of the wave fronts with the yz plane. 


Let the x-axis be drawn into the first medium and suppose 
c, ¢, to be the velocities of sound in the two media. 
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The equations for the velocity potentials in the two media are 


> _ (ob a ee 1), 
AI GS Rage a) 
0 
and a Sr OG shee css 1eneadac ates Melieane eae (2), 
for the first ; and See ; 
Od: _ (Phi, ) we ay 
Dahan asi ~@) 
Od: _ Bo i a in oh Ai Sool ae Da 5a are 4 
and a mas (1g hs ee Oem ee (4) 


for the second. 


Also if p, p, are the equilibrium densities and p, p, the cor- 
responding pressures, 


x ly C= a ey , and ¢,?= 


op 
Pi Pi 
but in equilibrium the pressure must be continuous, Le. p= Pi, 80 
that ees, 
Qs C’p => Cy"py eve Wenscderesscneruyvucecee (5). 
The special conditions to be satisfied at the boundary z= 0 are 


(i) constant velocity normal to the boundary, Le. 


Oth Oar= Orb, [Oar Lite. col ab. is ALL Pe (6) ; 
(ii) continuity of pressure, ice. 5p =6p,, if these denote the 
small increments of pressure due to the wave motion. 
But dp=c’ps and $p,=¢,p,5, (Art. 272), hence from (5) we 
must have s=s, when «=0; and from (2), (4) and (5) this makes 
pod/dt = p,0g,/ot, when «=0 .............05 (7). 


To represent waves of harmonic type we take for the incident 
train 


= Acientoyte a, (8), 
so that ax + by =const. gives the direction of the wave fronts. 

We may then assume that the reflected and refracted trains 
are represented by 

Dir Ae ee restate oy: 

and pis Ae metiees. euler: adtgal (10). 

The coefficient of t must be the same in all because all the 
waves must have the same period, and the coefficient of y must 


be the same because an incident, reflected and refracted wave front 
will all have the same trace on the yz plane. 
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The velocity potential of the whole motion in the first medium 
is @ + ¢’ and by substituting the values from (8) and (9) in (1) and 
observing that the result must be true for all values of «, y, and 
t we get 


@" = 0° (0? + 6) = 0 (GQ? 4-0")... 0c cecesecees CALy3 
and in like manner from (3) and (10) 
phe Rall git 0 op Rs ieee Se eee 3 (12). 
Hence it follows that a’=—a, or the reflected and incident .- 


waves are equally inclined to the surface of separation. 


Again if 0, @, are the angles that the normals to the incident 
and refracted waves make with the «x-axis, 


sin 6 = b/Va? +b? and sin 0, = b/Va,? + 8; 
and therefore c/sin AON SU Oe SER a EE EY OR (13). 
This is the law of refraction. 


It remains to find the relations between the amplitudes A, A’, A, 
of the waves, by means of the boundary. conditions (6), (7). From 
these we get 


A ad i a Ze ee (14). 
and p(A+A’)=p,4, 
A A’ A 
= SB taal torte curate 15), 
Therefore CRO Gap. Dap (15) 
If we use a, tan 6, =a tan 0, and 
pi @ sin? @ 
(aos pega) aa 
; tan (6 — @,) 
we get A = tan (0 + 0;) 
2 sin? 0, cot 6 
a 16 
anu uae sin (6+ @,) cos (@ — @;) - 


and we observe that in the case in which 6+ 0,=4m7 we have 
A’=0 or the wave is wholly transmitted. 
In the special case of normal incidence b=0 and ¢,a, = ca, so 
from this, (5) and (15) we get 
A Ae A eiA; 
C(e+G) C(e—G) 2¢2 
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The foregoing solution holds for any given angle of incidence 
provided ¢>c,, but if c,>c then, since sin 6,=(c,/c) sin 0, @ will 
be imaginary if @>sin~c/c,. In this case there is total reflection 
and no wave is transmitted into the second medium. 


288. Energy. The energy transmitted in any time across 
any area of the incident wave must be equal to the energy trans- 
mitted in the same time across the corresponding areas of the 
reflected and refracted waves. These three corresponding areas 
are in the ratio 

cos 8: cos 8: cos 4, 
and taking the expression for energy transmitted from Art. 275, 
the frequency being the same for all the waves, we have 


cos 6. pA?/c=cos 0. pA”/c + cos 0,. p,A,?/c ; 
or, using c/sin 8 =¢,/sin ,, 
p(A?— A”) cot =p, A? cot 4. 
This is the energy condition and it agrees with the result of multi- 
plying together equations (14) of the last article. 


289. Impact of plane waves on a flexible membrane. 


Let the membrane of surface density o and uniform tension 7’ separate 
media of densities p, py. Take the yz plane to coincide with the undisturbed 
membrane and the z-axis parallel to the intersection of the wave fronts with 
the membrane, and draw the z-axis into the first medium. 


If, following the line of argument of Art. 287, we assume as the velocity 
potentials of the incident, reflected and refracted waves the expressions 


PME OB Oar 5 oa so ches eroepenen sees (1), 

GPE a oo con SBaaica thins Silas aaa (2), 

and Py ie te coe es eee ee (3), 
we may take for the displacement of the membrane at time ¢ 

Fae) this access MONEE oR OR ER IE So (4), 


where @, a,, 6, » are connected with the velocities of sound in the two media 
as in Art. 287. 


From the continuity of normal velocity, we get 


-§= 2 G4 9)-%, when x«=0, 


0x 
or —oB=a(A—A\ =a, Aq coscccsscen (5). 
The equation of motion of the membrane is 
of = T€E/dy? + dp, — Op, WHER w= OS Reece. eee (6), 


where dpi=p0p,/ot and dp=pd (p+ $')/0t. 
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Substituting from (1), (2), (3), (4) we get 
B (Tb? - oo") =o {p1 A, —p(A+ A’)}, 


and eliminating B by means of (5), and writing » for b/e 


tp (A+A") — Ay {ay (Tr? —6) + ipy}HO veccceeccceeeceeee (7). 
From (5) and (7) we find 
A ys, A’ A, 


ip; +a p — tam, (Tn? — 0) apy— ap — tam, (Tr 0) 2a,p SA) 
which may also be written 


A A’ 


pera Ho te A eres ey gs ne 
{(4py+ ap)? + @ a? (Tn? - o)?}Be% {(api- op)? +07 0,2 (Tn? — o)}2 ete! o 2p 
winnn aateoie bap ody egestas (9), 
where tan e= — aa, (Tn? —«o)/(ap1+%p), 
and tan ¢ = — aa, (Tn? — o)/(ap; — ayp). 


The amplitudes of the incident, reflected and transmitted waves are there- 
fore in the ratio 

{(ap, + arp) + Ba? (Tn? 0)%34 : (api — ap)? + aay? (Tn? — 0): 2ap ; 
while the phases of the reflected and incident waves differ by e’—« and those 
of the transmitted and incident waves differ by «. From (5) it follows that 
the vibrations of the membrane are in the same phase as the transmitted 
wave, as is otherwise obvious. 


290. Spherical Waves. When there is symmetry about 
a point, the general equation 


ot? 

takes the form : i 

OP _ (FP, 2 =) 

i hale Ce i ror]? 

: (rd), (rd) 
or veal di Yo a aa (1) 
which has a general solution 
BO = Cb 1) LCG AT) cons sitvaie asic enrorne (2); 


the two terms representing two wave systems one diverging from 
the origin and the other converging on the origin with velocity c. 


The velocity and condensation are given by 
u=—dg/or, and s=c*ddp/dt ........ rabee ss (3). 


If the origin be not a source at which fluid is produced the 
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total flow across the surface of a sphere of radius r is 4arr’u, or 
by (2) and (8) 
dor { f (ct —r) + F (ct +r)} + 4ar {f' (ctr) —F’ (ct +7)} 
and this must vanish with 7, that is 
f(ct) + F (ct) =90, 


for all values of t. 


Therefore rp =f (Cl —TY— FCT) .ndkenee cae ve . (4). 


This form of solution will apply for any spherical region having 
the origin as centre, and the solution (2) may be applied to any 
region between concentric spheres provided suitable boundary con- 
ditions are given. 


For harmonic waves if we assume that ¢ « e*, (1) reduces to 


ono a, . 
= Lae OY Regie cab S (5) 


which gives as solution 
rp={A cosar/e+ Bsinnr|c} e™ ........000 (6). 


If ¢ be finite when r = 0, as in the case when the origin is not 
a source, since from (4) rd vanishes with r, therefore it is clear 
that A =0 and 


Get Dr Gia RCV eae ee eee eeeee: (2 
and if the fluid be enclosed in a spherical envelope of radius 
we have 0¢/dr =0 when r=a which gives 

tan nd/o=- 10) Ox %.sss. sameorvs ne eer (8) 
as equation for the frequency. 


a, 


The foregoing equations clearly apply to the case of a conical 
pipe. The condition for an open end, that the condensation be 
zero, gives rd = 0, and since this also holds at the origin, a conical 
pipe which is complete as far as the vertex may be treated as if 
the vertex were an open end. 


291. Musical Sounds. Musical sounds as distinct from 


noises possess three main characteristics: (1) pitch, (2) intensity, 
(3) timbre. 


The pitch of a note depends on the rapidity with which the 
successive waves impinge upon the ear, that is on the frequency 
of the vibration or on the wave length. For the velocity of propa- 
gation is the same for waves of all lengths so that the frequency 
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varies inversely as the wave length. A siren is the instrument 
used for experiments on the pitch of sounds. It is an apparatus 
by which air under pressure escapes through a hole which has as 
a shutter a revolving disc pierced with holes at regular intervals. 
When the disc revolves with sufficient rapidity the vibrations 
caused by the escaping air produce a note of definite pitch, and 
it is found that increasing the frequency of the vibrations raises 
the pitch of the note. If the frequency of one note is double that 
of another the former is an octave higher than the latter. Notes 
whose frequencies are multiples of that of a given note are called 
its harmonies. 

The intensity of a note depends on the amplitude of the vibra- 
tions. The loudness of notes can only be compared when they are 
of approximately the same pitch and then the square of the ampli- 
tude gives a physical measure of the intensity. 

The tembre of a note is a quality dependent on the method 
by which the note is produced; for example, there is a marked 
difference in quality between notes of the same pitch produced 
from the pianoforte and the violin, this quality is called timbre 
and experiment shews that it is dependent on the form of the 
wave produced *. 


292. Beats. When two notes of nearly the same frequency 
are sounded together a phenomenon known as ‘ beats’ occurs, that 
is a succession of intervals in which the resultant vibration gradually 
increases to a maximum and then dies away. Let the vibrations 
have equal amplitudes and be in the same phase so that the re- 
sultant vibration may be represented by 

y = a.cos (nt) + a cos (mt) 
where m and n are nearly equal. 

Hence y = 2a cos (n -- m) t cos (n + m) t, 
which may be regarded as a simple harmonic vibration of frequency 
(n+m)/2m with amplitude 2acos(n—m)t, and as the amplitude 
varies between 0 and 2a with a period 27/(n — m) the phenomenon 
will be as described. For example, if two tuning forks of frequencies 
500 and 501 be equally excited there is a rise and fall of sound 
once a second corresponding to the coincidence or opposition of 
the vibrations. 


* A paper on ‘The Graphical Recording of Sound Waves’ was read by D. C. 
Miller at the International Congress, 1912. 
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293. For further information on the subject of the last two 
chapters, reference should be made to Donkin’s Acoustics, Lord 
Rayleigh’s Theory of Sound and Professor H. Lamb’s Dynamical 
Theory of Sound. 


EXAMPLES. 


1. Prove that the velocity potential of the one-dimensional motion of a 
gas, for which p=xp, satisfies the equation 


alae () rade ae (ae) J 


where 6/d¢ denotes differentiation at a fixed point. (Trinity Coll. 1897.) 


2. Prove that in a fluid medium in which the pressure (p) and the 
density (p) are connected by an equation p=¢ (p), where @’ (p) is positive and 
increases when p increases, a plane wave of finite amplitude cannot be 
propagated indefinitely without the occurrence of discontinuity. 

(M.T. 1897.) 


3. In an organ pipe of length Z, closed at one end, the pressure at the 
other end is made to vary according to the law dp=p,sinnt. Find the 
velocity potential of the motion of the air inside. (Trinity Coll. 1897.) 


4. Taking y as 1°41 and the height of the homogeneous atmosphere as 
8000 metres, calculate the velocity of sound in air in metres per second, Find 
also the length of an organ pipe which with one end open and the other 
stopped will sound the middle C (frequency 256). 

(Univ. of London, 1911.) 


5. Assuming the atmosphere to be in convective equilibrium (i.e. in 
equilibrium according to the law of pressure p=xpY) under the action of 
gravity, prove that the equation of propagation of sound vertically upwards is 


ae ee ae 

ap a9 {@-1) (A-#) a3 Vaal? 

where gd (y—1)/y is the ratio of the pressure to the density at the surface of 
the earth and & is the displacement at a height «. (Coll. Exam. 1899.) 


6. A tube containing air has one end rigidly closed, and the other_end 
stopped by a plug of mass I, which can move without friction in the tube. 


If the length of tube filled with air be Z, prove that the periodicity of the free 
vibrations is given by 


l the See 

= tun = 7’ 
where a is the velocity of sound in the enclosed air, and M’ the mass of the 
air. j (Coll. Exam. 1906.) 


7. Ina uniform straight tube of length 27 and section A, closed at one 
end, a quantity of air at atmospheric pressure is imprisoned by a thin movable 
piston of mass M which works in the tube without friction. If the piston, 


\ 
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when in equilibrium, is at the middle of the tube, prove that the periods 2x/p 
of its small oscillations are given by Mp=2Aup cot (2pl/a) where p is the 
density of the atmosphere and « the velocity of propagation of sound. 

(Coll. Exam. 1907.) 


8. A tube open at both ends is divided into two parts of lengths J, U’ by a 
thin piston of mass J attached to a spring such that 2a/m is its natural 
period of vibration. When the air waves are taken into account prove that 
the period of vibration is 22/n where 


M (m? —n?) = pan [tan nl'/u + tan nl/a}. 
(Coll. Exam. 1907.) 


9. A piston of mass Jf is supported by a spring of strength Mn%, and 


separates two gases of densities p, p’ in a long tube; the area of the section is 


S and a, a’ are the velocities of sound in the two gases. Shew that the free 
oscillations of the piston are given by 


2 


é S fot dg QE _ 
dt? + Fy (ap +p’) apne €=0. 


‘ : (St John’s Coll. 1910.) 


10. Air is confined in a straight tube of unit section between two pistons, 
ove of which is made to vibrate with velocity @cos nxt, and the other is of 
mass ¥ and is constrained by a spring of strength p. Shew that the velocity 
potential for the air vibrations is 

a cosn (l—-#+e) 
Sa se COS NKES 
nm sinn(l+e) 
ae 
where tan ne= ae Z being the distance between the pistons and p the 
Bb NER 


density in equilibrium. (M.T. 1903.) 


11. A straight pipe of length / is closed at one end and open at the other. 
Prove that, if the air extend only from the open end to the middle point, the 
other half being occupied by a gas of density p;, then the frequencies of the 
natural modes of the pipe are the values of p satisfying the equation 


By ia eS 
tan ee tan mi =p14/pa, 


where p is the density of the air, and .a, a, are respectively the velocities of 
sound in air and in the gas. (M.T. 1895.) 


12. Ina cylindrical pipe, open at one end, closed at the other, it is found 
experimentally that, when the fundamental note is being sounded, the pressure 
at the closed end varies on either side of its mean value by one nth of that 
value. Prove that at the open end the amplitude of vibration of the particles 
of air is 20/wmy, where / is the length of the pipe and y the ratio of the specific 
heats of air at constant pressure and constant volume. (Coll. Exam. 1911.) 
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13. Ina uniform tube of indefinite length is placed a disc which fills it 
and makes n complete vibrations in a second, their amplitude being ¢: another 
disc of mass Mis placed at a distance / from the first, and is supported by a 
spring, whose elasticity is such that the disc, if vibrating freely, would make 
m vibrations in a second: shew that after a sufficient time has elapsed for the 
excursions of the air in the tube beyond the second disc to become uniform 
their amplitude will be 


ce =ccosB(1—2sin fsin y+sin? g)-2, 


Mn (m ln 
where tan S=7 ra (fo — 1) and y=B8+4n 4 


p being the density of air, and v the velocity of sound. 


Find the values of 7 for which ¢ is a maximum or a minimum, and shew 


that the maxima are greater and the minima smaller the greater the value of: 
tan p. (M.T. 1867.) 


14. Ina uniform straight tube of length 2/7 and sectional area , closed 
at one end, a quantity of gas is imprisoned by a thin movable piston of mass 
M. Under the pressure of the external atmosphere of density p the equi- 
librium position of the piston is at the middle of the tube, and the density 
of the enclosed gas is then o. Prove that the periodic times 27/p of the 
oscillations of the piston about its position of equilibrium are given by the 
equation ; 

Mp/o = ac cot (pl/a)—a’'p tan (pl/a’), 


a and a’ being the velocities of propagation of sound in the enclosed gas and 
in the atmosphere respectively. (St John’s Coll. 1900.) 


15. A long straight speaking-tube is obstructed in the middle by a uniform 
rigid plug with plane ends, of length z and density equal to V times that of 
the air. The plug fits the tube accurately, but is free to move in it without 
friction. Prove that, if sound of wave length d is advancing along the tube, 
the intensity of the sound transmitted beyond the plug will be less in the 
ratio 1 : 1+?W?22/d, and its phase retarded by 


{tan~! (@Wz/d) — 2az/d}. (M.T. 1901.) 


16. A closed pipe of length 2/7 contains air whose density is slightly 
greater than that of the outside air, in the ratio 1+¢:1. Everything being 
at rest, the discs closing the ends of the pipe are suddenly drawn aside. Shew 
that after a time ¢ the velocity potential is 


_ 8eals=" (—1)8 (Q2s+1) mv. (2s+1) rat 
$= a? 2h Gia Deon de Sian Gis leRae? 


the origin being taken at the middle of the pipe, and a denoting the velocity 
of sound. . (St John’s Coll. 1903.) 


17. A’straight pipe of length Z is open at one end and the disc closing the 
other end executes small inexorable oscillations, its displacement at any time 
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t being A sin pt. Prove that at any time the kinetic energy of the air in the 
pipe is 
+ MA? ( sec? a ripe tanZ) cos? pt, 

et a 
where @ is the velocity of sound in air and is the mass of air contained in 
the pipe. Investigate also the potential energy of the air in the pipe. 
(Trinity Coll. 1900.) _ 


18. Plane waves of sound represented by ¢=<A cosm(v+at) impinge 
perpendicularly on a rigid screen and are conttnuously reflected by it. Prove 
that the increment of the pressure per unit area on the screen lies between 
+2Amapo where pp is the density of the air. (Coll. Exam.) 


19. Plane waves of sound of wave length \ impinge perpendicularly on a 
fixed flat elastic surface. which is such that a positive or negative increment 
of pressure 6p produces a normal displacement 6p/y. Prove that the amplitudes 
of the incident and reflected waves are equal, but their phases differ by 

2 tan-! (2mpyy/sd), 
where # 1s the atmospheric pressure and y the ratio of the specitic heats. 
= (Coll. Exam. 1901.) 


20. If a straight tube of indefinite length be occupied by two different 
gases with the section v=0 for surface of contact; shew that the displace- 
ments in an incident wave together with those of the corresponding reflected 
and refracted waves may be represented by 


f(t-4]/a), Af(t+z/a), Bf(t—x/a2), 
where A :B:1:: pyay— pode : 2p, : py 1+ pode, 
and determine the distribution of the primitive energy between the reflected 
and refracted systems. (St John’s Coll. 1906.) 


21. A wave of sound travels up a long vertical pipe of which the lower 
part is filled with air, and the upper part with hydrogen. Assuming that the 
transition from the one gas to the other takes place in a length small compared 
with the length of a wave, find what proportion of the intensity of the wave 
is reflected down again at the transition: the density of hydrogen is to that of 
air as 1 to 14$. (St John’s Coll. 1896.) 


22. An endless tube of uniform cross section and of negligible curvature 
is separated by two discs of masses M/,, M, per unit surface into two portions 
of lengths /,, /, which are filled with gases of densities p;, p2, in which the 
velocities of sound are V,, V2: shew that the periods of vibration are Qn |p 
when 

(Cp — 2) Uap-a)=", 
and a= pV, cot (pl,/ V1) + pz V2 cot (pls/ V2), 
B= p,V cosec (ply/ Vi) + p2 Vz cosec (pls/ V2). 
(Trinity Coll. 1895.) 
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23. An endless tube of uniform cross section contains two pistons; the 
intervening portions of the tube, of lengths /,, /, respectively, containing air at- 
atmospheric pressure. If one of the pistons be found to vibrate so that its 
displacement at time ¢ is XY cos pt, shew that the displacement of the other is 


a {cosec (pl,/a) + cosec ( pls/a)} 
a {cot (ply/a) + cot (pla/a)} — mp 
where m is the ratio of the mass of the piston to that of the air contained in 


unit length of the tube and a is the velocity of sound in air. 
(Trinity Coll. 1898.) 


X cos pt, 


24. The period of the fundamental note of a flue pipe, open at one end 
and closed at the other, would be 7’ if the closed end were rigid. But the 
barrier at the closed end is replaced by a piston of mass JZ, controlled by a 
strong Spring of strength ». Prove that the period of the fundamental note is 


approximately 
16m 
a {1 ba pT? = erie 
where m is the mass of the air in the pipe and 16m/(y7?— 477) is assumed. 
to be small. (Trinity Coll. 1902.) 


25. A straight tube, containing air, is closed at both ends. The tube is 
held horizontally and contains an air-tight piston, of mass mA, where A is 
the cross section. Prove that the period (7) of a principal (or normal) 
oscillation of the piston and air is any root of the shane 


Qa 
— =% 9; cot = 


fl 


7 taps cot 272 oa 5) 


where p; and p are the densities of the air on either side of the equilibrium 
position of the piston, a, and ay the corresponding velocities of sound, z,; and 
wg the distances of this position from the ends of the tube. 

(Trinity Coll. 1901.) 


26. A train of waves of air, velocity potential= 4 bby PaMBE iat) 


eis 
advancing in a straight pipe infinite in both directions, and at e=0 impinges 
on a movable piston of mass ./ which separates the air of the pipe into two 
portions. Prove that the velocity potential of the train of waves transmitted 
to the air beyond the piston is 


Qre Qr (at—x+e) 


A cos xr °%8 x F 
where m is the mass of the air in a wave length of the pipe, and 
9 ; 
cos = m {r? M+ MAB, (Trinity Coll. 1903.) 


27. One end of a vertical straight pipe (length 7) is closed; at the other 
end a piston is placed, the densities of the air inside and out being equal. 
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The piston sinks to its position of equilibrium and executes small vibrations 
about it. Prove that the period (7) of a normal vibration must satisfy 
2Qra h+k Qrhl h Qrkl 
OYE ES aTOL A een OTTER” 
where @ is the velocity of sound in air, y the ratio of the specific heats, gah 
the pressure of the atmosphere, of x (cross section) is the mass of the piston. 
(Trinity Coll. 1904.) 


28. A long straight tube, of cross section @, is obstructed in the middle 
by a piston of mass I, whose ends are plane, fitting the tube accurately but 
free to move in it. To the right of the piston is gas of density p, to the left 
gas of density p’, and the velocities of propagation of sound in the gases are a 
and a’. Sound of wave length ) is advancing through the tube from the right, 
and undergoes partial reflection at the piston. Shew that the intensities of 
the reflected and incident waves are in the ratio 


p _4a zi ==) : (2 =) (ar) 
(é >) Poe ii p oe ie opra’ ; 


(St John’s Coll. 1901.) 


29. An infinite long straight tube of unit section contains gases of 
densities p and’p’, at the same pressure p, separated by a piston of mass Jf 
which can vibrate under the action of a spring of strength p. Sound waves 
of harmonic type and amplitude A travelling in medium p are incident on the 
piston. Shew that if A, and A’ are the amplitudes of the reflected and 
transmitted waves 


A?:A?:A2=(p—- VU) + yp? (m+m')? : (u— nv?) + y*p? (m—m')? : dy? p?m?, 
where 27/m, 2m/m’ are the wave lengths in the media p and p’ and n/m is the 
velocity of the waves in medium p. (M.T. 1898.) 


30. Plane waves in air, density p, impinge directly on the plane boundary 
of a layer of gas, density p, and thickness 4, The train of waves is partly 
reflected and partly refracted through the layer into the air beyond its second 
surface. Find the ratio of the.amplitudes of the transmitted and the incident 
trains. ; (Trinity Coll. 1897.) 

31. Plane waves of sound are travelling normally from a gas of density 
p; into one of density p;. Shew that the mean transmission of energy into 
the latter gas is increased by interposing between the gases a layer of a 
different gas of density p2, provided that p2 is intermediate in value between 


p; and ps3, the ratio of the specific heats having the same value in each gas. 
(M.T. 1911.) 


32. Two media of different dénsities have a plane surface of separation, 
one medium extends to infinity and the other is bounded by a rigid plane at 
a distance Z from their common plane of separation. Plane waves of sound 
travelling in the first medium are refracted into the second medium and, after 
reflection at the rigid boundary and another refraction, emerge into the first 


R. H. 23 
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medium again; prove that the amplitudes of the incident and emergent 
waves are equal, and that there is a loss of phase of amount 


2 tam ot oe ou tan gz ae 7 
sin 2a r 


where a and a’ are the angles of incidence and refraction at the surface 
separating the two media and }’ is the wave length in the second medium. 
(M.T. 1906.) 


33. Simple harmonic plane sound waves of small amplitude are incident 
on a plane interface between two media in which the velocities of sound are 
Vand V’, and the second medium is bounded by two parallel planes distant 
Z apart; beyond the second bounding surface there is a medium of the same 
character as the first. Prove that, if 8 is the ratio of the amplitudes of the 
reflected and incident waves when the second medium extends indefinitely 
from the interface, and if 6’ is the angle of refraction, then for the problem in 


’ hand the ratio of amplitudes is 


28 sin x/s/(1 +84 — 28? cos 2), 
where y=2n Vicos 6'/V’X, X being the wave length in the first medium. 
(St John’s Coll. 1897.) 


34. A train of plane waves of sound of a type given by a velocity 
potential 


g=Asin 7 (@— at) 


is incident at an angle a on an infinite plane rigid surface. Find the velocity 
potential of the reflected system of waves, and shew that the pressure on a 
square area in this plane, whose side is 2c, exceeds its equilibrium value by 
the quantity 


8A > si 
apoe 2re sina os 6, 
sin a 
where @ is the phase at the centre of the square, pp being the mean density 
of the fluid, and the sides of the square being parallel and perpendicular to 


the intersections of the wave fronts and the rigid.surface. (M.T. 1900.) 


35. A plane wave of sound of wave length 2 travelling with velocity Vin 
an infinite medium of density p is transmitted through a plane plate of thick- 
ness / and density p, in which the velocity of sound is V; into another infinite 
medium of density p, in which the velocity of sound is Vj. Shew that the 
phase of the transmitted disturbance is the same as that of the original 
disturbance if 

tan Hyp,  EHE,+ EY? 
tan E,p, E,(2+£,)’ 


2rl cos O 
Ap , 
: HE, =20l(V2/V,2— sin?6)2/Apy, Ey, =27l (V2) V2—sin?6)2/Apo, 


where H= 
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6 is the angle of incidence at the first surface of the plate and it is supposed 
that V/V,>V/V,>sin 6. What would be the physical nature of the disturb- 
ance within and beyond the plate if V/V,>sin 6> V/V;,? (M.T. 1896.) 


36. In the case of refraction of plane waves of sound at a plane surface of 
separation of two media of densities p, p;, the ratio of the energy transmitted 
per unit time into the second medium through a given area of the boundary 
to the energy of the train incident per unit time on that area is 


(4pp; cot a cot a;)/(p, cot a+p cot ay)’, 


a, a; being the angles of incidence and refraction. (M.T. 1894.) 


37. An infinite plane membrane of uniform surface density « and uniform 
tension 7’, coinciding with the plane #0z, separates two gases of densities p 
and p’ in which the velocities of propagation of sound are V and V’. The 
infinitesimal motion of the membrane being given by y= A cos ma sin pt, shew 
that the velocity potentials in the gases are 


p= —Apn-te~™ sin mz cos pt and d'= Apr’! e”’Y sin mw cos pt 
where 
m—n=p?/V2, m—n2=p?/V'? and Tm?/p?=o+p/n+p'/n’, 
all the quantities concerned being supposed real. (Coll. Exam. 1898.) 


38. A gas extends everywhere to a distance ¢ from a plane rigid wall and 
is separated from a second gas by a light perfectly flexible membrane from 
which the second gas extends to a great distance. Shew that, if a,, a, be the > 
velocities of sound in the two media, the displacements perpendicular to the 


2 , 
wall for plane waves of period - are respectively of the form 


&,= A cos (pt+a) sin? cosec 
‘1 


pe 


ay 


4 


& = A cos (pt+a) cos (@ - <) sec 6 - 7) 


and determine the necessary value of e. (Coll. Exam. 1903.) 


: 39. A tube of small uniform section S and length 7 has one end closed 
while the other end branches into two tubes of small uniform sections S$’, 8” 
and lengths J’, 2’ respectively with their ends closed. Shew that the periods 
of the notes which the air in the tubes can sound are the values of 7 


satisfying the equation 


Qrl Ql Ql’ 
- ace a a eas =() 
Stan aft tan apt an — a = 
where a is the velocity of sound in air. (M.T. 1899.) 


40. Determine the periods of the fundamental tone and overtones (i) of a 
conical pipe open at both ends, (ii) of an open wedge-shaped pipe whose walls 
are formed of two planes inclined to each other and two other planes perpen- 
dicular to both of them. (St John’s Coll. 1899.) 
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41. Explain the characters of the sources of sound which give at a distance 
velocity potentials of the forms 


d sin x (t—r/c) Ay a sin k (¢ —7/c) 

dx ip 
respectively. Which of them would most suitably represent the action of an 
ordinary tuning fork? 


Ged r 


Explain the alternations of sound and silence that occur when a vibrating 
fork is rotated on its axis near the ear. (St John’s Coll. 1897.) 
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Acceleration, 3 
Analogy from electromagnetism, 221,235 


Beats, 347 ‘ 

Bernoulli’s theorem, 19 

Borda’s mouthpiece, 58, 135 

Boundary conditions, 12; for the motion 
of a cylinder, 93; for the general 
motion of a solid, 186 


Capillary waves, 279 

Cauchy’s integrals of Lagrange’s equa- 
tions, 22; proof of the permanence of 
irrotational motion, 23 

Christoffel’s theorem, 128 

Circuits, reducible and irreducible, 71; 
reconcileable and irreconcileable, 74 

Circular disc, motion of, 171 

Circulation, 69; constancy of, 71; about 
a circular cylinder, 99 

Clepsydra, 56 

Coaxial cylinders, initial motion of, 96 

Concentric spheres, initial motion of, 156 

Condensation, 330 

Confocal conicoids, 173 

Conformal representation, 120; applica- 
tions of, 122-125, 127-146; to vortex 
motion, 224-227 

Conjugate functions, defined, 42; appli- 
cations of, 44, 52-55, 102-107 

Contracted vein, 57, 132 

Coordinates, normal, 305, 309; ortho- 
gonal curvilinear, 172 

Current function, 40; Stokes’s, 157 

Cyclic constants, 75 

Cylinder, circular, motion of in a liquid, 
94,97; circulation about, 99; elliptic, 
102-107, 108, 109, 111-113; parabolic, 
107; general motion of, 196 


Damped oscillations, 315 

Dead water, 126 

Decay, modulus of, 316 

Disc, motion of, 171 

Discontinuous motion, 126 

Doublets, 45; in two dimensions, 47, 
124, 125; irrotational motion regarded 
as due to a distribution of, 89 


Efflux of liquid, 56 ; of gases, 58 

Electromagnetism, analogy from, 221, 
235 

Ellipsoid, motion of, 166-169 ; of vary- 
ing form, 175 


Ellipsoidal shell, motion inside a rota- 
ting, 164 

Elliptic cylinder, 102, 105, 111; general 
motion of, 196 

Energy of irrotationally moving liquid, 
85, 87; of a plane wave of sound, 
332; of progressive waves, 276; of a 
solid moving in an infinite mass of 
liquid, 187, 191; of stationary waves, 
277; of a system of vortices, 239; of 
a vibrating string, 299; with fixed 
ends, 308; transmission of, 277 

Equation of continuity, 5-7; in the 
Lagrangian method, 8; particular 
cases of, 9-11; in curvilinear coordi- 
nates, 173 

Equations of motion, 17 ; integrated, 18; 
formed by the flux method, 21; for a 
solid in infinite liquid, 186, 189; for 
sound waves, 330 

Eulerian method, 2 

Euler’s dynamical equations, 17 

Exact equation for a plane wave of 
sound, 333 

Expansion, 236 


‘Flapping of sails and flags, 273 


Flexible membrane, transverse vibra- 
tions of a, 319; impact of plane air 
waves on a, 344 

Flow, 69 

Forced vibrations, of a string, 312; of 
air in a tube, 339 

Fourier’s theorem, use of, 283-285 

Free stream lines, 127 et seq. 


Gerstner’s trochoidal waves, 287 

Green’s theorem, 76; deductions from, 
78, 79; Kelvin’s modification of, for 
cyclic space, 86 

Group velocity, 274, 279 


Helicoidal solid moving in 
liquid, 198 
Hydrokinetic symmetry, 191 


infinite 


Images, 48’; examples of, 48-52 

Impact of a stream on a plane, 136— 
146; of plane air waves on a flexible 
membrane, 344 

Impulse, 182; in terms of velocities, 
188; rate of change of, 184; string 
set in motion by an, 311 

Impulsive action, equations for, 27 
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Initial motion of coaxial cylinders, $6 ; 
of concentric spheres, 156 

Intensity of sound, 331, 347 

Irreducible circuit, 71 

hrotational motion, defined, 15; per- 
manence of, 23, 26, 72; impossible 
in a liquid whose boundaries are all 
at rest, 79, 83; in multiply-connected 
space, 85 

Isotropic helicoid, motion of, 198 


Jet of liquid, through Borda’s mouth- 
piece, 135; through a slit in a plane, 
132 é 


Kelvin’s theorem of minimum energy, 
84 

Kinetic energy, of cyclic irrotational 
motion, 87; of an infinite mass of 


liquid moving irrotationally, 85; of , 


a solid moving in an infinite mass 
of liquid, 187, 191; of a system of 
vortices, 239 


Lagrange’s hydrodynamical equations, 
22 


Lagrangian method, 2 

Lamina, impact of a stream on a, 136- 
146 

Lines of motion, 13 

Loaded string, 313 

Longitudinal vibrations of a string, 317 

Loops, 307, 338 

Love’s method for problems on free 
stream lines, 128 


Mean potential over a spherical sur- 
face, 80 

Mersenne’s laws, 306 

Minimum kinetic energy, 84 

Modulus of decay, 316 

Moving axes, motion of a solid referred 
to, 185 

Multiply-connected space, 73 

Musical sounds, 346 


Nodes, 306, 338 

Normal coordinates, 305, 309 

Normal modes of vibration, 269, 304; 
of a finite string, 305; of air in a 
uniform tube, 337 


Orthogonal curvilinear coordinates, 172 


Parallel sections, 59 

Periphractic regions, 80 . 

Permanence of irrotational motion, 23, 
26, 72 

Permanent translation, 190 

Permanent type, waves of, on water, 
263 ; in air, 336 
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Pitch of a note, 346 

Plucked string, 302, 307, 311 

Pressure equation, in irrotational mo- 
tion, 19 

Progressive waves, 265; in deep water, 
266; the energy of, 276; reduced to 
a state of steady motion, 269 

Pure strain, 68 


Quadrantal pendulum, 193-196 


Reducible cireuit, 71 

Reflection and transmission of waves, 
along a string, 318; of sound, 341 

Ripples, 282 

Rotation of a fluid element, 67 

Rotational motion, 213 


Schwarz’s theorem, 128 

Simply-connected region, 73 

Sinks, 45 

Solid of revolution, motion of, 161, 192, 
193; stability of, 196; stability in- 
creased by rotation, 197; steady 
motion of, 198 

Solids, motion of, in liquid, 182 

Sound, general eqyations, 330; velocity 
of, 331; intensity of, 331; energy 
of a plane wave, 332; exact equation 
for plane waves, 333; condition for 
permanence of type of wave, 335; 
reflection and refraction of, 341; 
waves in a branching pipe, 341 

Sources, 45; in two dimensions, 46, 
121-124; irrotational motion re- 
garded as due to a distribution of, 89 

Sphere, motion of, 151-155, 191; under 
gravity, 156; in the presence of a 
doublet, 163; a plane boundary, 206 

Spheres, concentric, initial motion of, 
156; motion of two, 199 

Spherical, vortex, 247; air waves, 345 

Spheroids, motion of, 169 

Spin, 25; velocity deduced from, 232 

Stability of wave motion, 272; of solid 
of revolution, 196 

Standing waves, 256, 267; energy of, 
277 

Steady motion, 55; of solid of revolu- 
tion, 198; of isotropic helicoid, 198; 
general conditions of, 245 


‘Stokes’s current function, 157; appli- 


cations of, 161-164 

Stokes’s theorem, 69 

Stream function, 40; for the motion of 
a rectilinear vortex, 224; Stokes’s, 
157 

Stream lines, defined, 13 

String, transverse vibrations of, 296 
plucked, 302, 307, 311; set in motion 
by an impulse, 311; forced vibration 
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of, 312; carrying a load, 313; with 
end not rigidly fastened, 314; damped 
oscillations of, 315; longitudinal vi- 
brations of, 317 

Surface waves, 263; due to a given 
local disturbance, 282 

Symmetry, hydrokinetic, 191 


Timbre of a note, 347 

Torricelli’s theorem, 56 

Transverse vibrations of a stretched 
string, 296; membrane, 319 

Trochoidal waves, 287 

Tubes, vibration in, 336 


Uniqueness of solution of the general 
problem, 79, 84, 88, 232 


Vein, contracted, 57, 132 

Velocity of sound, 331 

Velocity potential, 14; physical mean- 
ing of, 28; persistence of, 23, 26, 72; 
mean value over a spherical surface, 
80; due to a vortex, 236 

Vibration, normal modes of, 304 

Vibrations, of a stretched string, trans- 
verse, 296; longitudinal, 317; of a 


stretched membrane, 319; of air in 
tubes, 336 

Vortex, filaments,.213; lines, 213 et 
seq.; motion of a, 223; pair, 221; 
Rankine’s combined, 229; rings, 241 
et seq. ; sheets, 238; spherical, 247; 
strength of a, 215; tube, 213; velocity 
due to element of, 234; velocity 
potential due to, 236 


‘Vortices, kinetic energy of a system of, 


239; rectilinear, 217 et seq.; with 
circular section, 227; with elliptic 
section, 230 


Wave motion, 253 et seq. ; stability of, 
272 

Waves on water, simple harmonic, 255; 
stationary, 256, 267; long, 257; 
general equation for, 261; oscillatory 
or surface, 263; in deep water, 266; 
progressive, reduced to a case of steady 
motion, 269; at the common surface 
of two liquids, 270; capillary, 279; 
due to a given local disturbance, 482; 
stationary, in running water, 285; 
Gerstner’s trochoidal, 287 


Wind on water, 281 
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